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PREFACE. 



The following volume is a sequel to my treatise on the 
Differential Calculus, and, like that, is written as a text-book. 
The last chapter, however, a Ke}' to the Solution of Differential 
Equations, may prove of service to working mathematicians. 

I have used freely the works of Bertrand, Benjamin Peirce, 
Todhunter, and Boole ; and I am much indebted to Professor 
J. M. Peirce for criticisms and suggestions. 

I refer constantly to m}' work on the Differential Calculus 
as Volume I. ; and for the sake of convenience I have added 
Chapter V. of that book, which treats of Integration, as an 

api>endix to the present volume. 

W. E. BYERLY. 
Cambridge, 1881. 



PREFACE TO SECOND EDITION. 



In enlarging my Integral Calculus I have used freely 
Sehlomileh's " Compendium der Hoheren Analysis," Cayley's 
'* Elliptic Functions," Meyer's " Bestimmte Integrale," For- 
syth's " Differential Equations," and Williamson's " Integral 
Calculus." 

The chapter on Theory of Functions was sketched out and 
in part written by Professor B. O. Peirce, to whom I am 
greatly indebted for numerous valuable suggestions touching 
other portions of the book, and who has kindly allowed me 
to have his Short Table of Integi'als bound in with this volume. 

W. E. BYERLY. 
Cambridge, 1888. 
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CHAPTER T. 

SYMBOLS OF OPERATION. 

1. It is often convenient to regard a functional symbol as 
indicating an operation to be performed upon the expression 
which is written after the symbol. From this point of view the 
symbol is called a symbol of operation^ and the expression writ- 
ten after the symbol is called the subject of the operation. 

Thus the sj-mbol Z>, in D^{x^y) indicates that the operation of 
differentiating with respect to a; is to be performed upon the 
subject (pc^y). 

2. If the result of one operation is taken as the subject of a 
second, there is formed what is called a compound function. 

Thus log sin a; is a compound function^ and we maj'^ speak of 
the taking of the log sin as a compound operation. 

3. When two operations are so related that the compound 
operation, in which the result of performing the first on any 
subject is taken as the subject of the second, leads to the same 
result as the compound operation, in which the result of per- 
forming the second on the same subject is taken as the subject 
of the first, the two operations are commutative or relatively free. 

Or to formulate ; if 

fFu = Ffu, 

the operations indicated by / and F are commutative. 
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For example ; the operations of partial differentiation with 

rc8i)ect to two independent variables x and y are commutative, 

for we know that 

D^DyU^DyD^u. (I. Art. 197). 

The operations of taking the sine and of taking the logarithm 
are not commutative, for log sin w is not equal to sin log w. 

4. If f{u±v)=fu±fv 

wlierc u and v are any subjects, the operation /is distributive or 
Unaar, 

The operation indicated bj' d and the operation indicated by 
Z>a arc distributive, for we know that 

d(u± v) = du ± dv^ 

and that D,(u ± v) = D^ii ± D,v. 

The operation sin is not distributive, for sin(i^-l-'y) is not 
equal to sinw H- sin v. 

5. The compounds of distributive operations are distributive. 
Let / and F indicate distributive operations, then fF will be 

distributive ; for 

F{u ±v) = Fu± Fv, 
.. ■' fF{u±v)=f{Fu±Fv)=^fFu±fFv. 

o. The i'y,petition of any operation is indicated by writing an 
exponent, equal to the number of times the operation is per- 
formed, after the sj'mbol of the operation. 
Thus log^a; means log log log a; ; c^u means dddu. 
In tlie single case of the trigonometric functions a different 
use of the exponent is sanctioned by custom, and sin^i^ means 
(sinw)^ and not sin sinw. 

7. If m and n are whole numbers it is easily proved that 

fmfny^^fm + ny^^ 
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This formula is assumed for all values of m and n, and nega- 
tive and fractional exponents are interpreted by its aid. It is 
called the law of indices. 

8. To find what interpretation must be given to a zero ex- 

m = in the formula of Art. 7. 

or, denoting /**w by v, f^v = v. 

That is ; a symbol of operation with the exponent zero has no 
effect on the subject^ and may be regarded as multiplying it by 
unity. 

9. To interpret a negative exponent, let 

m= —n in the formula of Art. 7. 
f-^f^u=f-''-^''u=f^u = u. 
If we call f^u = v, then /-'*v = w. 

If n=l 

we get f-^fu = Uy 

and the exponent —1 indicates what we have called the anti- 
function of /i^. (I. Art. 72.) 

The exponent — 1 is used in this sense even with trigonometric 
functions. 

10. When two operations are commutative and distributive^ 
the symbols which represent them may be combined precisely as 
if they were algebraic quantities. 

For they obey the laws, 

a(m -\-n) = am -\- an^ 

am = ma, 

on which all the operations of arithmetic and algebra are founded. 
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For example ; if the operation (D^ -f D^) is to be performed 
n times in succession on a subject w, we can expand (Z>, -|- Z>y)* 
precisely as if it were a binominal, and then perform on u the 
operations indicated by the expanded expression. 
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CHAPTER II. 

IMAGINARIES. 

11. An imaginary is usually defined in algebra as the indi- 
cated even root of a negative quantity^ and although it is clear 
that there can be no quantity that raised to an even power will 
be negative, the assumption is made that an imaginar}^ can be 
treated like au}'^ algebraic quantity. 

Imaginaries are first forced upon our notice in connection 
with the subject of quadratic equations. Considering the tj'pical 

quadratic a>» + aa, + 6 = 0, 

we find that it has two roots, and that these roots possess cer- 
tain important properties. For example ; their sum is —a and 
their product is 6. We are led to the conclusion that every 
quadratic has two roots whose sum and whose product are 
simply related to the coefficients of the equation. 

On trial, however, we find that there are quadratics having 
but one root, and quadratics having no root. 

For example ; if we solve the equation 

aj2_2a;-|-l = 0, 

we find that the only value of x which will satisfy it is unity; 
and if we attempt to solve 

we find that there is no value of x which will satisfy the equation. 

As these results are apparentl}^ inconsistent with the conclu- 
sion to which we were led on solving the general equation, we 
naturally endeavor to reconcile them with it. 

The difficulty in the case of the equation which has but one 



\ 
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root is easily overcome by regarding it as having two equal roots. 
Thus we can say that each of the two roots of the equation 

aj2__2a;-f 1 = 

is equal to 1 ; and there is a decided advantage in looking at the 
question from this point of view, for the roots of this equation 
will possess the same properties as those of a quadratic having 
unequal roots. The sum of the roots 1 and 1 is minus the co- 
efficient of a; in the equation, and their product is the constant 
term. 

To overcome the difficulty presented by the equation which 
has no root we are driven to the conception of imaginaries, 

12. An imagina ry is not a quantity^ and Uie treaimeMi-^ 
imaginaries is purely arbitrary and conventional. We begin by 
laying down a few arbitrary rules for our imaginary expressions 
to obey, which must not involve any contradiction ; and we 
must perform all our operations upon imaginaries, and must 
interpret all our results by the aid of these rules. 

Since imaginaries occur as roots of equations, they bear a close 
analogy with ordinary algebraic quantities, and thej^ have to be 
subjected to the same operations as ordinary quantities ; there- 
fore our rules ought to be so chosen that the results may be 
comparable with the results obtained when we are dealing with. 
TPnl nnnntities. 

' ■ \j^ adopting the convention that 

wuere a is supposed to be rea?, we can reduce all our imaginary 
algebraic expressions to forms where V — 1 is the only peculiar 
symbol. This symbol V — 1 we shall define and use as the sym- 
bol of some operation^ at present unknown^ the repetition of which 
has the effect of changing the sign of the subject of the operation. 
Thus in a V — 1 the symbol V — 1 indicates that an operation 
is performed upon a which, if repeated, will change the sign 
of a. That is, 
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From this point of view it would be more natural to write the 
symbol before instead of after the subject on which it operates, 
(V — l)a instead of aV — 1, and this is sometimes done; but 
as the usage of mathematicians is overwhelmingly in favor of the 
second form, we shall employ it, merely as a matter of con- 
venience, and remembering that a is the subject and the V — 1 
the symbol of operation, 

14. The rules in accordance with which we shall use our new 
sj^bol are, first, ^ _ 

aV-l-f &V-1= (a-f &)V"^. [1] 

In other words, the operation indicated by V — 1 is to be dis- 
tHlmtive (Art. 4) ; and second, 

aV^ = (^^^)a, . [2] 

or our sj'mbol is to be commutative with the symbols of quantity 
(Art. 3). 

These two conventions will enable us to use our sj^mbol in 
algebraic operations precisel}' as if it were a quantity (Art. 10). 

When no coefficient is written before V — 1 the coefficient 1 
will be understood, or unit}^ will be regarded as the subject of 
the operation. 

15. Let us see what interpretation we can get for powers of 
V— 1 ; that is, for repetitions of the operation indicated by the 
symbol. 

{sT^iy^l (Art. 8), 

(V^n)i=V^rT, 

( V^^l ) ^ = - 1 , by definition (Art. 13), 

(V"iri)3= (V31)2V^ri=: -V^Tl, by definition, 

(V^1)*=-(V"=1)2 =1, 

(V^ri)6=(Viri)2 ^_i, 

and so on, the values V— 1, —1, — V— 1, 1, occurring in 
cycles of four. 
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16. The definition we have given for the square root of a 

negative quantit}', and the rules we have adopted concerning its 

use, enaole us to remove entirel}' the difficult}* felt in dealing 

with a quadratic which does not have real roots. Take the 

equation 

a:^-2x-f 5 = 0. (1) 

Solving by the usual method, we get 

V^^ = 2 V^^, by Art. 13 [1] ; 

hence «= 1 -|-2V — 1 or 1 — 2V— 1. 

• 
On substituting these results in turn in the equation (1), per- 
forming the operations b^* the aid of our conventions (Art. 14 
[1] and [2]), and interpreting (V — l)^ by Art. 15, we find that 
they both satisfy the equation, and that they can therefore be 
regarded as entirely analogous to real roots. We find, too, that 
their sum is 2 and that their product is 5, and consequentlj* that 
they bear the same relations to the coefficients of the equation as 
real roots. 

17. An imaginary root of a quadratic can always be reduced 
to the form a-\-b V — 1 where a and b are real, and this is taken 
as the ginioral tyix> of an imaginary ; and part of our work will 

V '^ that when we subject iuiaginaries to the ordinary 
. . ' veratious, all our results are reducible to this typical 



^ ; lagiuaries a-f-6\/— I and o-hcfV^ are equal, 

a must be o<iual to o, and b must l>e e<iual to d. 



For we have a 4- ^ V — I = o -f <?\ — 1. 



Therefore o— e =(<f — 5)V— 1, 

or a real is equal tx) an imaginary » unless <i— o = = <f — 6. 

Since obviously a real and an imaginary cannot be equals it 
follows that a = and b = d. 
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18. We have defined V — 1 as the symbol of an operation 
whose repetition changes the sign of the subject. 

Several different interpretations of this operation have been 
suggested, and the following one, in which every imaginary is 
graphically represented b}^ the position of a point in a plane, is 
commonly adopted, and is found exceedingly useful in suggest- 
ing and interpreting relations between different imaginaries and 
between imaginaries and reals. 

In the Calculus of Imaginaries, a-\'b V — 1 is taken as the 
general symbol of quantity. If b is equal to zero, a -f 6 V — 1 
reduces to a, and is real; if a is equal to zero, a -|- 6 V — 1 re- 
duces to b V — 1 , and is called a pure imaginary, 

a + & V — 1 is represented by the position of a point referred 
to a pair of rectangular axes, as in analytic geometry, a being 
taken as the abscissa of the 
point and b as its ordinate. 
Thus in the figure the position 
of the point P represents the 
imaginary a + 6 V — 1 . 

If 6 = 0, and our quantity is 

real, P will lie on the axis of 

X, which on that account is 
called the aacis of reals; if a=0, 
and we have a2>wre imaginary, 
P will lie on the axis of F, 
which is called the axis of pure imaginaries. 

It follows from Art. 17 that if two imaginaries are equal, the 
points representing them will coincide. 

Since a and aV — 1 are represented by points equally distant 
from the origin, and lying on the axis of reals and the axis of 
pure imaginaries respectively, we may regard the operation 
indicated b}' V— 1 as causing the point representing the subject 
of the operation to rotate aboiit the origin through an angle of 
90®. A repetition of the operation ought to cause the point to 
rotate 90"* further, and it does ; for 

and is represented by a point at the same distance from the 







a 
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origin as a, and lying on the opposite side of the origin ; again 
repeat the operation, 

and the point has rotated 90® further ; repeat again, 

and the point has rotated through 360°. We see, then, that if 
the subject is a real or a pure imaginary the effect of performing 
on it the operation indicated b}' V — 1 is- to rotate it about the 
origin through the angle 90°. We shall see later that even when 
the subject is neither a real nor a pure imaginarj', the effect of 
operating on it with V — 1 is still to produce the rotation just 
described. 

19. The sum, the product^ and the quotient of an}' two imagi- 
naries, a -f- 6 V — 1 and c + dy/ — 1, are imaginaries of the tjpi- 
cal form. 

(a + W^) (c + d\Cri) =ac-M+(&c-f acZ)V^. [2] 

gj-W^ — (g+^V^) {c—dyT^) _ ac-]-bd+(bc—ad)V^ 
..-f.^^X'-i'" (c+dV^) (c-dV^)"" ^ + <^ 



_ ac + bd be — ad , 

~ c^ + ci'"^ c2 + d2 ^-1- ' L^J 

All these results are of the form A -f JBV— 1. 

20. The graphical representation we have suggested for 
imaginaries suggests a second t3rpical form for an imaginar}-. 
Given the imaginary a-f 2/V — 1, let the polar coordinates of 
the point P which represents x + y\/ — 1 he r and </>. 

r is called the modulus and <^ the argument of the imaginary. 
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The figure enables us to establish ver}^ 
simple relations between a;, y, ?•, and <^. 



x = 

y 



= rcos<^, 1 
= rsin<^; ) 



[1] 



6= tan"^ ^ . 
^ X 

a? + 2/V— 1 = rcos<^+ (V — l)rsin<^ 

= r(cos<^+V— l.sin<^), 



[2] 



[3] 



where the imaginary is expressed in terms of its modulus and 
argument. 

The value of r given by our formulas [2] is ambiguous in 
sign ; and <^ may have any one of an infinite number of values 
diflfering by multiples of ir. In practice we always take the 
positive value of r, and a value of </> which will bring the point 
in question into the right quadrant. In the case of any given 
imaginary then, r can have but one value, while <^ may have any 
one of an infinite number of values differing by multiples of 2^. 

The modulus r is sometimes called the absolute value of the 

imaginary. 

Examples. 

(1) Find the modulus and argument of 1 ; of V^^ ; '^f -4 ; 
of-2V^^; of 3+3 V^; of 2+4 V^; and express each of 
these quantities in the form 7*(cos <^ + V — 1 . sin <^) . 

(2) Show that every positive real has the argument zero; 
ever}' negative real the argument tt ; every positive pure imagi- 
nary the argument - ; and every negative pure imaginary the 
ai^ument^J:. 

21. If we add two imaginaries, the modulus of the sum is 
never greater than the sum of the moduli of the given imagi- 
naries. 
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The sumof a+6V — 1 aud c-hdV— 1 is a + c + (6H-d)V— 1. 
The modulus of this sum is V(a -f- c)^ 4- (6 + ^)^ ; the sum of 
the moduli of tt+6V^ and c+dV^ is V^+^+V^T^^. 
We wish to show that 



V(a + c)2 + (6 4- d)2 -< Va^+^4- V'?T^; 
the sign -< meaning ' ' equal to or less than,'* 

Now V(a-hc)2-f-(6 4-(Z)2 -< V^?+^+ Vc^+cP, 

if (a + c)2 + (6 + d)2 -< a^ + 6' + 2V(a2 + 6^) (c2 4- (?) +c2 + dS 

that is, if ac-^bd -< ^a^c'-hoFcP + b^d'+VcP ; 
or, squaring, if 

aV + 2 a6cc2 4- b^cP -< aV + a^d^ _,_ 52^ ^ 52^ . 

or, if -< (ad — bey. 

This last result is necessarily true, as no real can have a 
square less than zero ; hence our proposition is established. 

22. The modulus of the product of two imaginaries is the 
product of the moduli of the given imaginaries^ and the argument 
of the product is the sum of the arguments of the imaginaries. 

Let us multiply 

r;i('u^s6-,4-V — l.sin</>i) by /•2(cos</>2+V — l. sinews) ; 

.' " »s <>, (:r)S </>2— sin </>i sin </)2+ V— l(sin <^i cos <^2+cos <^i sin <^2)]> 
cos </>i cos </>2 — sin </>i sin </>2 = cos (</>i -f- <^2) ? 

sin </>i cos </>2 4- cos </>i sin </>2 = sin (<^i 4- (^2) 
by Trigonometry ; hence 

ri (cos </>i 4- V — 1 . sin <t>i) r2 (cos <^i 4- V — 1. sin <f>2) 
= ri rg [cos {<t>i 4- </>2) 4- V^ . sin (</>! 4- <^2) ] , 
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and our result is in the tj^^ieal form, rir2 being the modulus and 
<^i + <^2 the argument of the product. 

If each factor has the modulus unity, this theorem enables us 
to construct verj'' easil}' the product of the imaginaries ; it also 
enables us to show that the interpretation of the operation V— 1 , 
suggested in Art. 18, is perfectly general. 

Let us operate on an}^ imaginary subject, 

r(co8</> 4- V — 1. 8in<^), with V— 1, 

that is, with 1 f cos - + V — 1. sin - ). 

\ 2 2 J 

• 

The modulus r will be unchanged, the argument <^ will be in- 
creased by -, and the effect will be to cause the point repre- 

senting the given imaginary' to rotate about the origin through 
an angle of 90°. 

23. Since division is the inverse of multiplication, 

ri(cos<^i -h V — 1. 8in<^i) -5- r2(cos<^2 + V— 1. sin</)2) 
will be equal to 

- [cos (<^i - <^2) + V^^. sin(<^i - <A2)] , 

'2 

since if we multiply this b}- r2(cos<^2+ V— 1. sin<^2)9 according 
to the method established in Art. 22, we must get 

ri(cos<^i + V— 1 . sin<^i) . 

To divide one imaginary by another^ we have then to take the 
quotient obtained by dividing the modulus of the first by the 
modulus of the second as our required modulus^ and the argu- 
ment of the first minus the argument of the second as our new 
argument. 

24. If we are dealing with the product of n equal factors, or, 
in other words, if we are raising r(cos<^ + V— l.sin<^) to the 
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nth power, n being a positive whole number, we shall have, by 
Art. 22, 

[r(co8<^ + V — 1.8in<^)]" = r"(co8ri</> -h V — 1. sinn<^). [1] 

If r is unit}', we have merely to multiply' the argument by n, 
without changing the modulus ; so that in this ease increasing 
the exix)nent by unit}' amounts to rotating the point represent- 
ing the imaginary through an angle equal to <l> without changing 
its distance from the origin. 

25. Since extracting a root is the inverse of raising to a 
power, 

V[r(cos<^ -f V^.sinc^)] = 7r( cos - + V^.sin-J ; [1] 

for, by Art. 24, 

-s/rf COS-+V— l.sin-J = r (cos</>-h V^.sin<^). 

Example. 

Show that Art. 24 [1] holds even when n is negative or 
fractional. 

26. As the modulus of every quantity^ positive, negative, 
real, or imaginary, is positive, it is alwa3's possible to find the 
modulus of any required root ; and as this modulus must be real 
and positive, it can never ^ in any given example, have more than 
f>, ,: ,;i:.. ^Vo know from algebra, however, that every equa- 
Ijv ; J' <.i. '.0) degree containing one unknown has n roots, and 
ill' o ' iM tly every number must have n nth roots. Our 
i\ II *. \vl. 25 [1], appears to give us but one ?ith root for 
any given quantity. It must then be incomplete. 

We have seen (Art. 20) that while the modulus of a given 
imaginary has but one value, its argument is indeterminate and 
may have any one of an infinite number of values which differ by 
multiples of 27r. If <^ is one of these values, the full form of 
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the imaginary is not r(cos<^ + V— 1. sin<t>o) , as we have hitherto 
written it, but is 

r[cos(<^ + 2m7r) + V— l.sin(</>o+ 2m7r)], 

where m is zero or any whole number positive or negative. 
Since angles differing by multiples of 2 tt have the same trigo- 
nometric functions, it is easily seen that the introduction of the 
term 2mir into the argument of an imaginar}'^ will not modify 
any of our results except that of Art. 25, which becomes 



Vr[cos(<^o+ 2m7r) -}- V— !• sin(</>o-h 2m7r)] 



= r{cos($ + mi?) + V31.sin($-H 



27r 

m — 
n 



[1.1 



Giving m the values 0, 1, 2, 3 .... , n — 1, w, n + 1, success- 
ively, we get 

<^ <^ 27r <^ j.27r <^ 27r <^() , /„ ix^tt 

n n n n n n n n n 

il+2^, ^ + 2^+2^, 
n n n 

as arguments of our ?ith root. 

Of these values the first ?i, that is, all except the last two, 
correspond to different points, and therefore to different roots ; 
the next to the last gives the same point as the first, and the 
last the same point as the second, and it is easil}^ seen that if we 
go on increasing m we shall get no new points. The same thing 
is true of negative values of m. 

Hence we see that every quantity^ reed or imaginary^ has n 
distinct nth roots^ all having the same modulus^ but with argu- 

27r 

ments differing by multiples of — . 

n 

27. Any positive real differs from nnity only in its modulus, 
and any negative real differs from —1 only in its modulus. All 
the nth roots of any number or of its negative may be obtained 
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hy multiptying the nth roots of 1 or of — 1 bj- the real positive 
71 th root of the number. 

Let us consider some of the roots of 1 and of — 1 ; for ex- 
ample, the cube roots of 1 and of —1. The modulus of 1 
is 1, and its argument is 0. The modulus of each of the cube 



TT 



TT 



roots of 1 is 1 , and their arguments are 0, — , and — ; that is, 

3 3 

0°, 120°, and 240°. The roots in question, then, are repre- 
sented by the points Pi, P2, P3, in the figure. Their values are 




l(cosO + V^. sinO), 
1 (cos 120° + V^. sin 120°), 
and 1 (cos 240° + V^. sin 240°), 
or 1, -i + ^V^l, -i~^V 



-1. 



The modulus of —1 is 1, -and its 
argument is w. The modulus of the 

IT TT 27r 

cube roots of —1 is 1, and their arguments are -, --I , 

A 3 3 3 

E-f^, that is, 60°, 180°, 300°. The roots in question, then, 
8 3 

are represented by the points Pi, Pg, 

P3, in the figure. Their values are 

i + ^V^, -1, i-4V^. 

Examples. 

(1) What are the square roots of 
1 and - 1 ? the 4th roots ? the 5th 
roots ? the 6th roots ? 

(2) Find the cube roots of -8 ; the 5th roots of 32. 

(3) Show that an imaginary can have no real nth root ; that 
a positive real has two real nth roote if n is even, one if n is 
odd ; that a negative real has one real nth root if n is odd, none 
if n is even. 
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28. Imaginaries having equal moduli, and arguments differing 
onl}' in sign, are called conjugate imaginaries, 

?'(cos<^+ V— l.sin<^), and r[cos( — <^) + V— lisin( — <^)], 
or r(cos<^ — V— 1. sin <^) are conjugate. 

They can be written a -f y V— 1 and x — y V— 1, and we see 
that the points corresponding to them have the same abscissa, 
and ordinates which are equal with opposite signs. 

Examples. 

(1) Prove that conjugate imaginaries have a real sum and a 
real product. 

(2) Prove, by considering in detail the substitution of 
a + 6 V— 1 and a — 6 V^^ in turn for x in any algebraic poly- 
nomial in X with real coefficients, that if any algebraic equation 
with real coefficients has an imaginary root the conjugate of that 
root is also a root of the equation. 

(3) Prove that if in an}^ fraction where the numerator and 
denominator are rational algebraic polynomials in x^ we substi- 
tute a4-6 V— 1 and a — b^T^ in turn for a;, the results are 
conjugate. 

Transcendental Functions of Imaginaries, 

29. We have adopted a definition of an imaginary and laid 
down rules to govern its use, that enable us to deal with it, in 
all expressions involving only algebraic operations, precisely as 
if it were a quantity. If we are going further, and are to sub- 
ject it to transcendental operations, we must carefully define 
each function that we are going to use, and establish the rules 
which the function must obey. 

The principal transcendental functions are e*, logo;, and sinsc, 
and we wish to define and study these when x is replaced by an 
imaginar}' variable z. 

As our conception and treatment of imaginaries have been 
entirel}' algebraic, we naturally wish to define our transcendental 
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functions b}' the aid of algebraic functions ; and since we know 
that the transcendental functions of a real variable can be ex- 
pressed in terms of algebraic functions only by the aid of infinite 
series, we are led to use such series in defining transcendental 
functions of an imaginary variable ; but we must first establish 
a proposition concerning the convergency of a series containing 
imaginary terms. 



• 



30. If the moduli of the terms of a series containing imaginary 
terms form a convergent series, the given series is convergent. 

Let Wo -f Wi + 2^2 + + ^n + 1>G 9" series containing imagi- 
nary terms. 

Let 
Uq = i?o(cos^o4- V — 1. sin^o)) iti = -Bi(cos^i-f-V— 1. sin^i), i&c, 

and suppose that the series i?o + -^i +-^2 + + -Rn + is 

convergent ; then will the series Wo+ Wi+ 1<2+ be convergent. 

The series i?o + -^i + is a convergent series composed of 

positive terms ; if then we break up this series into parts in any 
way, each part wQl have a definite sum or will approach a defi- 
nite limit as the number of terms considered is increased in- 
definitely. 

The series Wt) + Wi + t^-h i*„-f- can be broken up into 

the two series 

i?ocos*o + -Ricos^i + i?2Cos*2 + + -B„cos^„ + (1) 

and 

V^(i?oSin*o + i?iSin*i+^2sin*2-f- +i?„sin^„+ ). (2) 

(1) can be separated into two parts, the first made up only 
of positive terms, the second only of negative terms, and can 
therefore be regarded as the difference between two series, each 
consisting of positive terms. Each term in either series will be 

a term of the modulus series Eq + Ri + Rz -h multiplied by 

a quantity less than one, and the sum of n terms of each series 
will therefore approach a definite limit, as n increases indefi- 
nitely. The series (1), then, which is the abscissa of the point 
representing the given imaginary series, has a finite sum. 
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In the same way it may be shown that the coeflScient of V— 1 
in (2) has a finite sum, and this is the ordinate of the point 
representing the given series. The sum of n terms of the given 
series, then, approaches a definite limit as n is increased indefi- 
nitely, and the series is convergent. 

31. We have seen (I. Art. 133 [2]) that 

/)/» /y* />»3 A" 

1 2! 3! 4! ^ "^ 

when X is real, and that this series is convergent for all values of a;. 
Let us define e*, where z=zx + 3^ V^^, by the series 

This series is convergent, for if « = r(co8 <f> -f 'sA^. sin<^) the 
series 

i4.!:+il+il+^+ 

1 2! 3! 4! 

made up of the moduli of the terms of [2] is convergent by 
I. Art. 133, and therefore the value we have chosen for e* is a 
determinate finite one. 

Write X 4- y^l —\ for «, and we get 

The terms of this series can be expanded by the Binomial 
Theorem. Consider all the resulting terms containing any given 
power of X, say of ; we have 

p\^^ 1 ^ 2! ^ 3! ^ ^ n! ^ ^' 
or, separating the real terms and the imaginary terms, 

p\^ 2! 4! 6! ' 
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or — (COSV+ V^.sinj/), byl. Art. 134. 

pi 

Giving p all values from 1 to oo we get 
e'^^^^=(cosy-hV^l.sin2/)(l + | + ^ + |^ + |^+ ) 

= e'(cosy + V— l.sini^), [4] 

which, by the way, is in one of our typical imaginary forms. 
If aj = 0, in [4], 

we get e*^'^ = cosy + V^^. siriy, [5] 

which suggests a new way of writing our typical imaginary ; 

namely, _ 

r (cos <^ + V— 1. sin <^) = r^^"^, 

82. We have seen that 

lot us see if all imaginary powers of e obey the law of indices; 

that is, if the equation 

e"e^ = e" + ' [1] 

is univcrsall}' true. 

Let u = Xi-\- 2/i V— 1 and v = 0^2 + 2/2 V— 1, 

then c"= e^i "^ ^i ^-i = e^i (cos^i + V— 1 . sin^i) , 
e" = 6^a ■•" ya ^^-^ = e^2(cos ?/2 -f V— 1 . sin^/g) , 

e« g« ^ gar, ga;, [cos (2/1 + ^2) + V^ • sin (2/1 + ^2) ] 
= e^i+^» [cos(2/i -h ^2) + V^. sin(2/i + ^2)] 

and the fundamental property of exponential functions holds for 
imaginaries as well as for reals, ' 

Example. 
Prove that a^a^'^a'^'^'' when u and v are imaginary. 
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Logarithmic Functions. 

33. As a logarithm is the inverse of an exponential, we ought 
to be able to obtain the logarithm of an imaginar}^ from the 
formula for 6*"*"*^^^^ We see readily that 

^ = r(cos</> + V^.sin<^) = e^««'-+^^ * 

whence log 2 = logr + </> V — 1 ; 

or, more strictly, since 

2; = r[cos(</>o + 2n7r) + V^.sin(<^o+ 2n7r)], 

log2; = logr+(</)o4-2ri7r) V^ [1] 

where n is an}'' integer. 

If 2; = a; + y V— 1, r = ^/o^-j-y^, and <b = tan"^?^ ; 

X 

whence logz = ^\og (oc^ -\- f) + V— l.tan"^!^. [2] 

X 

Each of the expressions for log z is indeterminate, and repre- 
sents an infinite number of values, differing by multiples of 

27rV^. 

This indeterminateness in the logarithm might have been ex- 
pected a priori^ for 

e27rV=i^^Qg27r+V^Tsin27r=l, by Art. 31. 

Hence, adding 2 7r V— 1 to the logarithm of any quantity will 
have the effect of multiplying the quantity by 1, and therefore 
will not change its value. 

Example. 

Show that if an expression is imaginary, all its logarithms are 
imaginar}^ ; if it is real and positive, one logarithm is real and 
the rest imaginary' ; if it is real and negative, all are imaginary. 
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Trigonometric Fuiuctions. 

34. Kz is real, 

sinz = 2 — — + — — — + rn 

3! 5! 7! . ^ -J 

COS2 = l — — + — — ~ + [21 

byLArt.134. ^^^^ ^^ ^ "^ 



If 2 = r(cos<^+ V—l.siiK^), 

the series of the moduli, 

A^S* mW 't^^ 

r-i 1 1 h , 

3! 5! 7! ' 

1 H 1- — -}- — -4- , 

2! 4! 6! 

are easily seen to be convergent ; therefore if « is imaginary, the 
series [1] and [2] are convergent. We shall take them as defi- 
nitions of the sine and cosine of an imaginary. 

Example. 

From the formulas of Art. 31, and finom Art. 84 [1] and [2], 

show that 

c*^'"^ = cos z + V— 1. sinz, 

and <?~*'^"^ = COS2 — V— 1. sinz, for aU values of z. 

35. From the relations 

^'^^"^ = cos2-h V— l.sinz, 
^-e v-i _ ^^g^ _ V— l.sinz, 

we get cos2 = '- , PJ 



^«V-l_^-*v/Zi 



for all values of e. 



sin2 = - — = , [2] 

2V^ 
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Let 2; = a; + yV— 1. 



cos (x+yv — 1) = — 



_ (cosa;+V— l.sina;)e"y+(cosa;— V— l.sina;)^^ 

2 

by Art. 34, Ex., 

= cos X ^1±£1 - V^. sin X ^ " ^"^ [3] 

2 2 ^ -^ 

In the same wa}^ it ma}^ be shown that 

* gin(j; | y./~]")^ (cQsa?+ V^. sina;)e-y-(co8a;- V^.sina;)e^ 

2V-I 

= sina; "'"^ — |-V— l.coso; — — . [4] 

If 2 is real in [1] and [2], we have 

eosaj = 



sma; = V — 1. 



If 2 = y V— 1, and is a pure imaginary, 

cosyV^==?!^:til', [5] 

siny V^ = ^"^^^ V^ ; [6] 

4ft 

whence we see that the cosine of a pure imaginary is real, while 
its sine is imaginary. 

By the aid of [5] and [6] , [3] and [4] can be written : 

cos(« + y V— 1) =cosa;cosyV— 1 — sinajsiny V— 1, [7] 
sin (a? + y V— 1) = sinajcosy V^ + cosaJsin^/V — 1. [8] 
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Examples. 

(1) From [1] and [2] show that sin^2;+ cos^a; = 1. 

(2) Prove that 

cos (u + v) = cos u COS v — sin w sin v, 

sin (u-\-v) = sin u cos v + cos u sin v, 
where u and v are imaginary. 

The relations to be proved in examples (1) and (2) are the 
fundamental formulas of Trigonometry, and they enable us to 
use trigonometric functions of imaginaries precisely as we use 
trigonometric functions of reals. 

Differentiation of Functions of Imaginaries. 

36. A function of an imaginary variable, 

is, strictly speaking, a function of two independent variables, 
X and y ; for we can change z by changing either x or y, or both 
X and y. Its differential will usually contain dx and dy, and not 
necessarily dz ; and if we divide its differential by dz to get its 

derivative with respect to z^ the result will generally contain --—j 

which will be wholly indeterminate, since x and y are entirely 
independent in the expression aj + 2/V^-l. It may happen, 
however, in the case of some simple functions, that dz will appear 
as a factor in the differential of the function, which in that case 
will have a single derivative. 

37. In differentiating^ the V--1 may be treated like a con- 
stant; for the operation of finding the differential of a function 
is an algebraic operation, and in all algebraic operations V— 1 
obex's the same laws as an}^ constant. 
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Example. 

Prove that d(ar^V— 1) = 2ajV^. c^a?; 

and that d V— 1. sin a; = V — 1. cosx.dx. 

We have, by the aid of this principle, 
if 2 = aj + 2/ V— 1, 

d2; = cfo; + V^. di^; [1] 

if 2; = 7'(eos<^ + V— 1. sin</>), 

^2 = dr(cos</) -h V^. sin<^) + rd</>(— sin <^ + V— 1. cos *^) 

= (dr + r V^. d</>) (cos<^ + V^. sin<^) . [2] 

38. .Let us now consider the differentiation of «"*, e', logs;, 
sin 2;, and cos 2;. 
Let z = r (cos <^ + V — 1 . sin <^) , 

then 
2"* = ?'^(cosm<^ + V — 1. 8inm</>), by Art. 24 [1] ; 

c?2;"* = m?-*"~^dr(cosm</>+ V— l.sinm<^)-f mf^d<f> (— sinm<^ 
+ V — 1 . cos m<^), 

^2"* = mi-^'^ [cos (??i —!)</>+ V — 1 . sin (m — 1 ) <f>] (cos <^ 
+ V— l.sin</>)cZ?' 

+ mr**[cos(m— 1)<^+ V — l.sin(m— 1)^] (cos<^ 
H-V— l.sin<^) V — l.d</>, 

c?2"» = mi^-^ [cos (m— 1) <^ + V— 1. sin (m— 1) <^] (dr 
-f?'V— l.d<^) (cos</>H- V— 1. sin</>), 

d2:"» = mz'^-^dz, [1] by Art. 37 [2], 

^ = m2"»-S [2] 

dz 

and a power of an imaginary variable has a single derivative. 
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39. K 2=a; + yV^, 



e' = €'(cosy+V--l.smy), by Art. 31 [4], 

de* = €'dx(cosy + V^. siny) + e»(— siny 
H-V^.cos2^)d2^, 

de' = e'(cosy+V^.siny) (dx+V^.dy), 
de'=e'd2, [1] 

^ = e'. [2] 

dz 

Example. 
Show that do* = a* 1(^ a.dz. 

40. K 2 = r(cos^+V^.sm^), 

lc^2 = logr-|-^V^, by Art. 33, 

r r 

^^ ^ (dr4-rV^>ci^)(cosj>4-V^>sm^) ^ 

[1] 

[2] 



41. 8iu» = ?^ ^= > by Art- 85 [2], 

2V-1 

(JaiH« = ^ ±J^ V-l.(b 

= ? 1! (te, by Art. 85 [1], 

(jaia» = OQa«.cb. [1] 



dlog2i = 


dz 
■" > 

2 


dlog«_ 
dz 


1 

Z 
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C0S2 = r: ^ 



dcosz = V — l.a2; = ; — dz, 

dcosz = — sinz.dz, [2] 



42. We see, then, that we get the same formulas for the dif- 
ferentiation of simple functions of imaginaries as for the dif- 
ferentiation of the corresponding functions of reals. It follows 
that our formulas for direct integration (I. Art. 74) hold when x 
is imaginary. 

Hyperbolic Functions. 

43. We have (Art. 35 [5] and [6]) 

coso; V — 1 = — — — , 

2 • 

and sina? V^ = ^ "" ^"V ^, 

2 

where x is real. — — — is called the hyperbolic cosine of 05, 

2 6* — e~' 
and is written cosh a? ; and — ^ — is called the hyperbolic sine 

of a;, and is written sinba; ; 

sinha; = ""^ = — V— 1.8ina?V--l, [1] 

coshaj= --^ — = cosajV — 1. [21 

2 . ^ ^ 

The hyperbolic tangent is defined as the ratio of sinh to cosh ; 
and the hyperbolic cotangent, secant, and cosecant are-the re- 
ciprocals of the tanh, cosh, and sinh respectively. 

These functions, which are real when x is real, resemble in 
their properties the ordinary trigonometric functions. 
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44. For example, 



for 



and 



cosh^a; — sinh^a; = 1 ; 



-2a» 



cosh^a; = 



8inh2ic = 



_ e^' - 2 + e 



-2» 



[1] 



Examples. 



(1) Prove that 1 — tanh^a; 

(2) Prove that 1 - ctnh^a; 

(3) Prove that smh(x-\-y) 

(4) Prove that cosh(x-^y) 



sech^aj. 

— csch^aj. 

sinh x cosh y + cosh x sinh y . 

cosh a; cosh y + sinh a; sinh 2/. 



45. 



dsinha; = d 



e* — e~* 



e'-\-e 



— X 



dx^ 



d sinh a; = cosh a;.c?a;. 



(1) Prove 



Examples. 




dcosha; = 


sinh a;, da;. 




dtanha; = 


sech-aj.da;. 




tictnha; = 


— csch^aj.da?. 




c?secha; = 


— sechajtanha; 


,dx. 


dcscha; = 


— cschajctnha;. 


,dx. 



46. We can deal with anti-hyperbolic functions just as with 
anti-trigonometric functions. 
To find dsinh~^aj. 



Let 
then 



w = sinh" ^ a?, 
a; = sinhw, 
dx = coshw.dw, 
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, dx 
au = , 

coshu 
cosh u = Vl 4- sinh^ w, by Art. 44 [ 1 ] , 
coshw= Vl 4-35^5 

d8inh~^ic = — • [11 

Vl+a^ 

Examples. 
Prove the formulas 

dx 



dcosh~^x=^ 



dtanh~^aj = 



Vor^-l 
dx 



l-aj2 
dsech"^aj = — 



_f dx 



dcsch~^x = — 



a; Vl — a^ 



X 



Vic2+1 



47. The anti-hj'perbolic functions are easily expressed as 
logarithms. 

Let u = sinh~^ ic, 



then aj=8inh?fc = 

2a; = e~-— , 



2~' 



2a;e" = e2«— 1, 

e^"— 2a;e~=l, 

€*"— 2a;e"4-«^=l + ar^i 

€" — a; = ± Vrp^, 



e" = a; ± Vl -+- a^ ; 
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as e" is necessarily positive, we may reject the negative value in 
the second member as impossible, and we have 

u = log(a; -h Vl -har^) , 
or sinh~^a; = log(a;-f Vl 4-a;^), [1] 

Examples. 
Prove the formulas 

cosh~^a;= log(a; + Var^ — !)• 
tanh"^ a; = ^log ^!^. 

1 —X 

48. The principal advantage arising from the use of hyper- 
bolic functions is that they bring to light some curious analogies 
between the integrals of certain irrational functions. 

From I. Art. 71 we obtain the formulas for direct integration. 

= sin"^a;. [1] 






Vl -X' 

dx 
l+x" 

dx 



a^Var^-l 

From Art. 4G we obtain the allied formulas : 
dx 



= tan""^ X. [2] 

= sec~^a;. [3] 



Vl-h or^ 
dx 



= 8inh~^a; = log(a;-f Vl + ar^). [4] 



— =co8h'^a; = log(a;4- Var^ — 1). [5] 

Var*— 1 
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CHAPTER III. 

GENERAL METHODS OF INTEGRATING. 

49. We have defined the integral of an}- function of a single 
variable as the function which has the given function for its 
derivative (I. Art. 53) ; we have defined a definite integral as 
the limit of the sum of a set of differentials ; and we have shown 
that a definite integral is the difference between two values of an 
ordinary integral (I., Art. 183). 

Now that we have adopted the differential notation in place of 
the derivative notation, it is better to regard an integral as the 
inverse of a differential instead of as the inverse of a derivative. 
Hence the integral of fx,dx will be the function whose differ- 
ential is fx.dx ; and we shall indicate it by jfx.dx. In our old 
notation we should have indicated precisely the same function b^^ 
j fx ; for if the derivative of a function is fx we know that its 
differential is fx.dx. 

50. Iffx is any function whatever of ic, fx.dx has an integral. 
For if we construct the curve whose equation is y =fx, we know 
that the area included by the curve, the axis of X, any fixed 
ordinate, and the ordinate corresponding to the variable x, has 
for its difrerential ydx, or, in other words, fx,dx (I. Art. 51). 
Such an area always exists, and it is a determinate function of a;, 
except that, as the position of the initial ordinate is wholly arbi- 
trary, th(i expression for the area will contain an arbitrary con- 
stant. ThuH, if Fx is the area in question for some one position 
of tlie initial ordinate, wo shall have 

j^fx,dx=Fx-^C, 
wliero O \ii an arbitrary constant. 



■ 1 
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Moreover, Fx-j-Oia sl complete expression for | fx,dx ; for if 

two functions of x have the same differential, they have the same 
derivative with respect to a?, and therefore they change at the 
same rate when x changes (I. Art. 38) ; they can differ, then, 
at any instant only by the difference between their initial values, 
which is some constant. 

Hence we see that every expression of the form fx.dx has an 
integral, and, except for the presence of an arbitrary constant, 
but one integral. 

51. We have shown in I. Art. 183 that a definite integral 
is the difference between two values of an ordinary integral, and 
therefore contains no constant. Thus, if Fx-^C is the integral 
of fx.dx, 

C fx.dx = Fb — Fa. 
In the same wa}" we shall have 



f. 



fz.dz = Fb — Fa', 

a 



and we see that a definite integral is a function of the values 
between which the sum is taken and not of the variable with 
respect to which we integrate. 

Since 



Cyx.dx = Fa — Fb, 
I fx,dx = — I fx.dx. 

b Ja 



Example. 



fx.dx -\- I fx.dx = I fx.dx. 



52. In what we have said concerning definite integrals we 
have tacitly assumed that the integral is a continuous function 
between the values between which the sum in question is taken. 
If it is not, we cannot regard the whole increment of Fx as equal 
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to the limit of the sum of the partial infinitesimal increments, 
and the reasoning of I. Art. 183 ceases to be vaUd. 

Take, for example, C — . 

•/-I ar 

/f=/^"''^ = ri = -i' by I- Art. 55 (7) ; 
and apparently 

But I — ought to be the area between the curve y = --, the 
axis of X, and the ordinates corresponding to a; = 1 and a; = — 1 , 

which evidently is not —2 ; and we 
see that the function — is discon- 

tinuous between the values aj = — 1 
and 05 = 1. 

The area in question which the 
definite integral should represent is 
easil}' seen to be infinite, for 




r-'dx 1 . ^ , r^cb: 1 , 



and each of these expressions increases without limit as € ap- 
proaches zero. 

53. Since a definite integral is the difference between two 
values of an indefinite integral, what we have to find first in any 
problem is the indefinite integral. This may be found by in- 
spection if the ftmction to be integrated comes under any of the 
forms wo have already obtained by differentiation, and we are 
then said to integrate directl}'. Direct integration has been illus- 
trated, and the most important of the forms which can be in- 
tegrated directly have been given in I. Chapter V. For the sake 
of convonltuujo wo rewrite these forms, using the differential 
notation, atui mUUn^ one or two new forms from our sections on 
hyporbullu Aiiiftlona, 
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cifax = . 

log a 
(e^dx = ^, 

j sinx.dx^ —cos a?. 

I cosa?.( 

j tana.cto = — log cos aj. 

I ctna;.cto= log sin a;. 

= sin *a;. 

f— ^5__ = sinh-^aj = log(a; + VlT^) . 
^^ = cosh-^ X = log(aj + V?^) • 



.ctoi=sina;. 






cZa? ,^ 



f— ^= = 8ec->aj. 
J asVar' — 1 

/ = vers~^aj. 

V2a;-a» 



l:) 
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54. We took up in I. Chap. V. the principal devices used in 
preparing a function for integration when it cannot be integrated 
directly. 

The first of these methods, that of integration by substitution^ 
is simplified by the use of the differential notation, because the 
formula for change of variable (I. Art. 75 [1]), 

• j w = j uD^ becoming | udx=i I u—dy, 

reduces to an identity and is no longer needed, and all that is 
required is a simple substitution. 

(a) For example, let us find | — Vl + loga;. 
Let 1 -f logo; = z ; then — = dz^ 

and f^ Vl + loga; = fz^dz =z^z^=l(l-^ logaj)^ 

When, as in this example, a factor of the quantity to be 
integrated is equal or proportional to the differential of some 
function occurring in the expression, the substitution of a new 
variable for the function in question will generally simplify the 
problem. 

(b) Required I —• 

Let e' — y, then €^dx=:dy, 

dx _ e^dx _ dy 
e* -h e-' "" e^x _^ 1 — 2/2 -f i' 

and r_^£- = C^^ = tan-^y = tan-»0-. 

(c) Required j sec a. cZa;. 

1 cos a; 

seca = = — r— 

cos a; cos'^oj 



\^ 
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Let 2; = sina; ; then dz = co&x.dXj 

cos^o; =1—2;^, 

Examples. 
Prove that (1)1 cscay.cte = ^log "~^^^^ = log tan 2. 

•/ 1 ~p COSwt/ iw 

Suggestion: Let a; =0082. 

55. The formula for integration by parts (I. Art. 79 [1]) 
becomes 

I udv = uv — I vdw, [1] 

wheD we use the differential notation. It is used as in I. Chap. V. 
(a) For example, let us find | «"loga?.da;. 



Let w = loga;, and dv==afdx; ,i ^ ^ 



dx 



\ 



then \k= X di^ = ^, 



Cldr cJy 



A. 



\ 









and Jy c^ 1?= , \ 



X 



n + 1 



/af*"*"^ /• af aj**"*"^ / 1 \ 

a"loffa?.da?= logo;— I dx = [logaj -— ). 
^ n + 1 Jn + 1 n + l\ ^ n + 1/ 

(6) Required j ajsin"^ a?. da?. 

Let w=s8in~*a;, and dv = xdx; 

then du = ^^ , 

/; Vl-a?^ 
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and V = — , 

2 



o^dx 



(c) Required I- 



xefdx 



(1 + a^)' 
Let 1^ = a;e*, 

and dv = 



then dw = (a;e* 4- e*) cZa; = e'( 1 4- a:) c2a?, 

1 



and v= — 



l-{-x 



r xe'dx xe , r^ , 



^^ 4-e'= '' 



■\-x 1 4-a; 



Examples. 



(1) I — — = sin^ — ^^^. 

•^Vl-3a;-ar^ Vl3 

a? tan'^ a;. c?a; = -^ — tan"^a; — ix, 

/Qx r xdx __ __ 1 1 

^ ^ J (l-a;)8 l-a; 2(l-.a;)2* 

(4) f ^^ = - V2 aa; - a^ 4- g vers-^g. 
•>^V2aa;-ar^ a 

(5) /V2aa;-a^. cZa? = ^ V2^^"=^ + ^' sin"^ ^^1^5. 
*^ 2 2 a 

Suggestion : Throw 2 aa; — a^ into the form a^ — (a; — a)*. 

(6) p 4- ^o^^ ax = \og(x + sin a;) . 
^ Jaj + sina; °^ ^ 
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(0 I; — aa? = a;tan-. 

•/ 1 4- coso; 2 



+ 
Suggestion : Introduce - in place of x, 

dx 1 



1 



8) f- 

J a;(loga;)'' (n — 1) (log a;)""* 

9) r^^lM£)da; = loga;[log(loga!)-l]. 

/sin"" uj dx 
-^— - = 2; tan 2 + log cos 2;, where 2 = sin"^a;. 
y 1 — XT J * 

) f^_^5 = J_ logtan (^ + l\ 

J siua;4-cosa; ^2 \2 8/ 

Qx r sin a; da; _ __ log (a + h cos a?) 
•/ a -f- 6 cos X b 

3) f— -^5 = tan-i (x-\-2). 

6) r___^^__ = 1 tan-^ f^- tana;\ 
J a^cos^aj + & sin^a; ao \^ / ' 
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CHAPTER IV. 

RATIONAL FRACTIONS. 

5G. We shall now attempt to consider sj'stematically the 
methods of integrating various functions ; and to this end we 
shall begin with rational algebraic expressions. Any rational 
algebraic polynomial can be integrated immediately b}^ the aid of 
the formula 

oc^'dx = 



f 



r^n + l 



n-\-l 

Take next a rational fraction, that is, a fraction whose nu- 
merator and denominator are rational algebraic polynomials. 
A rational fraction is proper if its numerator is of lower degree 
thtui its denominator ; imj^roper if the degree of the numerator 
is equal to or greater than the degree of the denominator. Since 
an improper fraction can always be reduced to a . polj^nomial 
plus a proper fraction, by actually dividing the numerator by the 
denominator, we need only consider the treatment of proper 
fractions. 

57. Every proiier rational fraction can be reduced to the sum 
of a set of simpler fractions each of which has a constant for a 
numerator and some poicer of a binomial for its denominator ; 

that is, a set of fractions an}- one of which is of the form 



fx 
Let our given fraction be -^ ■ 

^ Fx 



{x—a) 



If a, 5, c, &c., are the roots of the equation, 

Fx = 0, (1) 

we have, from the Theor}' of Equations, 

Fx = A{x-'a){x-b){x — c) (2) 
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The equation (1) ma}' have some equal roots, and then some of 
the factors in (2) will be repeated. Suppose a occurs p times 
as a root of (1), 6 occurs q times, c occurs r times, &c., 

then Fx = A(x - ay (a; - 5)« (a; - cy (3) 

Call J.(a; — 5)«(a; — c)*".*-.. = <^a;; 

then Fx= {x — a)^<^a;, 

fa fa 

fx "~~ <iiX <hiX 

and ^ = ^ - ^^ I *^ 



Fx (x^ay<t>x {x^ay^x {x^ay<l>x 

T~ fx — -j—d>X 

" {x—ay {x — ay<t>x' 

-T 2- — _ is a new proper fraction, but it can be reduced 

to a simpler form by dividing numerator and denominator by 
x — a^ which is an exact divisor of the numerator because a is a 
root of the equation 

fx—'J—ctiX= 0. 

If we represent by fx the quotient arising from the division 
offx ^^<I)X b}' a; — a, we shall have 

fa 
fx_ <t>a fiX 



Fx {x - ay {x — ay-^cfix' 

Jy OS 

where = — is a proper fraction, and may be treated 

{x-ay-^<t>x ^ ^ 

precisely as we have treated the original fraction. 

M 

Hence /i^ „ <^^ , /^^ 

(a; _ ay-^ <^a; {x — ay-^ {^ — ay'^4>x 

By continuing this process we shall get 

fa A± U± fp'\<^ 

fx _ <t>a <t>a <t>a <l>a f^x 

Fx {x-ay"^ {x-ay-^"^ {x^ay-^"^ "^aj-a"^ cf^x' 
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f X 
In the same way •^^- can be broken up into a set of fractions 

having (a; — 5)«, (a; — 5)«"S &c., for denominators, plus a frac- 
tion which can be broken up into fractions having (a;— c)*", 

{x — cy^^ , &c., for denominators ; and we shall have, in 

the end, 

Fx (x - ay {x- ay-^ "^ '^ x—a {x- by 

where ^ is the quotient obtained when we divide out* the last 
factor of the denominator, and is consequently a constant. More 

than this, K must be zero, for as (1) is identically true, it must 

fx 
be true when x=co ; but when a;= oo, il_ becomes zero, be- 
cause its denominator is of higher degree than its numerator, 
and each of the fractions in the second member also becdmes 
zero; whence K=0, 

58. Since we now know the form -into which any given rational 
fraction can be thrown, we can determine the numerators b}' the 
aid of liuown properties of an identical equation. 

Let it be required to break up 1\2 / ■ i \ ^^^ simpler 

fractions. ^ ^ ^ ^ 



By Art. 57, 



3a;-l A . B C 

"I ~ — 7 H" 



(aj-l)2(a;-f-l) {x-iy ' x-l ' x-^V 

and we wish to determine A^ JB, and C Clearing of fractions, 
we have 

3a;-l = ^(a;+l) + -B(«-l)(a;+l) + C(a;-l)2. (1) 

As this equation is identically true, the coefficients of like 
powers of x in the two members must be equal ; and we have 

JB + C=0, 

4-C=-l; 
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whence we find -4=1, 

5=1, 
C=-l; 

. 3a?->l L__. _i L_ (2) 

(a._-l)2(a; + l) {x-iy^x-1 x + 1 ^ ^ 

The labor of determining the required constants can often be 
lessened by simple algebraic devices. 

For example ; since the identical equation we start with is 
true for all values of a?, we have a right to substitute for x values 
that will make terms of the equation disappear. Take equa- 
tion [1] : 

3x^l = A{x + l)-{-B{x-}-l)(x-l)-{'C{x-iy, [1] 

Letaj=l, 2 = 2 A, 

^=1, 

then 2x - 2 = B (x + 1) (x - 1) + C (x -ly ', 

divide by a; -1, 2 = ^(a; + 1) + C(a;- 1). 

Letaj=l, 2 = 25, 

5=1, 

then -a; + l=C(a;-l), 

C=-l. 

Examples. 

(1) Show that when we equate the coefficients of the same 
powers of x on the two sides of our identical equation, we shall 
always have equations enough to determine all our required 
numerators. 

9a^+9a;-128 ,, 
(xsyix-^l) 



(2) Break up ^_ ox2/~. ■ i ^ ^^^ simpler fractions. 



59. The partial fractions corresponding to any given factor 
of the denominator can be determined directly. 
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Let us suppose that the factor in question is of the first degree 
and occurs but once ; represent it b}' x — a. 



by Art. 57, where 



Fx x-a"^ <l}x' ^ ^ 



Fx 
<t>x = 



x — a 
so that Fx = {x — a) <^. 

Clear (1) of fi'actions. 

fx = Acl>x-{'(x — a)fiX. (2) 

As (1) is an identical equation, (2) will be true for any value 

of X, Let a? = a, ^ 

fa = -4<^a, 

^=$' ^^> 

a result agreeing with Art. 57. 

Hence, to find the numerator of the fraction corresponding to 
a factor (x — a) of the first degree^ we have merely to strike out 
from the denominator of our original fraction the factor in ques- 
tion^ and then substitute a for x in the result. 

If the factor of the denominator is of the nth degree, there are 
71 partial fractions coiTesponding to it. Let (x — aY be the 
factor in question. 

fio_^ A, _A A, . _A.-H!^,m 

Fx (a;-a)"^(aj-a)"-^ (a;-a)"-^ ^a;-a^<^aj'^ ^ 

where -Foj = (x* — a ) ** <^a;. 

fx 
Multiply (4) by (oj — a)", and represent (a; — a)"^ by 4>aj. 

Fx 

4>a; =^1 + A^i^x — a) +.13(0; — a)^ -|- -|- A^{x — a)""^ 

i^X 
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Differentiate successively both members of this identit}', and put 
x = a after differentiation, and we get 

Ai = <^a, 

A, = —^'"a, 
^ 3! ' 



(n-1) ! 

Although these results form a complete solution of the prob- 
lem, and one exceedingly neat in theory', the labor of getting 
the successive derivatives of ^x is so great that it is usually 
easier in practice to use the methods of Art. 58 when we have to 
deal with factors of higher degree than the first. So far as the 
fractions corresponding to factors of the first degree and to the. 
highest powers of factors not of the first degree are concerned, 
the method of this article can be profitably combined with that 
of Art. 58. 

GO. As an example where the method of the last article 
applies well, consider 

Sx-1 _A . B , C 



x{x—2){x^\) X x-2 it'-fl' 

L(a;-2)(a; + l)i=o 2' 

p^r 3x--l 1 ^5 
\_x{x-\-\)\,^, 6' 

L^(a;-2)JL=., 3' 

3a;-l 1 1.5 141 rn 

^rt* — '7* o — o* 7' L^J 



ic(aj-2)(a; + l) 2 a; 6 a; -2 3 a;H-l 



4^> 
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il 



Again, consider 
1 



A B 









2~' 






— 1 



V^ 



1 + ** 2 x+V^ 2 x-V^ 



[2] 



61. Let us now consider a more difficult example, where it is 
worth whOe to combine oar methods. 

To break np ?^^t 

x»+l = (af+l)(a!»-af+l) 



x'+l 



x'+l 



_ -li 



(af-l)*(x» + l) (x-l)*(x + l)(x'-x+l) (x-l)« 



+ 



+ 



+ — =^ + ^ + ^ + 



G 



(x-1)* ■ (x-l)» ■ x-1 ■ x + 1 • x-i-iV-3 

x-.i+|V^ 



(1) 



L(x-l)Hx'-x+l)J..., 24' 

_i_ r ^+1 i =1 

' [_(x+l)(*^-x+l)J,., ' 

c=r ^±i — _i 

D^\ ^ -^^^± 1^ ^^ =-1. 



\H-/^ 



1 
3 
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3 3 1 (2aj-l) 
H ! :^= = — o • Trs —TT' 



Substitute these values and clear (1) of fractions. 

(x'-^x+l)-h(x-iy(x'-x+l)--8{2x^l){x^^iy(x + l); 

l6oi^-5la^ +i5x^+6a^ ^ 51a? ^i5x ^ d = 2^A2{x -1) (x-\'l) 
(aj2 - a; + 1) ^. 24^3 (x ^iy(x -^1) (a? -- x -^1) + 24: A^ 

The second member of this equation is divisible by 

(aj-l)(aj+i)(aj2_aj+l), 
therefore the first member must be divisible by the same quantity. 
Dividing, we have 

ISor' - 36a; + 9 = 24^2 + 24-^8(a; -1) H- 24^(a; - 1)2. 
Leta?=l, -12 = 24^25 

and we get 

15iB2 _ 36^ _|. 21 = 24^3(0; - 1) + 24^4(0; - 1)*. 

Divide by a; — 1 ; 

15a? -21 = 24^3 + 24^(a; -1). 

Leta;=l, — 6 = 24^8? 

A --1 

15aj-15 = 24^(aj-l). 
Divide by a? - 1 ; 15 = 24^4, 



48 INTEGRAL CALCULUS. [Art. 62. 



Hence 



ar^ + 1 _ 1 11 11.51 



^l._l 1 1 1 1 _ (2) 

24'a; + l 3 a;-|-^V^ 3 a;-^ + iV-3 



62. Having shown that an}^ rational fraction can be reduced 

to a sum of fractions which alwa3's come under one of the two 

A • A 
forms and , it remains to show that these forms 

(a; — a)** x—a 
can be integrated. 

To find r_^^^_, 
J {x — ay 

let 2; = a; — a, 

then dz = dx^ 

and 

r Adx ^j^rdz_ 1 . ^ _ 1 A p.-| 



To find 
•J 




let 


z^x — a 


then 


dz = dx^ 


and 


CAdx _^rdz^^ 



= ^log(a; — a). [2] 

Turning back to Art. 58 (2) , we find 

r {^x-'\)dx ^ r dx r dx _ r dx i_ 

J (a; -1)2 (a; + 1) J {x--iy J x-1 Ja; + l" x-l 
+ log(aj-l)-log(x + l) = ^+log^. 

Turning to Art. 60 (1), we have 

/' (Sx—l)dx ^ 1 rdx . r dx __ 4 r dx 
x(x--2)(X'-l) Va? Vaj-2 V a; + 1 

= iloga; + ^log(a; - 2) - ^log(a; +1). 
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63. If imaginary values come in when we break up our given 
fraction, they will disappear if we combine our results properly 
after integrating. 

We know (Art. 28, Ex. 2) that if the denominator of our 
given fraction contains an imaginary factor, (x — a — &V— 1)", 
it will also contain the conjugate of that factor, namely, 
(aj — a + &V— 1)**. Moreover, since by Art. 59 the numerator 
of the partial fraction corresponding to (x — a — 6 V— 1)** will be 
the same rational algebraic function of a -f- 6V— 1 that the nu- 
merator of the partial fraction corresponding to (a; — a + 6 V — 1)" 
is of a — 6 V— 1 , these two numerators must be conjugate imagi- 
naries by Art. 28, Ex. 3. Hence, for every fraction of the 

form — "^ — we shall have a second of the form 

(aj-a-ftV-l)** 



/ 



A + By/^\ ^„^_ 1 (A + B^-1) 



/; 



(^x^a-b^T^iy (n-l) (a;-a~5V-l)"-' 

by Art. 62 [1]. 



(a;_a + &V-l)" («-l) (x-a + b^/-l) 

Let (a;-a + 6V^-)"-* = X+rV^, 

X and y being real functions of x ; 
then (x-a-6V^)"-'=X-rV^. 

r A + B^r:i_ ^^^ f A-B^ ^ 
J (^x-a-b^-l)' -^ (x-a+by/^^y 

^ 1 (A + B'sT^ )- 1 (A-B^f^) 

(w-1)' x-rV^ (ft-i) x+rV-i 



1 (2AX-2BT) ri". 

{n-1)' {x'-2ax+d' + bY~'' 



a result which is free from imaginaries. 
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If n=l, 

. ^^ .. A + B^T-L , ^ — ^V— T 
we have the pair of fractions, -—=z ana 7=-' 

x^a—by—1 x—a+by — l • 



x—a 
b 



i '... [y-J^^/szL. dx = (A + B V^) log(a; - a -& V^^T) , 

"" - " by Art. 62 [2], 

r A -gV^^^a? :={A-B V^) log(x - a + 6 V^) ; 
^ x—a+b V— 1 

log(a; - a - 5 V^) = ilog [{x - a)' + b'} - V^. tan'^ ^ 
log (a; - a + 5 V^) = ilog [(a; - ay + &"] + V~l . tan"^ 

X — €1/ 

Hence f ^ + ^V^^h- f ^"^^ 
*^ x — a — b V— 1 *^ a; — a + 6 V— 1 

= ^log[(aj-a)2 + 62] + 2jBtan-^-^, [2] 

X — a 

which is real. 

The form of [2] can be modified by adding a constant. 

- + tan^ = :r + ctn ^ — - — = - — ctn^ = tan ^ — ; — . 

2 aj-a 2 5 2 b h 

Hence ^ log [ (a? - a) ^ + ft^j ^ 2 5 tan-^ ^^-^ [3] 



(la? 



da;. 



differs from [2] by the constant JBtt, and therefore is a true 
value of r A + B^^^ ^ r A-B^T^ 
J x — a — b V — 1 ^ x — cf^-^-b V-— 1 

Turning back to Art. 61 (2) we find 
J (a; -1)^35" +1) J (x^iy V {x-iy V{x^l) 

Ja; — 1 "Vaj+l J -,,_l._±^/_a »/ ->._ 



dx 



3 {x—iy 4 (a;— 1)'' 4 x—l 
+ Alog(a; + l)-ilog(a^-a!+l). 
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Examples. 



^ ' J (a;-l)(a!-2) ^x-\ 

(2) /55^«^='»+ilog 



(3)/; 



£—2 
aj+2' 

da; 



ar^+l 



= tan"^aj. 



(4) f-^=^logi£:il)l-J-tan-2£+l. 



+a;+i Vs Vs 



o; 



(5) r_^=J_tan->^+-l^log^ 

(9) r ^ -= i Alog(a!-l) 

+ itan-^ - ^^^ + ilog(a:' + 1) . 

(10) r4^ = -^iog 

+ _L_ [tan-' (» ^/^ + 1 ) + tan-i (» V2 - 1 ) ] . 

2V2 

(11) f_^ = J_ log ^±^:^l±l + _i_ tan- Y^") 



ar'-a;V2 + l 
+ 1 4V2 '°ay' + a!V2 + l 
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CHAPTER V. 

BEDUCTION FORMULAS. 

64. The method given in the last chapter for the integration 
of rational fractions is open to the practical objection that it is 
often exceedingly laborious. In many cases much of the labor 
can be saved by making the required integration depend upon 
the integration of a simpler form. This is usually done by the 
aid of what is called a reduction formula. 

Let the function to be integrated be of the form a;"*"^(a+6a;**)p, 
where m, n, and p may be positive or negative. If they are in- 
tegers, the function in question is either an algebraic polynomial 
or a rational fraction; if they are fractions, the expression is 
irrational. The formulas we shall obtain will apply to either 
case. 

Denote a + 6a;** by 21 ; then we want ioif'^z^dx. 
Let z^^u 

and oj*^-' dx=^dv^ and integrate by parts. 

du = pz^-"^ dz = bnpx*"^ ^'^ dx, 

m 

C<r-^z^dx = 5!!^ _ &«£ ra,»+»-i2.-i<fo. [1-1 

^ m m J *- -■ 

This formula makes our integral depend upon the integral of 
an expression like the given one, except that the exponent of x 
has been increased while that of z has been decreased. 

We get from [1], by transposition, 

J onp bnpJ 
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Change m + n into m and jp — 1 into p, whence m is changed 
into m—n and p into i> +!> and we get 

ra^-Vda;= ,^""^''''' - , ?""^. faJ^-^-^^'+^da;, [2] 
J 6?i(p+l) 6n(p-f-l)./ 

a formula that lowers *the exponent of x while it raises that of z. 

Since z = a-\' fea?**, 

i 
z^ = z^'\a + baf) , \ 

hence 

therefore, by [1], 

m mJ J J 

J am am J 

Change p into p + 1 • 

J am am J 

Change m into m^n^ and transpose. 

J 6(m + np) 6(m + np)«/ 

We have seen that 

CxT'^s^dx = a CxT-^i^-^dx + 6 j «"•+*- V'^cte, 

and, from [1], 

b raJ«+"-^2'-^daj== ^^-— faf-Vda?; 
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hence 

Cx'^'^zPdx = a Cx'^-^z^'-^dx + ^^ - — CaT-^z^dx, 
J J np npJ 

Cx^'^z^dx^ ^^ + ^^^ C^-^^z^-^dx. [5] 

J m-^-np m + npJ 

Change p intop + 1, and transpose. 

J an(p + l) an(i9 + l)J ^ -^ 

Formula [3] enables us to raise, and formula [4] to lower, the 
exponent of x by n without affecting the exponent of z ; while 
formula [5] enables us to lower, and formula [6] to raise, the 
exponent of z by unity without affecting the exponent of x. 

Formulas [1] and [3] cannot be used when m = ; 

formulas [2] and [6] cannot be used when j9 = — 1 ; 

formulas [4] and [5] cannot be used when m = '-np', 

for in all these cases infinite values will be brought into the sec- 
ond member of the formula. 

65. If?i=l, 2 = a-h6aj, 

and our last four reduction formulas become 

r^-i,.clx ^=^1^- Hm+p + l) r^ 
J am am J ^ -^ 

:xf''^z^dx = =-T — ; — r — r-) — ; — (■ I QiT'^z^dx, [4] 

ra;-^«''cto = -^!!^ + -^^ C^'^zF-^djx. [5] 

J aa> + l) a(2> + l) J ^ -* 

If m and p are integers, and m>0 and 2>>0, a repeated use 
of [5] will reduce p to zero, and we shall have to find merely 

the iof'^dx. 
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If m<0 and p>0^ [3] will enable us to raise m to 0, and 
then [5] will enable us to lower j9 to 0, and we shall need 

only fe. 

If m>0 and p<0, [6] will raise p to — 1, and [4] will then 
lower m to 1 , and we shall need j — . 

If m<0 andp<0, [6] will raise p to — l,.and [3] will raise 

f*dx 
m to 0, and we shall need I — 

J xz 






m 



X 

J z J a + bx b 

/^ — r_^2— — — 1 lo ^ "^ ^^ 
xz J x{a + bx) a x 

Hence, when 7i = 1, and m and p are integers, our reduction for- 
mulas always lead to the desired result. 



(^>/^ 



Examples. 
^ ^'i^^«+^a; , b^ b^ , 



^{a-^-bx) a* X a*x 2a^ar^ 3a^o(^ 4aa* 

(2) Consider the case where w = 2, rewriting the reduction 
formulas to suit the case, and giving an exhaustive invest!^ 
gation. 



^'^h 



x'dx XX 



(a + ba^y ib{a + b3?y 8a&(a + 6ar') 



H tan 

8(a6)l 



-^xJ-. 
Ma 
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CHAPTER VI. 

IRRATIONAL FORMS. 

66. We have seen that algebraic i>ol3'nomials and rational 
fractions can always be integrated. When we come to irrational 
expressions, however, ver}' few forms are integrable, and most 
of these have to be rationalized b}^ ingenious substitutions. 

If an algebraic function is irrational because of the presence 
of an expression of the first degree under the radical sign, it can 
be easil}' made rational. 

Let /(JT, -y/a + hx) be the function in question. 

Let z = Va -h hx ; 

then 2" = a + ^• 



(lx = 



aj = 



b 
z"" — a 



h 
Hence J7(aj, ^aTbi)clx = '^Cff^LlZ^^ z^z^^-'dz, 

which is rational and can be treated bj' the methods of Chapter IV. 

Examples. 

(1) rSZ£±lc?a; = aj-f4 VaJ + 41og(V«-l). 

(2) r^(aa; + 6)-cto = ^V(f^- + y. 
(8) ClxJ^ix + a) + V(a' + «)]f?» 



= "^2n^."'' -""^;f + "^''"' + lV(»+a)«. 
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67. A case not unlike the last is j /(aj, ^/c + Va-|-6aj)da. 
Let 2 = Vc -h Va -h bx ; 



(2"— c)'" = a -|-6aj, 



6 



Hence 



6 
Cf(x, VcT'^/7Tbx)dx 



jyr (2"-c)"-a ^ 2"](2« - c)-^^"-^. 



(1) Find r 

(2) Find C- 



Examples. 
xdx 



Vc-f ^a-\-hx 



dx 



</l-|_Vl -a; 

68. If the expression under the radical is of a higher degree 
than the first the function cannot in general be rationalized. 
The only important exceptional case is where the function to be 
integrated is irrational by reason of containing the square root 
of a quantity of the second degree. 

Required j /(aj, Va-f6a;-|-caj^)da;. 

First MetJiod, Let c be positive ; take out Vc as a factor, and 
the radical may be written "VA -\-Bx -\-x^. 

Let -y/A +Bx-\-x^ = aj -|- 2, 

A-\-Bx'^a^==7?-\-2xZ'^s^, 

_ z'^A 
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{B-2zy ' 

B— 2z 

and the substitution of these vahies will render the given func- 
tion rational. 

Second Method. Let c be positive ; take out Vc as a factor, 
and, as before, the radical ma}^ be written V-4 -\- Bx-^-a^. 

Let V^+jBoj-far* = ^JA -f xz ; 

A+Bx-^a^ = A-^2^A.xz-^a?z^, 

^ 2^JA.z-B 

fi^^ ^N^'^- Bjs + ^JA)dz 

(1-22)2 

^ A-\-Bx + x^ =^A-^xz= ^'^''\'-^\+^'^ , 

1 —z^ 

and the substitution of these values will render the given func- 
tion rational. 

If c is negative the radical can be reduced to the form 
V-/1 4- Bx — ar*, and the method just given will present no 
difliculty. 

Third Method, Let c be positive ; the radical will reduce to 
Vurl + Bx + a^. Resolve the quantity under the radical into the 
product of two binomial factors (« — a) (a — )8) , a and )8 being 
the roots of the equation A-\-Bx + a? = 0, 

Let V(a? — a) {x — ^8) = {x — a)z ; 

(ic-a)(aj-)8) = (a;-a)V, 

1-2*' 
(l-2*)2 ' 

VC^IIT^ =(a;-a)2 = l^^^, 

1 — r 
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and the substitution of these values will make the given function 
rational. 

If c is negative the radical will reduce to V-4 + Bx — oc^, and 
may be written V(a — a;) (aj — P) where a and fi are the roots 
of ar^ — Bx — ^ = 0,- and the method just explained will apply. 

In general, that one of the three methods is preferable which 

will avoid introducing imaginary constants ; the first, if c > ; 

ct a 

the second, if c < and — - > ; the third, if c< and — < 0. 

c — c 

a 

If the roots a and ^ are imaginary, and A = is negative, it 

will be impossible to avoid imaginaries, for in that case 
A+ Bx — a^ will be negative for all real values of a?. 



69. Let us compare the working of the three methods just 

/dx 
V2-|-3aj + ar^ 

1st. Let V2-h3a;-haJ^ = aJ-h2;; 

/ dx ^ r 2{z^-3z-\-2)dz 3~2g ^ rjdz 

^^M^cr.4-^ J {3-2^)2 V-32J-h2 J3- 



V2 + 3^T^ ^ (3-2^)2 22-32J-h2 J 3-22; 

= ~log(3-2«). 



/ 



6x 



= - log(3 + 2aj - 2 V2 + 3a; -h ar^) 



V2H-3a; + a:2 

= log 



3 + 2a;-2V2 + 3a;-fi»^ 



_, 3H-2a;-h2V2-h3a;-ha?^ 

■" ^^9 + 12a; + 4a2_g -I2aj-4a:2 

= log [3 + 2a; H- 2V2 + 3 a; -f ar'] • (1) 

2d. Let. V2T3aT^ = V2-l-as2;; 

r ^^ ^o f(V2.g^-3gH-V2)c?g 1-g^ 

J V2 + 3aj + a;* ^ (1-^)' *V2.^-3« + V2 
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dx I x-V^-fV^ 4-3x4-3^ 






V2 + 3x+a:* x + V^ - '^- +3x + J^ 



_^^ x^-f2xV2-h3x4-x*4-2-h3x-hx'— 2 
"■^ x*+2v2.x + 2-2-3x — X* 



_, 3^-2x-h2V2-h3xH>x' 
^ 2V2-3 

= k)g(3 + 2x+2V2+3x+x») - log(2 V2-3) , 
or, dn^iping the constant log(2 ^2 — 3), 

r ^^ - = k)g(3 4>2x-4-2V2^-3x^-x^, (2) 

•^ V2-f3x + x* 



3d. Let V2 + 3x-hx^=\(x-hl)(x-h2) = (x+l)2; 

J V2-f 3X-I-X* J(l-22)2 _2 Jl-^ 1-2 

•^VITsxTl? ^i_ £±1 VxTi->/xT2 

\x-M 

^^^^^^ x-f 1^2V2^3x4'X^-hx4'2 
^ X4-1— x-2 

= k)g(3 4-2xH-2V2-hSx-Kx*) + log(-l), 

or, drc^ping the imaginary constant log(— 1), 

^^^ log(3^^x^5Vi-h3x-hx*). (3) 



/ 



Vi4-Sx4-x* 



/j\ I ^a» ~K><^ * 

^ \'i5j + a.v>V^-sV* 4\:^ \4^:Jx+V2-x 
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70. If the function is irrational through the presence, under 
the radical sign, of a fraction whose numerator and denominator 
are of the first degree, it can always be rationalized. 



Required J/(x,-^^)d.. 



_ nj ax -h b 



Let 

+ 

Ix -h m' 

x = —. 

Iz^' — a 

, __ 7i(am — bl)z'^'^dz 
"" {Iz^-ay ' 

and the substitution of these values will make the given function 

rational. 

Example. 

/ dx s/ l— a; _ » q 1 /1 —-x Y 

71. If the function toTje integrated is of the formaf""^(a+6af*)'', 
m, n, andp being any numbers positive or negative, and one at 
least of them being fractional, the reduction formulas of Art. 64 
will often lead to the desired integral. 

Examples. 



^ ^ J (2aa;-ic2)i ^ ^ V2 2 / \2a 

.,. r g»da; ^ (2 g^ 4-30^) 
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72. We have said that when an irrational function contains a 
quantit}" of a higher degree than the second, under the square-root 
sign, it cannot ordinarily be integrated. It would be more cor- 
rect to sa}' that its integral cannot ordinarily be finitely expressed 
in terms of the functions with which we are familiar. 

The integrals of a large class of such irrational expressions 
have been specially- studied under the name of Elliptic Integrals. 
They have peculiar properties, and can be expressed in terms of 
ordinarj^ functions only by the aid of infinite series. 
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CHAPTER VII. 

TRANSCENDENTAL FUNCTIONS. 

73. In dealing with the integration of transcendental functions 
the method of integration by parts is generall}' the most effective. 

For example. Required j x{\ogxydx. 

Let u = (\ogxy, 

dv = x,dx ; 

2 logic, do; 



du = 



. = -, 



X 



^x{\ogxy = "t^^^ ^Jx\ogx,dx = I [(loga;)2- logo: + i]. 

Again. Required je'sinx.dx. 

u = sinXj 
dv ^e'dx; 
du = cosx.dx, 

j e'sin x.dx i €*sin x — I e'cosx.dx^ 

j €*cosaj.da; = e'cosa;+ I e*sina;.da;; 

1- r^ • ^ e*(8inaj — coso;) 
whence I e* sm x.dx = — ^ — ^— ^ » 

, r^ 7 e*(sina;H-cosa;) 
and \ ^co8X.dx= -^ ^ ^« 
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Examples. 



(l)Jx-(loga;)»da;=|^ ^ Qogxy-^^^ 



, 6 log a; _ 



(m-|-l)2 (m+l) 



'} 



^ V (l~a;)2 1-a; ^^ ^ 

(3) re~V(l--e2«).cZa; = — e«V(l -e^") + sin-^e"! 



74. The method of integration b}' parts gives us important 
reduction formulas for transcendental functions. Let us con- 



sider j sin** a?. da;. 



u = sin**"^a;, 



dv = sinaj.da;; 

du = {n—l) sin""^a; cos a.daj, 
'y = — cosa;; • 

j sin** aj.da; = — sin**"^a? cos a? -|- (n —1) I sin**~^a; cos* a?. 

= — sin** "^ a? cos a? + (n — 1) j (sin**"* a; — sin** a) da; ; 

I sin** a;.da; = sin**"^a; cosa; + ^?— ^ I sin**"* a;. da;. 

J n n J 



dx 



[1] 



Transposing, and changing n into n + 2, we get 
rsin**a;.da; = ^— sin**+^a; cosa; -|- ^?-t? rsin*»+*a;.da;. [2] 

In like manner we get 

/cos^'x.dx = -sina; cos**"'a; + ^ "" ( cos**"* a;. da;, [3] 

n n J 

/cos** a;.da; = sina;cos**"^^a; + ^ "^ ( cos**+*a;.da;. [4] 
n + 1 n-\-\J ^ ■" 

If n is a positive integer, formulas [1] and [3] will enable us 
to reduce the exponent of the sine or cosine to one or to zero, 
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and then we can integrate b}- inspection. If n is a negative 
integer, formulas [2] and [4] will enable us to raise the ex- 
ponent to zero or to minus one. In the latter case we shall need 

, or I , which have been found in Art. 54 (c) . 

cosic J sma; 



Examples. 



+ -». 
8 



/i\ C ' k ^ sinajcoso?/ . o i 3' 

(1) I sin* a?.aa; = [sm^a; + - 

i^\ C a J sina?cos*a;/ 2 ■ 5\ , 5 , . , v 

(2) I cos^x.dx = [ cos^aj + j J + — (sma;cosa;-fa;). 

(3) I ^T" = ■" o ' 2 + 1 log tan-. 
J sm^a; 2sm^a; 2 

(4) Obtain the formulas 

I sinh"a;.da;=-sinh'*"^a;coshaj — ^^^ I sinh'*"*aj.da;. 
J n n J 

/sinh" a;.da;= sinh'^+^ajcosha;— ^?-t— 1 sinh**+^a?.da;. 
n-\-\ n+\J 

/cosh**a;.da;=-sinha;cosh""^aj+^^^^^ I cosh**~^a;.dar. 
n n J 

/cosh" aj.da; = sinh x co8h'*"*'^aj -f ^"^ I cosh**+^ x.dx. 
n+1 n+1*/ 

^c\ / ^ da? , cosha; , , cosha?— 1 

J sinh^a; sinh^a; coshaj+1 

75. The {^ur^xydx can be integrated by the aid of a reduc- 
tion formula. 

Let 2; = sin"^aj; 

then X = sin 2;, 

da; = cos 2.^2, 

and I (8in"^aj)**.d»= iz^'Qosz.dz. 
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Let u = 2**, 

dv = cosz.dz; 
du = 712;""^ dz^ 
v = ainz; 

j z^cosz,dz = 2;**sin2; — ^ ) z^'^sinz,dz. 

iz'^'^smz^dz can be reduced in the same wa}^ and is equal 
to —2;""^ cos 2 -h (?i — 1 ) I z*"'^ cos z,dz ; 
hence 

j 2;**cos2;.d2; = z^'sinz + n2;"~^cos2; — n(n— 1) j 2;""*cos2;.d2J, [1] 

or j (sin"^a?)**da; = a;(sin"^aj)**+ nVl — cc^(sin"^a?)**"^ 

- n(n - 1) r(sin-^a;)"-2da;. [2] 

If n is a positive integer, this will enable us to make our re- 
quired integral depend upon I (2a; or | sin~^a;.da;, the latter of 
which forms has been found in (I. Art. 81). 

Examples. 

(1) Obtain a formula for j (vers'^a?)"^^. 

(2) C(sin-^xydx = a?[(sin-ia;)*- 4.3. (sin-^a;)2+4 .3.2.1] 

+ 4 VT^^sm-^o? [(sin-^a;)2- 3.2]. 

76. Integration b}' substitution is sometimes a valuable method 
in dealing with transcendental forms, and in the case of the trigo- 
nometric functions often enables us to reduce the given form to 

an algebraic one. Let it be required to find j {fsiux) cosx.dx. 

Let z = sin x, 

dz = cosx.dx ; 

I (/sina;) cosa;.c?a;= ifz.dz. 
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In the same way we see that 
I (fco&x)Binx.dx =— ifzAz if a;=cosa7, 

and 
j [/(sina, cosaj)]cosaj.da;= I [/(«, Vl— 2^)]cfe if 2J=sinjc, 

I [/(cos a, sinoj)] sinaj.daj = — j [/(a;, VT— ?)]ci2 if 2= cos «, 
or., more generally, 

/ /(sin a;, cos a?)dte= I /(2, 'sII—t?) — ^ if «= sin a?, 

//(coso?, sinaj) da = — j /(a;, ^l\—z^) — ^ if 2=eosa;. 

Since any trigonometric function of aj may be expressed in 
terms of sin a; and cos a, the formulas just given enable us to 
make the integration of any trigonometric function depend on 
the integration of ah algebraic function, which, however, is 
frequently complicated by the presence of the radical VT—?. 

77. A better substitution than that of the last article, when 

the form to be treated does not contain sinx or cos a; as a factor, 

aj 
is 2 = tan-» 

2 
This gives us dx = 



smaj = 



cosa? = 



2z 



r C f ^z \ 7?\ dz 

whence jfismx,coBx)dx^2Jf[j-^, I+pjlT^- "^^^ 

As an example, let us find ( - 

J a 



dx 



-\-bC09X 
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Here we have 

r dx __ 2 r dz _2 r ^? 



(^-^^>[«+^rT5] 



2_ r dz ^^2__^Jla^ 

a — bJ a + b ^ sja^ — l^ \^a + b 

a — b bv I. Art. 77, Ex. 1. 

Hence I = — tan'M-y r "" -tan-V if a>6. 

J a-i-bcosx -sja^-^i)^ \\a-|-6 2/ 

78. I sin"* a? cos** a. die can be readily found by the method of 

Art. 76 if m and n are positive integers, and if either of them 
is odd. Let n be odd, then 

n-l 

cos" X = cos**"^ X cos a; = ( 1 — sin^ x) 2 cos a;, 

I sin"*a;cos**a;.dic= I sin"*a;(l — sin^a?)"JrcosiC.da?. 

Let 2 = sin a;, 

dz = cosx,dx, 

I sin"*a? cos** a?.da; = 1 »"* (1 — z^)~2~dz^ 

which can be expanded into an algebraic polynomial and inte- 
grated directly. 

If m and 01 are positive integers, and are both even, 

I sin™aj cos**a;.cZa; = I sin" a? (1 — sin^aj) 2cZa?. 

n 

sin"*a;(l — sin^aj)2 can be expanded and thus integrated by 
Art. 74 [1]. 

If m or n is negative, and odd, we can write 

cos" x = cos"~^ X cos X, or sin"* x = sin*""^ a? sin a:, 

and reduce the function to be integrated to a rational fractioi\ 
by the substitution of 

z = cos a;, or z = sinaj. 

I sin^ajcos^aj.da? can also be treated by the aid of reduction 
formulas easily obtained. 



Chap. VII.] TRANSCENDENTAL FUNCTIONS. 69 

79. I tan** ado? and I can be handled by the methods 

J J tan**a? 

of Art. 78, but they can be simplified greatly by a reduction 
formula. 
We have 

I tan" a;. da; = j tan""^a; tan^x.da; = I tan'*~^a5 (sec^aj — 1) daj 



= I tan**~^a;d(tanaj)— | tan"~^a;.da;, 

whence j tan*a;.cte = | tan**~^ a;.da; ; [1] 

H C ^^ — rsec^a; — tan^a; , __ rd(tsLnx) __ r dx 
J tan" a; J tan" a; J tan" a; J tan"~V 

whence f-^^ = i - f-^ . [2] 

J tan" a; (n — l) tan"-^aj J tan"-^^ "- "* 



Examples. 



3 r^ 7 ^ coa}^x cos^aj 



sin^ajcos'^aj.da; = 



10 8 

2sin^aj 2 sin* a; 



I cos^a; Vsinaj.cZa; = 

/sin^ aj.da; 2cos^aj « i 

— -pizzzr = 2 cos* a;. 
Vcosa 5 

rco8^a;sin^a;.da: ^sina^cosa:/8in^___.sin^_l\ ^ 
J 2 V ^ 12 8y 16 

/da; , 1 4. a; 

-: — = sec a; + log tan -• 
smajcos^a; 2 

/dx cos a; , 3, . a? 

-— — =seca;~ . +^logtan-- 
sm^ajcos^a? 2sm^a; 2 2 

J da? 1,1,,. 

— r- = :— + ^; T- + logsma;. 
tan* x 4 tan* x 2 tan'* aj 
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<«)/« 



dx 



-1-6 cos aj 



log 



V6 4- a -I- V6 — a . tan - 



<^)J; 



dx 



5-|-4:sina5 



(11)/ 



dx 



ylh^^a' ^b-\-a-ylh-a. tan- 
4-*- 5 tan- 

i-A— ' 

ilog sin- - log cos? -f- |log(34-2 cos a?). 



sina;-hsin2a; 

^QQ^^^ ^5_jin^_ Atan-Y-tan?' 

(5+4cosic)* 9 5 4-4cosa; 27 V3 2 



^^^)/a 



c?a; 



4-6 8ina+cco8a; ^a^_52__^ 



tan 



-1 



0? 



(a— c) tan--f 6 
_ Va2-62_cF_ 
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CHAPTER VIII. 



DEFINITE INTEGRALS. 



80. In I. Art. 183, a definite integral has been defined as the 
limit of a sum of infinitesimal terms, and has been proved equal 
to the difference between two values of an ordinary integral. 

"We are now ready to put our definition into more precise, 
and at the same time more general, form. 

If fx is finite, continuous, and single-valued between the 
values x-=ia and a; = 5, and we form the sum 

(iCi - a) fa + (0^2 - X^fx^ +(a<3- ^^f^^ V (Pn-X— Xn-2)f^n-2 

where a?i, iCg, ^z"'^n-i are n — 1 successive values of x lying 
between a and 6, the limit approached by this sum as n is in- 
definitely increased, while at the same time each of the increments 
(a?i — a), {x2 — a?i), etc., is made to approach zero, is the definite 

integral of fx from a to b, and will be denoted by j fx.dx. 

If we construct the curve y =fx in rectangular co-ordinates, 
this definition clearly requires us to break up the projection on 
the axis of X of the portion of 
the curve between the points A 
and B into n intervals, to multi- 
ply each interval by the ordinate 
at its beginning, and to take the 
limit of the sum of these products 
as each interval is indefinitely decreased ; that is, the limit of 
the sum of the small rectangles in the figure, and this is easily 
proved to be the area ABAiBi. 

Now the area ABAiBi, found by the method of L Chap. V., 








Ai 



a 



X, Xj Xn^^ b 



Bi 
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Therefore ) fx.dx=^\ ifx.dx — j/a;.da; . [1] 

That is, j fx,dx is the increment produced in I fx.dx by 

changing x from a to 5. 

It is to be noted that the successive increments (aJi — a), 
(Xi^Xi)^ (XQ — 0C2), etc., that is, the successive values of dx, 
are not necessarily equal ; and also, that if we multiply each 
interval, not by the ordinate at its beginning, but by an ordinate 
erected at any point of its length, the limit of our sum will be 
unaltered, (y, I. Arts. 161, 149.) 

81. It is instructive to find a few definite integrals by actu- 
ally performing the summation suggested in the definition 
(Art. 80) , and then finding the limit of the sum. 

(a) • I x,dx. 

Let us divide the interval from a to 5 into n equal parts, and 
call each of them dx. 

Then ndx^h — a. 

Our sum is 

S = adx H- {a+dx) dx +{a-\-2dx) da? + ••• + (a + (w— 1) dx) dx 

= nadx + (1 + 2 + 3 H \-{n — l))d:x? 

since ndx =b — a, and the sum of the arithmetical progression 
1+2 + 3 + .. .+(7i-l) = ^^^^^) > 

n{n-l)^^^:^ (riW - ndx^) = (^ " ^)' - (^ - ^)^. 
2 ^^ ^2 2 

Hence 8 = — — ^^-^ — ^-dx. 

2 2 
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As we increase n indefinitely, dx approaches zero, and 
f * , limit W -a^ (b- a) dx] V a" 

(6) r e'dx. 

Let dx = ~~ » 

n 

aS = e^da; + e'^'^^dx + e'^^^dx H \- e^+^^-^^'^da; 

= e'^dx [1 + e*^ + e^^' + e^*^ H \- e<"-i)'^«] ; 

but 1 +e<^4-e2<fa_|_ ... _|_g(n-i)dx jg g^ geometrical progression, 
and its sum is 

gnrfx _ ][ ^ g6-a _ I 

Hence aS = ^'"° ^ ^ . e« da; = (e^ - e«) ^^ 






dx 



(IX 

but as dx approaches zero, — — ;- approaches the indeterminate 



form - ; but since the true value of 




[_e* - 1 Ja=o [_e*Ja=o [ 
i e*da? = e^ — e". 



<^> r 



cos^aj.da;. 



IT 



Let da? = -, and let n be an odd number. 
n 

Then 
4S' = da? + cos^da;»da; + cos^2c?a;'da;+ ••• +cos^(n — 2) dx»dx 
+ cos^ {n-'\)dX'dx 

^ dx + QO&^dx- dx + G0^^2,dX'dx + ••• + cos^(ir— 2da;) 'dx 
4- cos^ (tt — da;) • da; 

= da; + co8^da;« da; 4- cos^ 2 da; 'da; 4- ••• — cos^ 2 da; • da; 
-cos^ da;, da;. 
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since cos (tt — <^) = — cos <^. 

Hence the terms cancel in pairs, and we have left 

S = dx 

and I cos^x,dx=-i^r.\dx\=:^0. 

{d) I sin^aj.da;. 

Let da; = — , and let n be an odd number. 
2n 

>S' = &in^ ' dx +^in^dX'dx+^\ii^ 2 dX'dx-\ \- sirs? {n— 2) dx-dx 

+sin^ {n — \)dX'dx 

= s,\xiHx'dx+&\n^2dX'dx-\ f-sin^- — 2da; W+sin^[-— c7a; pa; 

= sin^daj'daj+sin^ 2dX'dx-\-' • • +cos^2da;'CZa;+cos-da;'C^, 
since sinf ^ — <^ ] = cos<^. 

Then S=^dx-\-dx-\-dx >" — dx. 

2 

since sin^ <^ + cos^ <^ = 1 . 



TT dx 



Therefore S= , 

4 2 



I sin^a;.cZa;= -• 
4 

. V C^dx 

(e) I — 

Ja X 

Here it is best to divide the interval between a and h into 
unequal parts. 

Let the values flJi, aja? ^3 ••• ^n-i be such as to form with a dnd 
h a geometrical progression. 

For this purpose take q = -v-, so that ag" = 6. 
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Then the values in question are ag, ag', a(f*" aq""'^^ and the 
intervals are a (g — 1) , ag (g — 1 ) , aq^ (^ — 1) • • • ag**~^ (g — 1) , 
and the sum 



^ a(g_-l) ag(g-l) ^ ag^(g- l) 
a ag 

= n(g-l). 



S=^^-^-^ + ----r—-+-^-^^-^+>^> + 



ciq (q— 1) 



ag 



n-l 



To prove our division legitimate we have only to show that 
each of our intervals, a(g — 1), «g(g — 1) ••• «g'*"^(g— 1)? 
approaches the limit zero as n increases indefinitely. Since 

„ b 
a 

the limiting value of g as n increases must be 1, as otherwise 
^™^ g" would not be finite. 

Therefore ^^^ [ag*(g - 1)] = J^^J [aq^q - 1)] = 0. 
We have then 



Ja X ~~ 



limit roT limit r /^ i\n limit r / i\n 
= ^\.S:\=^^^[n{q-l):\= ^^ln{q-l):\ 



n 



limit 
g = l 



log^ 
logg 



(^-1) 



smce 



nlogg = log-. 



But 



limit 
g = l 



log^ 



For 



_logg^^ ;_] ^a^ = lLloggJ ^a 



Therefore j — = log6 — 



1 
1 

L^J«=i 

log a. 
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Examples. 

(1) Prove by the methods of this article that 

I a'dx = 

b log a 

(2) By the aid of the trigonometric formulas 

cos^ + cos 2^ + cos3^ H h cos (n — 1) 

= 4- sinn^ ctn 1 — cosw^ , 

L 2 J 

sin^ +siu2^ +sin3^ H h sin(n— 1)^ 

= i (1 — cosn^) ctn sinw^ , 

cosx.dx = sin 6 —sin a, 

and j sinic.da; = cos a— cos 6. 

X2ir 
sin^a;.da; = 0, 

and that I C08^x,dx = -- 

Jo 2 

oif'dx = , using the method of 

m + 1 ^ 

Art. 81 (e). 

82. When the indefinite integral can be found, the definite 
integral | fx.dx can usually be most easily obtained by em- 
ploying the formula [1] Art. 80, and this can always be done 
with safety when fx is finite, continuous, and single- valued 
between x = a and x=b. 

Of course, if the indefinite integral is a multiple-valued func- 
tion, we must choose the values of the indefinite integral cor- 
responding to a; = a and x—b, so that they may be ordinates 

of the same branch of the curve y = lfx,dx. 
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Consider, for example, I -> The indefinite integral 

r dx J-il + or^ 

I - = tan~^a; and tan ^o; is a multiple- valued function. 

•/ 1 '\-Qtr 

Indeed, y = tsiTi~^x is a curve consisting of an infinite number 
of separate branches so related that ordinates corresponding to 
the same value of x differ by multiples of tt. On the branch 

which passes through the origin, when a?= — 1, 2/=tan~^a3= — - ; 

4 

on the same branch, when a; = 1, y = tan"^a; = -• On the next 

branch above, when a; = — 1, y= tan ^x = — ; and when a?= 1, 

y = — • On any branch, when a? = — 1, y = tan~^a; = \-n7r; 

4 4 

and on the same branch, when a; = 1, y = - + nir. 

4 



X^ dx _57r 37r_7r 
il+aj2" 4 4 "2' 



or 



J-iH-aj2 4 \^ 4 y 2 



/aj.da: we mean the limit approached by I fx.djx as 5 
is indefinitely increased. 

Examples. 
(1) Work the examples of Art. 81 by the method of Art. 82, 






4 sin x,dx 



cos^a; 



= V2-1. 



da? 4 



Va; 4- a + -N/a; ^ 



= ^Va(V2-l). 



<*)Xa 



* da? 



TT 

« + a^"'2a' 



78 INTEGRAL CALCULUS. [Art. 83. 



c/o a 



+ 0^ 2 



= - if a>0, and -^if a<0, andOif a = 0. 



1 
e-'^dx =- if a>0. 

a 



oo 



oo 



"'XV 



("^i'l 



e""* sin ma;. die =-r if a>0. 



a^-\-m^ 



e'^^cosmx.dx =— if a>0. 



da; 6 

+ 2a;cos<^4-a;^ 28in<^ 

dx <t> 

+ 2x cos <^ + ar^ sin <^ 




z 



83. When /a; is finite and single-valued between aj = a and 
x=b^ but has a finite discontinuity at some intermediate value 
a,' = c 

I fx.dx= I /a;.daj+ I fx.dx^ 

and therefore | /a;. da; can be found by 

^ "^ Art. 82 when the indefinite integral 

ifx.dx can be obtained^ but when fx becomes infinite for 

a; = a, or for a; = 6, or for some intermediate value x^Cy 

special care must be exercised, and some special investigation 

is usually required. 

If fx is infinite when x = a and I fx.dx approaches a finite 
limit as c approaches zero, this limit is what we shall mean by 

fx,dx\ if I fx,dx increases indefinitely as c approaches 
zero, we shall say that I fx,dx is infinite; and if I fic,dx 
neither approaches a finite limit nor increases indefinitely as € 
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approaches zero, we shall say that I fx.dx is indeterminate. 

fx,dx can be safely employed 
in mathematical work. 

If fx is infinite when x = h and I fx,dx approaches a finite 

limit as c approaches zero, that limit is the value of I fx.dx. 

If fx is infinite when x=iC^ and each of the expressions 

I fx.dx and I fx.dx approaches a finite limit as c approaches 

zero, the sum of these limits is I fx.dx. Should either or 

both of the expressions, 

fx.dx J I fx.dx, 

fail to approach a finite limit as e approaches zero, i fx.dx i 
either infinite or indeterminate, and cannot be safely used. 

When the indefinite integral of fx.dx can be obtained there 
is little diflSculty in deciding on the nature of I fx.dx in any 
of the cases just considered, or in getting its value when that 
value is finite and determinate. 

For example, 

Jr^dx 
— is infinite, since 
X 

}— = \ogxB,nd r -;^=log(l)-log€=log-, 
and increases indefinitely as c approaches zero. 
(6) f -^ is not finite and determinate, for 



1+x 

X 



and increases indefinitely as c approaches zero. 



dx . _iX 

- = sin ^-, 
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I —== is finite and determinate, for 

/ 

Jf*""' do? . _ia — c ^- _iA • -la — € 
I * = sm * sm ^0 = sin ^ , 

Va^-or^ a a 

and its limiting value as c approaches zero is sin"^(l) or — 

W I r is finite and determinate, for 

^ Jo (1-a;)* ' 

/(Sr.=«<'-"'>'-»('-'>'' 

and its limiting value as c approaches zero is f — f • 

J"*^ XdX ^ „ „ 5 ^2 

and its limiting value as c approaches zero is — f — f , and 
consequently 

»2 



Jo (i_a;)4"^~* f-|--f 



84. When, as is sometimes the case, the indefinite integral 
cannot be obtained, and the function to be integrated becomes 
infinite at or between the limits of integration, it is only neces- 
sary to investigate the limiting value of €f{a-\-€) as c ap- 
proaches zero if fx becomes infinite when x = a\ of €f(b — c) 
if fx becomes infinite when x = b; and of both €f(c — c) and 
€/(c + €) if fx becomes infinite when a; = c. If each of the 

values in question has zero for its limit, I fx.dx is finite and 

determinate, otherwise it is infinite or indeterminate. 
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For, in order that the area EE'B'B should not increase 
indefinitely as e approaches 
zero, the rectangle AA'E'E, 
whose area is €f{a-]-€)^ must 
approach zero as its limit ; and 
the same reasoning holds good 
for the other cases considered 
above. 

Let us apply this test to the ~o 
examples considered in Art. 83. 




(a) I — = 00 because 

^ Jo X € = 



limit 




= 1. 



J^ dx 
I is indeterminate, for 
1 — ar 

limit r g "I _ limit f c ~ | _ limit f 1 " ] ___ , 



and 



limit r g "I _ _ 1 

*=oLi_(i+.)^j- *• 

— ^^^i:^ is finite and determinate, for 
limit r c "I _ limit ft "! _ limit 



^ xdx 



id) f^ 

Jo n — 



(1-07)* 



is finite and determinate, for 



1 *- 



.Vt-. 



= 0. 



and 



limit r c(l-€) -1 limit. 3,. vi n 



limit r ^(1+0 1 limit r in _i_ m n 
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Even when, as in the examples just given, the indefinite 
integral can be obtained, there is a decided advantage in using 
the very simple method of this article. For if the application 
of the test shows that the definite integral in question is infinite 
or indeterminate, the labor of finding the indefinite integral is 
saved ; and if the application of the test proves the definite 
integral finite and determinate, it follows that the indefinite 
integral does not become infinite for the value of x which 
makes the given function infinite, and consequently when the 
indefinite integral has been obtained, the method of Art. 82 
can be used without hesitation. 

As an example, where the indefinite integral cannot be ob- 
tained, let us consider at some length 



i 



1/ l\n 

log- J dx. 



If n is positive, (log-) is continuous and single- valued be- 
tween x=0 and x=l, but becomes infinite when x=0. We 
must then investigate the limiting value of c[log-] as c aj)- 
proaches zero. 

cMog-j is indeterminate when c = 0, but its true value is 

easily found to be zero if n is positive, whether n is whole or 
fractional. For positive values of n, I (log- ) dx is, then, 
finite and determinate. 

If n is negative, call n = — m. 



dx 



1 



(-r 



lOff 



x) 



is continuous and single-valued from x=0 to 05 = 1, but be- 
comes infinite when x = l. 
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We must, then, find ^™^^ 

€ = U 



LC-T^)] 



which proves to be 



limit 

€ = 



1- 



m 






flog^— 



if m< 1, this is zero; if m= 1, it is 1 ; and if m>l, it is 

infinite. 

'^ dx 



X 



(>»4)" 



is, then, finite and determinate if m < 1, but infinite if m = 1 
or m > 1 ; and we reach the result that 



r('<-ij 



dx 



is finite and determinate if n > — 1 , but infinite if n = — 1 or 
n<— 1. 

Examples. 

(1) Prove that 

r^.d., r^.d., r^iogfi±f\ 

Jo l—x Jo l — ar Jo X yl—xj 

are finite and determinate. 

(2) Prove that 

1» I -z 5=1 where m and n are mtegers, and 



. dx^ are not finite and determinate. 

1 — a; 

(3) Find for what values of n j (logaj)*daj is finite and 



determinate. 
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(4) Find for what values of m and n I af*nog- ) dx is 
finite and determinate. 

(5) Show that J af*~^(l —xY'^dx is finite and determinate 
if m and n are positive. 

(6) Prove that | log sin cc.c^cc is finite and determinate. 

(7) Show that the following integrals are finite and deter- 
minate, and obtain their values : 



£ 



dx 



IT 



r^ dx 



s 



y/ax — x^ 



dx 



= TT, 



TT 



i icVo^ — 1 3 

85. It was stated in Art. 82 that by | fx,dx we mean the 

I fx,dx as 5 is indefinitely increased, and, 
as we have seen, if the indefinite integral ifx,dx can be found, 
there is no diflSculty in investigating the nature of | fx.dx and 
in obtaining its value if it is finite and determinate. There are, 
however, many exceedingly important definite integrals of the 
fx,dx whose values are obtained by ingenious devices 
without employing the indefinite integral, and these devices 
are valid only provided that the integral in question is finite and 
determinate, since an infinite value not recognized and treated 
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as such, or a value absolutely indeterminate, renders inconclu- 
sive any piece of mathematical reasoning into which it enters. 
If we construct the curve 






dx is the limit- 




Bi c Ci 



ing value approached by the 
area ABBiAi, as OBi is in- 
definitely increased ; and in 
order that this area should 

be finite and determinate, it is clearly necessary that the area 
BCCiBi should approach zero as its limit as OBi and OCi are 
indefinitely increased, however great the amount by which OCi 
exceeds OB^, 

That is, limit r- ^^ -i 

must be equal to zero no matter how much more rapidly c in- 
creases than 5. 

86. The investigation of the limiting value of | fx.dXy as h 

and c are indefinitely increased, is usually made with the aid of 
the following important theorem known as the Maximum- 
Min imum Theorem . 

If a given function of x is the product of two functions^ one 
of which v does not change its sign between x = a and x = b, 
and if M is algebraically the greatest and N the least value of the 

other factor u between x = a and x = b, | uv.dx lies between 

Ml v.dx and N I v.dx. 

To prove this theorem, let us first suppose that v is positive 
between x=a and x=b. Now, M—u is positive for the 
values of x considered, (Jf — u)v is positive, and therefore 

(M—u)v.dx>0 and Ml v.dx> I uv.dx. (1) 
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u — N also is positive for all values of x between « = a and 
a; = 6, (w — N)v is positive, and therefore 

J<*h /»j /*h 

I (li — N)v,dx > arid | uv.dx > N I v.daj. (2) 
a ft/a aya 

uv.dx lies between M I v.da; and -^ I v.dx. 

It is easy to modify this proof to meet the case where v is 
negative. 

(a) As an example of the use of this theorem, we will prove 

I er^dx finite and determinate. 

e-^ is single-valued, finite, and continuous for all positive 
values of x ; if, then, we can show that I er^dx has the limit 

zero as b and c are indefinitely increased, c remaining greater 
than 6, our proof is complete. 

er^' can be written x^e-^* . — , and — never changes its sign. 

or ar 

As X increases a^e-^^ eventually decreases, and continues 

to decrease toward zero as x increases indefinitely, as may be 

proved by determining its value for x = qc. 

We have W = [^ = [A] = o. 

Hence, eventually the greatest value of o^e~^ between x=b 
nnd a;= c is h^e-^, and the least value is c*e~^'. 
Therefore, by the Maximum-Minimum Theorem, 

Jb XT Jh ar Jh of 

As h and c are indefinitely increased, the first and third mem- 
bers of our last inequality approach the same limit, zero. Con- 

bequently the limiting value of I er^dx is zero, and 
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is finite and determinate. 



(b) Let us consider . ( . dx. 

Jo X 

sm ax 

is equal to a when oj = 0, and is single- valued, finite, 

X 

and continuous for all positive values of x. 
By integration by parts, 

/sin ax __ costto; 1 rcosax , 
X ~~ ax aJ 0/*^ 



Therefore 

sinao; , cosaft cosoc 1 C^ QO^ax 



J'**sinaa; _ cosaft cosoc 1 C^ 
h X ah ac aJh 



^ 



,dx. 



. , , • J IS -^ 1 • J cosaft , cosoc 

As b and c are indefinitely increased, — ; — and 

ab ac 

approach the limiting value zero. 
— does not change sign between x = b and x = c, and the 

XT 

greatest value of cos oa; is 1 , and its least value is — 1 . 

TT 1 r'' dx r* cos ao;, . /•« da; 

Hence 1) -2> I —j-dx>-l\ -^, 

Jh Qir Jh XT Jh XT 



or 



l_l^/"cosaj^^_/l_l\. 

b c Jb Q^ \b cj 



— ^—dx as b and c increase is 

t sin ax 
zero. The same thing is true of I dx ; and therefore 

Jh X 



X 



00 • 

dx is finite and determinate. 



X 

lOO 



COS (o^) da; is finite and determinate. 

For C08(a;^) is single- valued, finite, and continuous for all 
positive values of x\ and it is not diflScult to prove that 

I coQ{p^)dx approaches the limit zero as b and c are indefinitely 



increased. 
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We have 



sin (g^) da; 



Jb ^ "^ Jb 2x L 2a; J, Jb 

sin^u ^ siiir& I 
The limiting value of — ^^^ ^^ — ^ as b and c are in- 

^^ ^^ rsin(a;2), 

creased indefinitely is zero ; and the limiting value of I. — "i — ^^ 

can be proved zero by the method followed in (b) . 

Examples. 

(1) Construct the curves ^ = e~'*; y = ; y = cos(a;^). 

(2) Prove that the following integrals are finite and deter- 
minate : 

J''*sin^a; , T^sina; , r"e~*"sinwa; , 

ar Jo y/x Jo X 

Je-'^"coshx.dx, C e-'^V^.da;, f e'^^'^.dx, 

Jo Jo 

J log I — J^].dx, 
^ye^-ij 

J<»QO 
a;" e~'. dx is finite and determinate for all 


values of n greater than — 1 . 

87. When we have occasion to use a reduction formula in 
finding the value of a definite integral, it is often worth while 
to substitute the limits of integration in the general formula 
before attempting to apply it to the particular problem. 

For example, let us find I _ 

Jo Va2-a;2 

We can reduce the exponent of x by [4] , Art. 64, 
J (m -I- np) {m -|- np) J 
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For our example this becomes 

J ^ ' -m+1 -m+lJ ^ 

When aj = 0, and also when x^a^ ^^ -^ = 0. 

— m -|- 1 

Hence 

c/o m — 1 */o 

C^{a^ "^y^dx = - . a2 r V (a^ - ^y^ dx 



= - • - • a* I x^(a^ — x^) ^dx 
6 4 Jo "^ ^ 

5 3 1 6 T" dx 

6 4 2 Jo Va^ — 0^ 



rr.u * C ^dx 13 5 Tra^ 

Therefore I — zzz= = -•-•-• — • 

J^ -s/aT^ 2 4 6 2 



1 



2 



Examples. 

J'*'* xi^dx 2 4 c 
= — • — Or . 
-sfcf^^ 



^ 3 5 

2 

4 



I Va^ — aj^ • cZo; — '^^ 



j a^ Va* — aj^ . da; = - • '^ 



4 4 

1 3 _e 



»/o 6 16 

IT 

J^S . ^ , 1.3.5...(n — 1) TT , 
sm^aj.aa; = ^ • - when n is even, 

2.4.6... n 2 

2.4.6...(?i — 1) , . ■,■, 

= — -— — ^^ ^ when n is odd. 

3.5.7 ...71 
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(6) Show that | cos**aj.c?a;= I 8\n^x,dx. 

n\ C^ ^"^^ = 1.3.5. ..(271—1) ^ TT 
Jo sll—x^ 2.4.6...2n ' 2 

Suggestion : let x = sin^. 

Jo Vn^ 3.5.7...(2?i + l)' 

(9) From Exs. 7 and 8 obtain Wallis's formula 

TT^ 2.2.4.4.6.6.8.8... 

Suggestion: I — > I > I ^ 

^0 Vl — ar^ *^o Vl — aj2 •^^ Vl — a^ 

88. When in finding 1 /x.cZa? the method of integration by 

substitution is used, and y=Fx is introduced in place of aj, we 
can regard the new integral as a definite integral, the limits of 
integration being Fa and Fb^ and thus avoid the labor of re- 
placing y by its value in terms of x in the result of the indefinite 
integration. 

Let us find f e'^Vl— e^-* . dx. 

Substitute y = e'". 

dy = ae'^dx. 

Hence C e'^^l — e^" . ^a; = i fVl— y^ . ci^/. 

When a; = — 00, y = 0^ and when a; = 0, y = l. 

Therefore f e°' Vl - e^"* . dx = - f Vl— 2/^ .dy^—- 
•7-00 <^»/o 4 a 

There is one rather rare class of cases where special care is 
needed in using the method just described. It is when y has a 
maximum or a minimum value between x=za and aj = 6, say 
for x=^c^ and aj is a multiple-valued function of y. 
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For suppose y a maximum when x^c^ then as x increases 
from a to 6, y increases to the value -Fb, and then decreases to 
the value Fhy instead of simply increasing or decreasing from 
Fa to Fb. If X is a single-valued function of y, and <l)(y)dy is 
the result of substituting y for x in fx.dx, ff}y is a single-valued 

ff}y,dy = I <l>y.dy -f- I fl>y.dy, and there is 

Fa •^ Fa •^ Fc 

J<*Fb /*h 

(fyy.dy for I fx.dx. But if oj is a multiple- 

Fa ^a 

valued function of y, it will always happen that when y passes 

• 

through a maximum, we pass from one set of values of a; to 
another, and therefore from one set of values of ^y to another, 
and in that case it is necessary to express our required integral 

<l>y.dy + I <l>y.dy^ taking pains to select the correct set of 

Fa ^ Fc 

values for <^2/ ^^ ^ach integral. 

If y is a minimum between x^a and a; = 6, essentially the 
same reasoning holds good. 

A couple of examples will make this clearer. 

(a) Take f" ^'^^ ■ 

•^oV2aaj-ar^ 

Let y = 2 ao? — a;^. Then -^ = 2 (a — a?) = when a; = a. 

djx 

— ^■ = — 2, and v is a maximum when x^a. 
da? ' ^ 

x=a± \la^ — y, 
da? = q: ^ 



2 Va^ — y 
Since -^ is positive from a? = to x^^a^ and negative from 

x — a to aj=2a, da?= — ^ and x=^a— yja^ — y from 

2 Va* — y 

aj = to x=^a^ and da; = ^ , and x=za-\- ^/a^ — y 

2 V a* — y 
from aj = a to x = 2a. 
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Hence 

J r'" xdx _ r^ xdx r^ xdx 

^^'' yld?y-f 2 Jo. y/ai'y-f 

= r!L^^_. = ^a. (Ex. 7, Art. 84) 



n 



Jo (sin a; + cos «/ 

Let v = sina; + cosa;. -^ = cosaj — 8ina; = when aj = ^' 

dx 4 

— ^ = — sino; — cosaj = — V2 when aj = -« Therefore y has 
^^ _ ^ 4 

a maximum value V2 when x = ^. 

4 

2/ = sinaj + cosa;= V2. cos[- — x\ 

a; = - — cos~^-^, cZa; = ± — ===• 

4 V2 V2-2/2 

Since ^ = and ^ < when a? = -, it follows that ^ is 
do? dor 4 da5 

isitive from oj = to a; = -, and negative from a; = - to a? = -• 

4 ^ 4 2 



positive 
Hence we have 



dx 



r^ dx ^ r^ dx n 

Jo (sin a; + cos 0?)^ Jo (sin oj 4- cos a?/ J„ (sin x 4- cos xf 

1 

_ ^>/2___dy__ _ /»! dy ^ ^ ^^2 dy 
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Let -^ = sin ^ ; 



y V2 - y 



and 



IT 



f- 

*/o(si 



(sinaj + coso?/ 

Example. 
dx 



= 1. 



(1) Show that I T~' ; V 

^ ^ Jo (sin a; + cos a;) 



= 00. 



89. Differentiation of a definite integral. 

We have seen in Art. 51 that a definite integral is a function 

of the limits of integration^ and not of the variable with respect 

to which we integrate ; that is, that | fx,dx is a function of a 

and 6, and not a function of x. Stiictly speaking, I fx,dx is 

a function of a and 6, and of any constants that fx may con- 
tain, where by constant we mean any quantity that is indepen- 
detit of X. 

If the limits a and b are variables, they are always indepen- 
dent of the X with respect to which the integration is performed, 
which must from the nature of the case disappear when the 
definite integral is formed, as it always may be in theory, from 
the indefinite integral ; and this assertion holds good even when 
the same letter which is used for the variable with respect to 
which the integration is performed • appears explicitly in the 
limits of integration. 

Thus if we write I sina.da;, the x in smx.dx and the x which 

is the upper limit of integration do not represent the same 
variable, and are entirely unconnected. Indeed, the former x 
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may be replaced by any other letter without affecting the value 
of the integral. For 

sinoj.c^a? = | ^wlzAz = 1 — cos a?. 

Let us now consider the possibility of differentiating a definite 
integral. 

Required Da j /(aj, a) da?, where a is independent of a?, and 

a and h do not depend upon a. 

We have 

limit y •^(^' * + M ^ - J^ /(»' *) ^ 
Aa = OL A^[ 



bA f(XyQ)dx=- 



limit 
Aa 



imit r p/(a?,a + Aa)-/(a;,a) -|^^ 
a = 0[Ja Aa J 

^ p/ limit r /(a?, a + Aa) -/(a?, a) n\ ^^ 

Hence 2>a f/Caj, a) da; = f [Z>«/(a;, a)] da?, [1] 

and we find that we have merely to differentiate under the sign 
of integration. 

The truth of the converse of the last proposition can be easily 
established, and we have 



or even 



1 



J^T J^/(a;, a) daj"! da = J^T//(^> <i) ^1 ^> P] 

if a, 6, c, and d are entirely independent. 

Suppose now that we are dealing with variable limits of 
integration. ^ 
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Let us find first 



d C 
— I fx.dx. 

dzJa 



Let j fx.dx = Fxy then i fx,dx = Fz -~Fa\ and since by 



definition =/iC) it follows that =fz. 

dx dz 



Hence # C'fx.dx = ^l^^^Z^M =/,. [4] 

dzJa dz 

In the same way it may be shown that 

4- f fx.dx = -fz. [5] 

Let us now take the most complicated case, namely, to find % 
I — I /(a;, a) dXy where a and b are functions of a. 

Let I /(aj, a) dx = F{x, a) ; 

then u= i /(«, a) dx = i^(6, a) — F(a, a) , 

and c?u ^ dF(b, a) dF(a, a) , 

I da da. da 

but as h and a are functions of a, 

^^^ = A i^(&, a) ^ + D^F{h, a) , 

and ^^^ = iJ.iJ'Ca, a) ^ + D^F{a, a) , 

by I. Art. 200. 
D,F{b,a)=f(Jb,a), 

D, F{a, a) =f(a, a). 

Hence f^ = Z). lF{b, a) - F{a, a)] +/(6, a) ^ -/(a, a) ^, 
or 

£jr/(aj, a) da? = J(2>a/(a?, a)) da? +/(6, a) |^ -/(a, a) g. [6] 
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Examples. 



d C^ 

(^) T~ I 8m(a;4-y)da; = (a?+l)sin(a^ + y) — sin^. 
ayJo 



V 



(2) A Ca?dx^-' 
^ ^ dxJo 3 

(3) ^ J Vl-cos<^ . d<^ = e* Vl - cose^^ 

90. When the indefinite integral cannot be found, the prob- 
lem of obtaining the value of the definite integral usually be- 
comes a more or less diflScult mathematical puzzle, which can 
be solved, if solved at all, only by the exercise of great inge- 
nuity. Some of the results arrived at, however, are so impor- 
tant, and some of the devices employed so interesting, that we 
shall present them briefly here. But we must repeat ,the warning 
that most of the methods are valid only in case the definite 
integral is finite and determinate ; and erroneous results have 
more than once been obtained and published when a little atten- 
tion to the precautions described in Articles 83-86 would have 
prevented the mistake. 

91. Integration by development in series. 

(a) ri^^^.dx. (v. Art. 84, Ex. 1.) 

-J— =(l-x)-^=l+x-\-aP-\-a^-\-"*, if aj<l. 

1 —X 

J I — ^L_,dx= I {\ogx-\-x\ogx + a^\ogx + "")dx. 
1 — X •/o 

x*'\ogx,dx = -. (v. Art. 55 (a).) 

^ {n-\-iy ^ ^ ^ ^ 

Therefore 

Jo l-x \l^^ 2' 3' 4.' J 6 

(v. Todhunter's Trigonometry, Chap. XXIII., Ex. 1.) 
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{b) Clogf^^t^dx. (v. Art. 86, Ex. 2.) 

^^S (Jzt) = ^""^ (S^) = ^""^ ^^ "^ '"'^ - log (1 - e-') 

2 3 4 *" \ 2 3 4*" 

(I. Art. 130.) 
Hence 



= 2 1 + 



i+l+l+...^ 

3' 6» 7* J 



But 1 + 1+1 + 1 + ...==^. 

1«^3'' 52 T'' 8 



(v. Todhunter's Trig., Chap. XXIII., Ex. 1.) 



Therefore j^iogf^\dx = ^. 



Examples. 



^«g^.dx '^ 



ol+a? 12 

(3) f'^. 

•/O X 



7r2 

8 



logfi±?V 4^ 
""^l-x 4 



IT 



^ ' Jo Vl-*»8inV 2L W V2.V 
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(5) j;VnrF^.d,=|[i-gf-(|^Jf 



-(^iiMV^ — "1 if j^ 



<1 



92. Integration by ingenious devices. 



•2 



(a) j logsinx.dx. (v. Art. 84, Ex. 6.) 

Let te= I logsinx.c^. 



Substitute y=z'^ — x. 

n 
^ »0 /»2 



/»0 /»2 

= — I lcgco82/.d3/= I logcoax,dx. 



2 
n 



2w= j {logsmx-\-\ogcosx)dx= | log(sina;cosa;)(2a; 



IT 

sin 2 a?"^ 



- r>-(^ 



.dx 



n 
2 



= — - log (2) 4- I log sin 2 oj.daj 

= -f log(2) + ^ I logsinaj.c^o?. 

logsina;.da;= | ^logsinaj.da;+ I logsinoj.daj 

2 

= w + j log ainx,dx. 



Substitute ys=7r — x^ 
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and 

IT 

X" /»0 ••2 

logsmx.dx = '- I logsiuy.dy= I log smx,dx ^ u. 



Hence 2 w = — - log (2) + u, 



and 



• 



It 



= I log sin a;.daj= I logeosa;.(Za; = — ^log(2). [11 

(6) f e-'^da;. (v. Art. 86 (a).) 

XQO 
e~**da;, and let a; = ay; 

J/^OO ••00 

./o 

TiJ^'e-*' c«a = t*2 = r*(T*ae-^^+''>*' da^j dx, by [3], Art. 89. 



But 



rle-a+»*)«»da = ~ ^ 



2 l+ai* 



Hence u^^\ f ~^ = t, 

2J) 1+a^ 4 

and r e-^'daj = i Vi^. [2] 

(c) f* ?l5^ . djx. (v. Art. 86 (6) .) 

Jo 05 

We have i = f ^'""^ ^^ ^ > 0- C-^^rt. 82, Ex. 6.) 



' ■* J -» *• 
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Hence ^ x 



Jo X Jo V Jo 



( I e^*** sin mo; 



.da]dx 



= C f C e-'"%inmx,dos\da,hy [3],AYt.S9. 

Jo a 



mda 



(Art. 82, Ex. 7.) 



Therefore 



f ?l^^.dx= ^ if m>0 
Jo X 2 



TT 



= _ !L if m < 
2 

= if ?n = 



Examples. 



[3] 



byArt.82, Ex. 5. 



X log sina? . dx = ~~ ir ^^S (2) • 
2 

Suggestion: let a; = tan^. 



!-«'«' (iaj 



X 

r^ dx 

^ a? 

x 



2a 

= Vtt. 



" sin oj COS mo; 



. dx 



if m < — 1 or m 



TT 



= - if 7n = — 1 or w - 



= E if -l<m<l. 
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/■»* ~!— .2 



Sin 3* "TT 

c?aj = -• Suggestion : integrate by parts. 

3/ Z 

93. Differentiation or integration with respect to a quantity 
which is independent of x. (v. Art. 89.) 

(a) We have f e-'^dx^-- (Art. 82, Ex. 6.) 

Differentiate both members with respect to a, 

J( — xe-'^dx) = or ( xe-"" dx = ~ 
a^ Jo a^ 

Differentiate again, 



i 



* 2 ^ 

x^e~'"dx = -i' 

a^ 



Differentiating n times, 

C^af'e-^dx = -^^. [1] (v. Art. 86, Ex. 3.) 

(h) We have CV^dx = 1 ^. (Art. 92, Ex. 3.) 

^ ^ Jo 2 ai 

Differentiating n times with respect to a, 

(v. Art. 86, Ex. 2.) 

(c) We have f e-'^da? = -. (Art. 82, Ex. 6.) 

*/o c 

Multiply by dc, and integrate from a to &, 

Jo \Ja J Ja C 

I r— da =iog-. m 

ic a "■ "^ 
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(d) Cafdx=— — 

*/o a + 1 

Multiply by da, and integrate from 6 to a, 

rYfVdaVx= f^^- 

Jo \Jb J */6 a + 1 

Hence | ^ ~ ^ da? = log f , V M 



Examples. 



(1) From I — = - — obtain 



r 



da; _7r 1.3,5... (2n — 1) 



(a;2 + a)"+^ 2 2.4.6... 2 w Vo^^^ 

J ''I ;|^ 
x'^dx = obtain 
71+1 



J^V(loga.rda? = (-ir^-^^^ 

e"*" cos mx.dx = — obtain 

a^ + m^ 

1 cos mx,dx = *log f — ^ — - 

Jo a; ^ ^V«' + *^ 

(4) From | e~°* sin ma;.da; = — obtain 

^ ^ Jo a^ + m^ 

sm mx.dx = tan ^ tan ^ — • 

a; mm 

94. The method illustrated in Art. 93 can be applied to 
much more complicated forms. 

(a) r ^""'"^^.daj. (v. Art. 86, Ex. 2.) 
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X* _-2-— 



da Jo 



« -.j„ - a* 



then - = -2 1 ^.e-"-^. 

or 



Substitute 2; = - , 



= — 2 1 e"''dz = '-'2\ e'<^dx = ^2 



and ^ = -2 I e"" -='d2; = -2 I e "~^dx = ^2u, 

da 



Hence — = — 2 da. 



u 



Integrating, 



logw = — 2a + C7, 
and u = Ci e"^". 



When a = 0, u=Ce-'^dx=zi\/^. (Art. 92 (&) [2].) 



Therefore Ci = i Vtt, 



e-*"-.^c?aj = ?_V!r. [1] 

(b) C e-"'"cos6aj.daj. (v. Art. 86, Ex. 2.) 

Let w= j €""**** cos ftaj.dfo;, 



Integrating by parts, 



then ^ = - r xe-^'' sin &aj.daj. 



ice-'»'*'sin6aj.c?x* = — - I e~**^cos6aj.daj= -— ;%. 
2 a Vo 2 a* 



Therefore — = z u. 

db 2a^ ' 

du b *. 

or — = — -—rfO. 

u 2a* 
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Integrating, we have 



logw = -^^-h(7, 






or u = CiB *<»*. 



When 6 = 0, u =^ C e-^'^ dx = ^. (Art. 92, Ex. 3.) 



00 /— fcS 



J<»0O j — fta 

2a ^ -^ 



Examples. 



(1) f """"°"^.(to = tan-'!!i. 

•/o a; a 



• da; =-€"•, 



(2) f ^ ^ ..., 

^ ^ Jo 1 + aj2 2 

Suggestion: — ^^ = ^ j ae-'^^+^^da. 
95. Introduction of imaginary constants. 

x«QO 

j cos(a:2)(7^^ (v. Art. 86 (c).) 

AVe have Pe-''^ d.r = — v"^. (Art. 92, Ex. 3.) 

•/« 2 a 

V 2^ 2; 

Then a = c('eos- + V^sin-") =^ (1+ V^l), 

(Art. 25.) 

and ^ i- = ^ = _J_(i_V^). 

2« cV2(l + V^^) 2cV2 
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Hence C e-''"^'dx = — xf^ • (1 -V^. 

Jo 2c\2 ^ 

But e-c2x'V-i ^ cos {(^x^) - V^ sin (c^a^) . 

([5] Art. 31.) 
Therefore 

r"cos (c^a^) do* - V^ r*sin (c^ar^) c?aj = — ^P (1 - V^), 
c/o */o 2c ^2 

and 

I COS {c^ 3c^) clx = i sin(c^a^) daj = — -vl-« [1] 

(Art. 17.) 
. Let c=l, 

and I cos (x^) dx= I sin (a^) da; = ^-y'-» [2] 

If we substitute y = a:^ in [2] , we get 



96. It was shown in Art. 84 that I f log- ] dx is finite and 



Gamma Functions. 

determinate for all values of n greater than —1, and infinite 

when n is equal to or less than —1. The substitution of 

1 /^* 

y = log- reduces this integral to I y'^e'^dy, or, what is the 

^ ^Qo Jo 

same thing, to j oif*e~'dx; and in Art. 86, Ex. 3, the student 

has been required to show that this integral is finite and deter- 
minate for all values of n greater than —1. 

i x^ e~' dx = — of" e~' -\' n j x^'-^c'dx, 

by integration by parts. 
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If n is greater than zero, 

gc^e~' = when a; = 0, 

and af^e~' is indeterminate when «= x. Its true value when . 
05= 00, obtained by the method of I. Art. 141, is, however, zero. 

x*'e~'dx = nl af-^e~'dx £1] 

for all positive values of n. 
If n is an integer, a repeated use of [1] gives 

I a;" e~' dx = nl \ e~'dx; 

*/o 

but I e^'dx =1, 

and we have i x''e~'dx = n ! [2] 

provided that n is a positive whole number. 

If n is not a positive integer, but is greater than '—1, 
I x'^e^'dx is a finite and determinate function of n, and its 
value can be computed to any required degree of accuracy by 
methods which we have not space to consider here. 

I x*'~^e~'dx is generally represented by r(n), and has been 
very carefully studied under the name of the Gamma Function, 
If 71 is a positive integer, we have from [2] 

r(n4-l) = n!. [3] 

From [3], r(2) =1. [4] 

r(i) =1. [5] 

We have always from [1] 

r(n + l) = nr(n), [6] 

if n is greater than zero. 
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Since i x*'e~'dx is infinitft whpn n is equal to or less than 
— 1, it follows from the definition of T{n) that r(7i) = oo if 



71 is equal to or less than zero. It has, however, been found 
convenient to adopt formula [6] as the definition of T(n) when 
n is equal to or less than zero, and to restrict the -original defi- 
nition to positive values of n. The result easily deduced is 
that r (n) is infinite when n is equal to zero or to a negative 
integer, but is finite and determinate for all other values of n. 

97. We may regard the formula 

r(n + l) = wr(n) 

as a sort of reduction formula; and since each time we apply 
it we can raise or lower the value of n by unity, we can obtain 
any required Gamma Function by the aid of a table containing 
the values of T (n) corresponding to the values of n between 
any two arbitrarilj' chosen consecutive whole numbers. 

Such tables have been computed, and we give one here con- 
taining the common logarithms of the values of T (n) from 
n = 1 to n = 2. The table is carried out to four decimal 
places, and each logarithm is printed with the characteristic 9, 
which, of course, is ten units too large, the true characteristic 
being —1. 

10+logr(n). 



n 





1 


2 


3 


4 


5 


6 


7 


8 


9 


1.0 


• • 


9975 


9951 


9928 


9905 


9883 


9862 


9841 


9821 9802 


l.l 


9.9783 


9765 


9748 


9731 


9715 


9699 


9684 


9669 


9655 j 9642 


1.2 


9.%29 


9617 


9605 


9594 


9583 


9573 


9564 


9554 


9546 


9538 


1.3 


9.9530 


9523 


9516 


9510 


9505 


9500 


9495 


9491 


9487 


9483 


1.4 


9.9481 


9478 


9476 


9475 


9473 


9473 


9472 


9473 


9473 


9474 


1.5 


9.9475 


9477 


9479 


9482 


9485 


9488 


9492 


94% 


9501 


9506 


1.6 


9.9511 


9517 


9523 


9529 


9536 


9543 


9550 


9558 


9566 


9575 


1.7 


9.9584 


9593 


9603 


%13 


9623 


9633 


9644 


9656 


9667 


9679 


1.8 


9.%91 


9704 


9717 


9730 


9743 


9757 


9771 


9786 


9800 


9815 


1.9 


9.9831 


9846 


9862 


9878 


9895 


9912 


9929 


9946 


9964 


9982 
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Such a table enables us to compute with Gamma Functions 
as readily as with Trigonometric Functions, and consequently 
the problem of obtaining the value of a definite integral is 
practicall}' solved if the integral in question can be expressed 
in terms of Gamma Functions. 

For example, let us consider 

(a) r afe'^dx. 

Let yz=ax'^ 

then r i»"e-'"da; = -^ C y^e-''dy = — C afe—dx. 

Jo a"^^Jo a*"^^*/o 

Hence fVe-"da; = ?^-^^^^, [11 

provided that a is positive and 7i>— 1. 

(6) r x'^flog-Xdx, (v. Art. 84, Ex. 4.) 

Let y = — \ogx. 

then r aff\og-Xdx= C y^'e'^'^^^^^dy. 

Hence, by [1], 
if m > — 1 and ?i > — 1 . 



»30 



(c) C e~'"dx. 

Let y = ^\ 

J"** /*^ 0-y /»* 

e'''dx=^\ —^dy=:^\ x-^e~'dx. 
•/o ^y Jo 

e-«»daj = ir(^). [3] 
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is an exceedingly important integral: that can be expressed in 
terms of Gamma Functions ; it is known as the Beta Function^ 
or the First Eulerian Integral, T (n) being sometimes called the 
Second Eulerian Integral. 

In the Beta Function, m and n are positive, and B{m, n) is 
always finite and determinate. (v. Art. 84, Ex. 5.) 

In f cc"*-^ (1 — xy-^dx let y—l— x, 

and we get 

or B (m, n) = B (?i, m) . ['2] 

In C xT-^ (l ^ xy-^ dx let x = -^—, 

Jo ^ ^ 1+2/ 

and we get 

fV-i (1 _ xy-'^dx = r y^'^^y = f " ^"' dx. 

Jo ^ ^ Jo (l+y)"*+" Jo (i+a;)"»+" 

dx = 5(771, 7l) . r3l 



(1 +»)'»+*» 

We have seen in [1] Art. 97 (a) that 



Jo a"+^ 






^m+«-l^-lg-a(l+a:)^^^ 

r(m) f a*»-^e— da= f xT-^f C a'^+'^-^e-^^^+^^da^da?, 
r(m)r(n)= rV-ir(m + n)^^ 

^ ^ ^ ^ Jo (1 + xy-^^ 
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Therefore ^Mm = f ^" . dx ; [4] 

or by [3], 

B(m, n) = f V-i (1 - xV-'dx = ^(^)^W [5] 

If n=l— m, then since r(l)=l, 

(T^»^=i ^^cto = r(m)r(i-™). [6] 

Formula [6] leads to an interesting confirmation of Art. 
92 (6). 

Let 7)1 = |-, and we have from [6] 



[rm]2= f* ^ 

^ ^^^-^ Jo (1+a) 



Substitute 2/ = V^? 

and we have I — — ^ = 2 | — ^ = tt. 

Jo {l'i'X)^x Jo l-{-y^ 

Hence r(i)=V^; [7] 

and since by Art. 97 (c) 

99. By the aid of formulas [4], [5], and [7] of Art. 98 
a number of important integrals can be obtained. 
For example, let us consider 

I sin"a;.c?aj, where n is greater than — 1. 

Let y = amx, 

and we have | sin" a;. da? = i y"(l — y*)^^^^. 
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Let, now, « = y^» 

and 






-iX '--'(' -«)'-^=«i'(=^.i> 



But 



4-')r(i) 



R/^n + l 1\ ^V 2 P 



by [5] Art. 98. 



= VS^ . ) ^ ( by [7] Art. 98. 



rf| + i 



) 



Hence 



rsm-x.dx^^ ) ^ { . [1] 

J. 2 ^r« + l^ 



If n is a whole number, this will reduce to the result given 
in Art. 87, Ex. 5. 

Examples. 

r(^)r(!i±l) 

(2) I 8in"a;co8'*a5.da; = — ^ — ^ — i — ^ — r-^. 
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(3) r ^^ _ v^ v^/ 

(4) I i»™(l-a:~)^(7a;= ^^ — -— 



+ 1 + 



I' 
1 1 



Chap. IX.] LENGTHS OF CUBVES. 113 



f 








tailT: 


dx 




and (I. 


Arts. 


52 and 


181) 


that 
d^^ 


=^da? 


+'df. 


From these 


we get 




sinr: 


dy 
"^ds' 




• 








eosr 


_dx 
ds 





CHAPTER IX. 

LENGTHS OF CURVES. 

100. If we use rectangular coordinates, we have seen (I. Art. 

[1] 

[2] 
[3] 

[4] 

by the aid of a little elementary Trigonometry. 

These formulas are of great importance in dealing with all 
properties of curves that concern in anj' wa}' the lengths of arcs. 

We have already' considered the use of [2] in the first volume 
of the Calculus, and we have worked several examples b}' its 
aid in rectification of curves. Before going on to more of the 
same sort we shall find it worth while to obtain the equations of 
two very interesting transcendental curves, the catenary and the 
tractrix. 

The Catenary. 

101. The common catenai-y is the curve in which a uniform 
heav3' flexible string hangs when its ends are supported. 

As the string is flexible, the onl3' force exerted b}' one portion 
of the string on an adjacent portion is a pull along the string, 
which we shall call the tension of the string, and shall represent 
by T. T of course has different values at different points of the 
string, and is some function of the coordinates of the point in 
question. 
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The tension at any point has to supix>rt the weight of the por- 
tion of the string below the point, and a certain amount of side 
pull, due to the fact that the string would hang vertically were 
it not that its ends are forcibl}' held apart. 

Let the origin be taken at the lowest point of the curve, and 

suppose the string fastened 
, at that point. 

Let s be the arc OP, 
P being an}' point of the 
string. As the string is uni- 
form, the weight of OP is 
proportional to its length ; 
^ we shall call this weight m«. 
This weight acts verti- 
cally downward, and must be balanced by the vertical effect of T, 
which, b}' I. Art. 112, is Tsinr. 

Hence Tsinrsms. (1) 

As there is no external horizontal force acting, the horizontal 
effect of the tension at one end of an}-^ portion of the string must 
be the same as the horizontal effect at the other end. In other 
words, rcosT = c (2) 

where c is a constant. Dividing (1) b}' (2) we get 

s = — tan T, 
m 

or s = atanT, (3) 

where a is some constant. From this we want to get an equa- 
tion in terms of x and y. 



d^ 



hence 



or 



and 



tanr =Vsec^T — 1 = a hr-j — 1 ; 

\daf 



S2 



ads 



(a2 + s')i 



= dx. 



Integrate both members. 
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a log(5 4- Va^ + s2) = a? + C ; 
when a? = 0, s = 0, 
hence C=aloga, 

and log(s + Va^-f- s^) = - + log a, 

/ * 

8 4- V a^+ s^ = ae«, 
/ * 

a* = a^e^'a — 2ae«s, 

a * -* 
s = - (ea — e a) = atanr by (3). 

Hence a^= - (e«- e"i), 

and 2/ = ^ (e- + «"-) + C7. 

id 

If we change our axes, taking the origin at a point a units 
below the lowest point of the curve, y = c( when a? = 0, and 
therefore (7=0, and we get, as the equation of the catenary, 

y = ^(e^ + e"«)- (4) 

Example. 

Find the curve in which the cables of a suspension-bridge 
must hang. Ans. A parabola. 

The Tractrix. 

102. If iwo particles are attached to a string, and rest on a 
rough horizontal plane, and one, starting with the string stretched, 
moves in a straight line at right angles with the initial position 
of the string, dragging the other particle after it, the path of the 
second particle is called the tradrix. 

Take as the axis of X the path of the first particle, and as 
the axis of T the initial position of the string, and let a be 
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the length of the string. From the nature of the curve the 
string is alwaj's a tangent, and we shall have for any point P 



y 

- = — sinr, 



[1] 



for r l3'ing in the fourth quadrant has a negative sine. 




dif dy^ 



hence 



and 



y__ .2 _r:^ 

«2 d^ dx^ 4- d^ ' 

2/^(c?a^ 4- dy'^) = a^dy^^ 

fdy? = {a'-f)dy^, 

(a^ — y^)hdy 



dx= ± 



y 



is the differential equation of the tractrix. 

On the right-hand half of the curve t is in the fourth quadrant, 

-^ or tanr is negative, and we shall write the equation 
dx 

(a'-f)hly 



dx = — 



y 



[2] 



If we allow the radical to be ambiguous in sign we shall get 
also the curve that would be described if the first particle went 
to the left instead of to the right. The tractrix curve, generall}' 
considered, includes these two portions. 

Integrating both members of [2] , and determining the arbi- 
trar}^ constant, we get 

x = -. V7?^=^ + alog^±^^1^5lzJ^' [3] 

y 

as the equation of the tractrix. 
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Examples. 

(1) Show by Art. 102 (1) that in the tractrix 5 = a log - 
if s is measured from the starting-point. ^ 

(2f) Find the evolute of the tractrix. (I. Art. 93.) 

Rectification of Curves, 

103. In finding the length of an arc of a given curve we 
can regard it as the limit of the sum of the differentials of the 
arc, and express it by a definite integral. 



We shall have s = C^dx^ + dy 



Of course in using this formula we must express Vdo^~+dy^ , 
in terms of x only, ov of y only, or of some single variable on 
which X and y depend, before we can integrate. 

For example ; let us find the length of an arc of the circle 

x^-\-'f=za^, 
2xxlx-\- 2y.dy = 0, 
x.dx 



dy = 



y 



s = a\ =a( sm^-i — sm ^— )• 

The length of a quadrant = a I . = — ; 

.'. the length of a circumference = 27ra. 
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Length of Arc of Cycloid. 

104. For the cycloid we have 

x = aO — asinO 

2/ = a — acos^ 
dx = a(l — cos 0)dO = yd$^ 



(I. Art. 99.) 



^ = vers"^^, 
a 



dy 



dy 



dO = --- 

^ ^ y f ^2ay — f 



M a a^ 



V2 ay — 'if 

ds^ = d^ + df = 1^^^= ^^^, 

2ay — y^ 2a —y 

ds=\/Ta / ^y . 
V2a— 2/ 



= V2^ P^=^= = 2VFa(V2a - 2/0 - V2a - 2/0. 
*^^o V2 a — y 



[1] 



y 

If the arc is measured from the cusp, 2/o = 0, 

s = 4a — 2 V2aV2a — 2/i- 
If the arc is measured to the highest point, 2/1 = 2 a, 

s = 4a. 
The whole arch = 8 a. 



Example. 

Taking the origin at the vertex, and taking the du'ection down- 
ward as the positive direction for 2/, the equations become 

x=zaO -\-a sin $ 
y= a — acosO 

Show that 5 = 2 V2ay when the arc is measured team the 
summit of ^ 



}• 



(I. Art. 100.) 
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105. We can rectify the cycloid without eliminating $. 

x = aO — a&inO 

y= a — acosO 
dx = a(l — cos^)c?^, 
cly = asin$.d$, 
.do^ -{'df=2 a^de\l - cosO) , 

and s = a^2\ {l — cosO)^dO^ 

= " V2j;^[2.»'|]'<« = 'aj^^di . 4<.(<»s| - c»|). 
If ^0 = and ^^ = 2 rr, we get s = 8a as the whole curve. 



s = 



106. Let us find the length of an arch of the epicycloid. 



x^{a-\-h) cos^ - h cos^^i-±^^ 

h 

b 



ft 



(I.Ai1;.109[l].) 



dx 



= f- (a + b) sin 0-\-{a + b) sin^^^ 
dy=[ (a + 6) cos^ -(a + b) cos^^-t^O 



dO, 



dd. 



d^ = (a + bydff' 



+ 6/1 /I, .a + 6^. 
4—^ cos^ -f sm — i— sin 



•["2- 2 /'cos - 
= 2(«+ 6)2(^2 A .-cos^^Y 

s = (a + 6) V2 rVl- cos^tfVcW, 
.= .^-^^cos-^o-cos-^,J. 



w)] 



[1] 



26 



To get a complete arch we must let Oo=0 and tfi = _7r. 
Hence, for a whole arch, 



5 = 



8b(a + b) 



a 
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Examples. 

(1) Find the length of an arch of a hypocyeloid. 

8b (a — b) 

Ans. s = . 

a 

(2) Find the length of an arch of the curve a* -h .y* = a*, 
and show that it agrees with the result of Ex. 1. 

(v. I. Art. 109, Ex. 2.) 

107. Let us attempt to find the length of an arc of the ellipse 
We have £^ + ^2^ = 0, 

a^y^ a^ — 'ST a^^ixr 

where e is the eccentricity of the ellipse. 

Hence s=J^ \~^~^ ^^' ^^^ 

The length of the elliptic quadrant is 

These integrals cannot be obtained directly, but 

\_ a^ — oc^ |_ a^ — a^J 

can be expanded by the Binomial Theorem, and the terms of 
the result can be integrated separately, and we shall have the 
required length expressed by a series. 

A more convenient way of dealing with the problem is to use 

an auxiliary angle. Instead of — -f- 1^ = 1 we can use the pair 

of equations x = asm<l>l ,t a . l^ft^ 

^\, (I. Art. 150), 

y = o cos <^ J 



«« = 



«. 
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dx = a COB <f>,d<l>y 

dy = -~b sin <f>,d<f>, 

ds" = (a^cos^c^ -f 62sin»cZ</»2 = [^^ - (a^ - h^)Bm^ 4>']d<i>^ 

where e is the eccentricity of the ellipse. 

s=zaC \l-€^6in^<l>)^d<l> [3] 

==aC \l-ie^sin^<l>-i'ie*sm*<l>-'i'i'i€f^sm^<f>"qd<f>. 
For the arc of a quadrant we have 

w 

= a P [1 - e^ 8inV]*^<^. W 

Examples. 

(1) Obtain s^ as a series from [2], and also from [4], and 
compare the results with Art. 91, Ex. 5. 

(2) Show that the length of an arc of the hyberbola is 

5= 2^ rf 1 + ^' sintf <^"|W. 

Polar Formulce. 

108. If we use polar coordinates we have 

cZs = Vd^ + r^d^, (I. Art. 207, Ex. 2.) 

tanc = ?^, (I. Art. 207.) 

dr 

From these we get, by Trigonometry, 

rdd> dr 

smc = — ^, cosc = — • 

ds ds 

109. Let us find the equation of the curve which crosses all 
its radii vectores at the same angle. Here 

tan € = a, a constant, — ^ = a, — - = cZ6, 

dr r 
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alogr=<^4-(7, r = c" "se'c*, 

r — he'', (1) 

where h is some constant depending upon the position of the origin. 
This curve is known as the Logarithmic or Equiangular Spiral. 

110. To rectify the Loganthmic Spiral. We have, from 
109 (1), 



^=ilog-; 
a b 



ad> = a — t 

^ r 

rd<l>= adr^ 
ds^ =cZr2 + r2cZ<^2 ^ (1 + a2)cfr« ; 

.8= C{l + a')hdr^{l+a')h(r,^ro). 

Examples, 

(1) Find the length of an arc of the parabola from its polar 
equation 



r = 



1 -f cos <t> 

(2) Find the length of an arc of the Spiral of Archimedes 

r = a<t}, 

111. To rectify the Card Aoic^e. We have 

r = 2a(l-cos<^), (I. Art. 109, Ex. 1), 

dr= 2asin<^.cZ<^, 

dsf^ = i a^ sin^cfi. d<t>^ -j- 4 a\l -- COS ft>yd<f>^ 
= Sa^d<l>\l-cos<l>), 

5 = 2 V2 .a r(l -cos</»)id<^=8arcos|5-cos^ I 
= 16 a f perimeter. 
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Involutes, 

112. If we can express the length of the arc of a given curve, 
measured from a fixed point, in terms of the coordinates of its 
variable extremit}', we can find the equation of the involute of 
the curve. 

We have found the equations of the evolute of y=fx in the 

form 

x' = x — p cos 

y' = y — p sin 
We have proved that tarn/ = tanr', (I. Art. 95), 

and that ^' = 1 , (I. Art. 96) ; 

dp 



. L (I. Art. 91). 

jm V ) 



sni t' = 



f -4 



ds' 



I dx' 



(Art. 100). 



Since tani/ = tanT', v = t' or v = 180°-|-t'. 

As normal and radius of curvature have opposite directions, 
we shall consider v = 180° -|- t'. 

Then sin v = — sin t' and cos i/ = — cos t'. 

Hence x' =:x-\- p---^ (1) 

ds 

Since d,o = ds\ 

p = .o' + l (3) 

where / is an arbitrary constant. Since x and y are the coordinates 
of an}' point of the involute, it is only necessary to eliminate x\ 
y\ and p by combining equations (1) , (2), and (3) with the equa- 
tion of the evolute. 

As we are supposed to start with the equation of the^evolute 
and work towards the equation of the involute, it will be more 
natural to accent the letters belonging to the latter cuitc instead 



124 INTEGRAL CALCULUS. [Art. 112. 

of those going with the former; and our equations may be 
written 

x = x'+p'^; y^y'+p'^; p'=5 + Z. (4) 

(18 as 

Since p'=l when 5=0, it follows that I is the free portion 
of the string with which we start. (I. Art. 97.) By varying I 
we may get different involutes of the same curve. 

To test our method, let us find the involute of the curve 

•^ 27m ^ ^' ^^) 

for which I = m. We must first find s. 

Q 

2 ydy = — {x — mydx^ 
9m 

dm y 

. (Zs2^2aH-m^^ 
3m 

8=—L- r'(2a; + m)idx- = — L_(2a;-f m)8— m, 
VSmX 3V3m 

p' = 5 + m = — ■ — (2x-4-m)i, 

3v3m 

, , 2a; + m 
X=:X -{ — , 

3 

ij = y-f. —^ (2a; + m)(x'-m)» 

27m y 

^,^x-m 
3 ' 

y = - — (a; - m)2 = , 

a5 = 3a;'-|-m, 

4aj'2 
2/ = r- 

Substituting in (5) the values of x and y just obtained, we have 

y'^ = 2mx' 
as the equations of the required involute. 
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Example. 
Find an involute of ay^ = ocr. 

113. An involute of the cycloid is easily found. Take equa- 
tions I. Art. 100 (C). 

x= aO-i-a sin 6 
y = '-a-\-acos$ 
Let p' = s, 

dx = a(l-\-eosO)dO =2acos^^d0, 

B 
cly = — a sin $,dO = — 2 a sin - cos - dO^ 

ds2 = 2a2c?^(l -h cos^) = 4 a^d^cos^^, 

id 

s = 2a\ cos-d6 =4asm-i 
Jo 2 2 

a; = a;' -f 4a sin- cos- = x' -h2a sin^, 

2 2 

2/ = y — 4 a sin^- =y' — 2a{l — cos0)^ 

x' = aO — a sin 
y' = a — a cos 

a cycloid with its cusp at the summit of the given cjx-loid. 

Example. 

From the equations of a circle 

.T = a cos <f> 
y = a sin </> 

obtain the equations of the involute of the circle. Let Z = 0. 

Ans, x'= a(coa<f>-\- <f> sin <f>) 1 
y=a(sin </> — <f>cos<f>) ) ' 
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Intrinsic Equation of a Curve, 

114. An equation connecting the length of the arc, measured 
from a fixed point of any curve to a variable point, with the 
angle between the tangent at the fixed point and the tangent at 
the variable point, is the intrinsic equation of the curve. If the 
fixed point is the origin and the fixed tangent the axis of X, the 
variables in the intrinsic equation are s and r. 

We have already such an equation for the catenary 

s = atanr, Art. 101 (3), [1] 

the origin being the lowest point of the curve. 
The intrinsic equation of a circle is obviously 

s = ar^ [2] 

whatever origin we mav take. 

CD %, 

The intrinsic equation of the tractrix is easily obtained. We 

have 

y = — a%\\iT^ Art. 102(1), 

and s = a log- ; Art. 102, Ex. 1 . 

y 

hence s = a log ( — esc r ) 

where r is measured from the axis of X, and s is measured from 

the point where the curve crosses the axis of Y, As the cun''e is 

tangent to the axis of F, we must replace t by t — 90°, and we 

get 

8 = a log sec T [3] 

as the intrinsic equation of the tractrix. 

Example. 

Show that the intrinsic equation of an inverted cycloid, when 

the vertex is origin, is 

s = 4a sinr ; (1) . 

when the cusp is oriffin, is 

= 4tt(l— cost). (2) 
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. 115. To find the intrinsic equation of the epicycloid we can 
use the results obtained in Art. 106. 

dx={a'{-b)fsm^-!^e-sineye=2(a+b)cos^^^ 

ciy=(a+b)fcos0-cos^!-^e\l0=2{a+b)sm^^ 

by the formulas of Trigonometrj' 

sin a — sin j8 = 2 cos^(a -f j8) sini(a — j8) , 

cosjS— cosa = 2sin^(a-f j8)sin^(a — j8) ; 

. dy 4. cf-f 26/1 
tan T = -^ = tan — 6^ 

dx 2b 

hence t = — — — d\ 

2b 

therefore 8 = 1M£±A) A _ ^s^—r\ [1] 

a \ a '{-2b J '"-' 

is the intrinsic equation of the epicj'cloid, with the cusj) as origin. 
If we take the origin at a vertex instead of at a cusp 



8 

a 



7r(a-h26) ,. 
2a ' 



, Ab(a +6) . a , 
' — — ^^ — ■ — ^sin r ; 

a a-|-26 



hence s' = — ^ — T-J. sin r-r- t 



4 6(a-f6) .a r, 

or s = — i" — ■ — ^sin T • [2 

a a-\-2b ^ 

is the intrinsic equation of an epicjxloid referred to a vertex. 
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Example. 

Obtain the intrinsic equation of the hypocycloid in the forms 

4:h(a — b)f. a \ ,,. 

s = — ^^ ^ 1— cos — T L (1) 

5 = — ^ ^sin — T. (2) 

a a — 26 

116. The intrinsic equation of the Logarithmic Spiral is found 
without difficulty. 

We have r=be% ' (Art. 109), 



and s = Vl-f a- (r^ — Vq) . (Art. 110). 

If we measure the arc from the point where the spiral crosses 
the initial line, ro = 6, and we have 

s = b^lTa\e^-l). 

In polar coordinates t = <^ -h c, and in this case c = tan"^a ; if 
we measure our angle from the tangent at the beginning of the 
arc we must subtract c from the value just given, and we have 

s = 6(Vl-|-a')(e»-l) ; 

or, more briefly, s = A:(c' — 1 ) , k and c being constants. 

117. If we wish to get tlie intrinsic equation of a curv^e directly 
from the equation in rectangular coordinates, the following method 
will serve : 

Let the axis of X be tangent to the curve at the point we take 



as origni. 



tanr = ^; (1) 

dx 

and as the equation of the curve enables us to express y in terms 
of a?, (1) will give us x in terms of t, sa}' x = Ft; 
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then clx = F't.cIt^ divide by ds ; 

clx jjjt dr V . dx ^^^ 
-— = F't---5 but -- = cost; 

as as as 

hence ds = sec Ti^T.dr. (2) 

Integrating both members we shall have the required intrinsic 
equation. 

For example, let us take a^ = 2 my, which is tangent to the 
axis of X at the origin. 

2 xdx = 2 mdy^ 

dy , X 

-^ =tanT = — , 

dx m 

da; = msec*T.dT, 

dx o dr 

— = COST = m sec^T — , 

as ds 

ds =m sec^T.dT^ (1) 

, = mf^ =|rii^ + logtanff + 1)1 + 0, 
*/ cos'r 2[_cos^T \4 2yJ 

s = Owhenr = 0; .*. (7=0; 

• = l[57+'^"°(^5)} « 

Examples. 

(1) Devise a method when the curve is tangent to the axis 
of F, and apply it to y^ = 2 mx. 

Q 

(2) Obtain the intrinsic equation of y^ = (x — my. 

(3) Obtain the intrinsic equation of the involute of a circle. 
(Art. 113, Ex.) 



130 
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118. The evolute or the involute of a curve is easily found 
from its intrinsic equation. 





If the curvature of the given curve decreases as we pass along 
the curve, p increases, and 

s' = p-po. (I. Art. 96). 

If the curvature increases, p decreases, and 

s' = po — p' 
Hence alwa3's s' = ± (p — /oq) ; [1] 



ds 

We see from the figure that t^ =^t. 
Hence s' = ± 



(I. Arts. 86 and 90) . 



ds\ __ (ds\ 

drJr^T' \dTjT=.o_ 

or, as we shall write it for brevity*. 



s = ± 



dr 



[2] 



119. The evolute of the tractrix s = a log sec t is 

cnoffsecrl'" 



dloffsecTl . AA 4. 

s = a — ^ — = a tan r , the catenary. 



The evolute of the circle 5 = ar is 



= a^ = 0, a point. 

dr] 
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The e volute of the cycloid s = 4a(l — cost) is 

,^4aCZ(l-cosT) 



= 4asinT, 
dr 

an equal cycloid, with its vertex at the origin. 

Examples. 

(1) Prove that the e volute of the logarithmic spiral is an 
equal logarithmic spiral. 

(2) Find the evolute of a parabola. 

(3) Find the evolute of the catenar5% 

120. The evolute of an epicycloid is a similar epic3'cloid, with 
each vertex at a cusp of the given curve. 
Take the equation 

,^ 4&(a+&) A,,^3 o^ \ Art.ll5[l]. ' 

a \ a + 26 J ^ -^ 

For the evolute, 

46 (a + 6) 

* a 

8 = — ^ j~^ ^ sm --T. [1] 

a + 26 a + 26 ^ -^ 

The form of [1] is that of an epic3xloid referred to a vei-tex 
as origin ; let us find a' and h\ the radii of the fixed and rolling 
circles. 

-'-^^^^Bin^r, byArt.ll5[2]; 

hence, 46'(a' + V) ^ 4&(a + &) ^ 

a' a -h 2 

a' a 




a' +26' a 4-26 
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Solving these equations, we get 



6' = 



a-h26' 

ab 
a-h26' 



b'~^b' 

and the radii of the fixed and rolling circles have the same ratio 
in the evolute as in the original epic3xloid ; therefore the two 
curves are similar. 

Example. 

Show that the evolute of a h3'poc3xloid is a similar hypo- 
cycloid. 

121. We have seen that in involute and evolute t has the same 
value ; that is, t = t'. 

If s' and t' refer to the evolute, and s and t to the involute <, we 
have found that 

r' 



, ds 

dr 







ds 
or s' = — - — Z, I being a constant, 

dr 

the length of the radius of curvature at the origin. 

(s'-\-l)dT' = ds, 
s=f\s'-\-l)dT' 

is the equation of the involute. 

The involute of the catenary' s = a tanr is, when Z = 0, 



s = a I tan T.dr = a logsecr, the tractrix. 



8 
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The involute of the c3'eloid s = 4 a sin r when Z = is ^ 

= 4a j 8inT.cZT = 4a(l— cost), 

an equal cycloid referred to its cusp as origin. 

The involute of a cycloid referred to its cusp s =4a(l —cost) 
when Z = is 

8 = 4a I (1 — C0ST)dT = 4a(r -f-siuT), 

a curve we have not studied. 
The involute of a circle 8 = aT when Z = is 

.2 



= a I T.dr = — 
Jo } 



ar 
2 



122. While any given cun^e has but one e volute, it has an 
infinite number of involutes, since the equation of the involute 



,'=J(s + Od, 



contains an arbitrar}" constant I ; and the nature of the involute 
will in general be different for different values of L 

If we form the involute of a given curve, taking a particular 
value for Z, and form the involute of this involute, taking the same 
value of Z, and so on indefinitely, the cm*ves obtained will con- 
tinuall}^ approach the logarithmic spiral. 

Let s=/t (1) 

be the given curve. 

s =fj(l -h/T)dT = Ir -\-fJfr.dT 
is the first involute ; 

S =£il + Ir +fjfr.dr)dr = Ir + 'f. ^jjjr.d^ 
is the second involute ; 

is the nth involute. 
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B}' Maclaurin's Theorem, 

/r =/o + r/'o + ^/"O + f./"0 + 

But s = when t = ; hence /o = 0, and 

-^ 2! 3! 



X 

X 



'0 ^ 2 3! 4! 

*^ 3! 4! 5! 



'^^•'^^ (n + l)!^(n + 2)!^(n + 3)!^ ' ^^ 

as 71 increases indefinitely all the terms of (3) approach zero 
(I. Art. 133) , and the limiting form of (2) is 

It" . It' 



7 .IT , tT , 

2! 3! 

s = l{e^- 1) by I. Art. 133 [2], 

which is a logarithmic spu'al. 

123. The equation of a curve in rectangular coordinates is 
readily obtained from the intrinsic equation. 



Given 




S=fT, 




we know that 




dv 

sin T = -^, 

ds 


and 




dx . 

C0ST=--, 

ds 


hence 


dx: 


= cos Tds = cos T/'r.dr, 




cly. 


= sin Tds = sin t/'tAt^ 




X: 


= 1 cost/V.^t 






y- 


= 1 sinr/'T.cZr 
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The elimination of t between these equations will give us the 
equation of the curve in terms of x and y. Let us appl}' this 
method to the catenary. 

s = atanT, 

ds = a sec? T.dr^f 

r"" 7 1 |1 -hsinr 

= a I secT.aT = alog-v — • — : — ? 
Jo M— smr 

y = al secTtanT.dr = a(secT — 1), 
2£ 1-f-sinr 



X 



C " — 


1 — sinr 


% 






2x 


X 


X 


• 


e« —1 


e« — e 


a 


smT = 






— , 




2x 


X 


X 




€« -1-1 


e«-f-e 


a 




X 


X 




secT = 


= i(e«-|-e' 


••), 




y = 


= -(e«-|-e 


X 

"«) — a 


» 



the equation of the catenaiy referred to its lowest point as origin. 

Curves in Space. 

124. The length of the arc of a cur\'e of double curvature is 
the limit of the sum of the chords of smaller arcs into which the 
given arc ma}' be broken up, as the number of these smaller arcs 
is indefinitely increased. Let (a;, y, 2) , (x-\- dx^ y 4- Ay, z + ^z) 
be the coordinates of the extremities of any one of the small arcs 
in question; dx^^y^Az are infinitesimal; Vc?ar^-|-A2/^+ Aa;^ is the 
length of the chord of the arc. In dealing with the limit of the 
sum of these chords, any one ma}' be replaced by a quantity dif- 
fering from it by infinitesimals of higher order than the first. 
Vda^ -h cZ?/^-h dz^ is such a value ; 

J /»«=£! 
I VcZar^ -f- d^ -h ds^. 
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Let us rectif}' the helix. 

« = acos^ 
y = a sin 6 

(hj = aco8$,d$^ 
dz = MO, 
ds' = {cv'-\-k^)dff', 

s = (a^ -h ^•2) 4 C\ie = ^7i^jl^\e, 



(1. Art. 214.) 



-^o). 



Examples. 



(1) Find the length of the curve ( y = — , 2; = 



(2) y 



2 a 6aV 

= 2 V((a: — a;, 2; = a; — I x — -^^^' « = ic4-y — 2 + ^. 

>a 



CHAPTER X. 



135. We have found and used a formula for the area bounded 
by a given curve, the axis of X, and a pair of ordinatea. 



S"'"- 



We can readily get this formula as a defioite integral, 
area in the figure is the sum of the 
slices into which it is divided by the 
ordiaates ; if Aa;, the base of each 
slice, is indefinitely decieased, the 
slice is inlinitesinial. The area of 
any slice differs fioni y^x by less 
than AyAx, which is of the second 
order if Aa; is the principal infini- 
tesimal. We have then 






5 y^x 



by I. Art. 161. 



=J_ ydx. 



[1] 



If the curve in question lies above the axis of X, and a;,, is 
less than q>„ each ordinate is positive, each Ax is positive, each 
term of the sum whose limit is required is positive, the sum is 
positive, and the limit of the sum or the area sought is positive. 
If. however, the curve lies below the axis of X, and Xa is less 
than X,, each oi'dinate is negative, each Ax is positive, each 
term of the sum is negative, the sum is negative, and the limit 



138 INTEGRAL CALCULUS. [Art. 125. 

of the sum or the area sought is negative. If, then, the curve 
happens to cross the axis between Xq and ajj, formula [1 j gives 
us the difference between the portion of the area above the axis 
of X and the portion below the axis of X, but throws no light 
upon the magnitudes of the separate portions. Consequently, 
in any actual geometrical problem it is usually necessai-y to find 
the portion of the required area above the axis of X and the 
portion below the axis of X separately ; and for this purpose 
it is essential to know at what points the curve crosses the axis. 
Indeed, if the problem is in the least complicated, it is neces- 
sary to begin by carefully tracing the given curve from its 
equation, and then to keep its form and position in mind during 
the whole process of solution. 



Examples. 

(1) Show that j ^xdy is the area bounded by a curve, the 

axis of F, aud perpendiculars let fall from the ends of the 
bounding arc upon the axis of T. 

(2) If the axes are inclined at the angle w, show that these 
formulas become 



-4 = sin o) I ydx = sin w | xdy. 



(3) Find the area bounded by the axis of X, the curve 
oj^ -f- 42^ = 0, and the ordinate of the point corresponding to the 
abscissa 4. Ans, 5 J. 

(4) Find the area bounded by the axis of X, the curve 
y=z7?^ and the ordinates corresponding to the abscissae —2 
and 2. Ans. 8. 

(5) Find the area bounded by the axis of X, the axis of Y, 
the curve 2/ = cos a;, and the ordinate corresponding to the 
abscissa Zir, Ans, 6. 
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126. In polar coordinates we can regard the area between two 
radii vectores and the curve as the limit of the sum of sectors. 

The area in question is the sum 
of the smaller sectorial areas, any 
• one of which differs from ^ ?'^A<;^ by 
less than the difference between the 
two circular sectors ^(r-|- Ar)^A</» 
and ir^A<t>; that is, by less than 

rA?-A<f» -h i — J_$ ^iiich is of the 

2 




Hence 



second order if A<;^ is the principal infinitesimal. 

^% 

127. Let us find the area between the catenar}% the axis of 
X, the axis of Y", and an}^ ordinate. 

ydx— - I (ei-i-e 'a)dx, 



but 
Hence 



2 . 



a 



A = as, 



by Art. 101. 



and the area in question is the length of the arc multiplied b}' the 
distance of the lowest point of the cur\^e from the origin. 



128. Let us find the area between the tractrix and the axis 
ofX. 

y 



We have 



(Art. 102.) 



A= I ydx = — ) dy\/a^ — y^. 
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The area in question is 

whicii is tlie area of the quadrant of a circle with a as radius. 

Example. 

Give, by the aid of infinitesimals, a geometric proof of the 
result just obtained for the tractrix. 

129. In the last section we found the area between a curve 
and its as3'mptote, and obtained a finite result. Of course this 
means that, as our second bounding ordinate recedes from the 
origin, the area in question, instead of increasing indefinitelj, 
approaches a finite limit, which is the area obtained. Whether 
the area between a curve and its asymptote is finite or infinite 
will depend upon the nature of the curve. 

Let us find the area between an hjperbola and its asymptote. 

Tlie equation of the hyperbola referred to its asymptotes as 

axes is 2 • z.2 

cr -h b^ 
xy = ■ 

Let 0) be the angle between the asymptotes ; then 

A = sm 0) I ydx = — suiw I — = 00 . 

*/o 4 Jo a; 

Take the curve ' ?/^aj = 4 a^(2 a — a;) , 
or y^=zAaf ; 

X 

any value of x will give two values of y equal with opposite 
signs ; therefore the axis of x is an axis of sj'mmetry of the 
curve. 

When oj = 2a, y = ; as x decreases, y increases ; and when 
a; = 0, 2/ = 00 . If a; is negative, or greater than 2 a, y is imagi- 
nary. The shape of the curve is something like that in the 
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figure, the axis of F being an as3^mptote. The area between the 
cun^e and the as3'mptote is then either 




J 2a 
yd 



X or A 



•»00 

= 2 ( xdy ; 



b}' the first formula, 
b}' the second. 



Examples. 

(1) Find the area between the curve y^(a^ 4- a^) = a^a^ and its 
as3'mptote y^a, Ans. A — 2a^: 

(2) Find the area between y^{2a—x) = a^ and its asymptote 
x = 2a. Ans, A = 3 -n-a^. 



m^ t CI I Q*i 

(3) Find the area bounded by the curve y^=z—^ — -^--^ and 
its as3'mptote x = a. 



a — x 



Ans. A=^ 



^2a'f 



1 + J 1. 



130. If the coordinates of the points of a cun^e are ex- 
pressed in terms of an auxiliar}' variable, fto new difficult}' is 
presented. 

Take the case of the circle x^ -\-y^ = a\ which ma}' be written 

x = a cos <l> 
y = aain<f> 

dy = a cos <^cZ</». 

27r 



/»27r 

The whole area -4 = a* I cos*<^<^ = wa*. 
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ElXAHPLES. 

(1) The whole area of an eUipse a? = a cos^ K ^^ 

(2) The area of an arch of the cycloid is 3ira*. 

(3) The area of an arch of the companion to the cycloid 
X = a^, 2/ = a(l — cos^) is 27ra^ 



131. If we wish to find the area between two corves, or the 
area bounded b}' a closed cun^e, the altitude of our elementary 
rectangle is the difference between the two values of 2^, which 
correspond to a single value of a?. If the area between two 
curves is required, we must find the abscissas of their points of 
intersection, and they will be our limits of integration ; if the 
whole area bounded by a closed curve is required, we must find 
the values of x belonging to the points of contact of tangents 
parallel to the axis of Y, 

Let us find the whole area of the curve 

or a^y^ = \?7?(c?— ar^) . 

Tlic curv^e is 83'mmetrical with reference to the axis of X, and 
ptisses through the origin. It consists of two loops whose areas 
must be found separately. Let us find where the tangents are 
pariillel to the axis of Y. 



y^-x Va^-ic^, 



-f- = -^' ■ = tanr. 



T = - when tanr = 00, that is, when x = ± a, 
2 
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Again ; find the whole area of (y — a?)^ = a^ — oi?. 

A = C{y'- 2/") (^x = f 2 V^?^^ . dx. 
To find the limits of integration, we must see where t = -• 

-T- — = 00 when x=±a. 



A = 2 1 y/a^ — Qc^.dx^ira^. 



Examples. 

3/ Tq -4" X^ 

(1) Find the area of the loop of the curve ^ = — ^^— '- — -» 

a — x 

Ans. 2a2/'l--\ 

(2) Find the area between the curves y^ — 4aa;=0 and 

3 

(3) Find the whole area of the curve a:* + y* = a'. Ans. f 7ra^/ 

(4) Find the area of a loop of a^y* = aj*(a^ — ar^). Ans. • 

(5) Find the whole area of the curve 

2 y2 (a* + ic2) - 4 ay (a* - aj^) + (a^ - ar^^ = 0. 

Ans. a^TT /'4-i^Y 
132. We have seen that in polar coordinates 

Let us try one or two examples. 

(a) To find the whole area of a circle. 
The polar equation is r = a. 



A 
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(b) To find the area of the cardioide ?•= 2rt(l — eo8</»). 

A = i C^^a^l - eos<^)2fZ</» = 2a2 Hi- 2co8<^ + cos2d<^)d</>, 
A=Ga^7r. 

(c) To find the area between an arch of the epie3'eloid and the 
circumference of the fixed circle. 

x = {a + b)co80 — bco8 ^'[ 

b 

y = {a + b)sin — b sin — p- $ 

We can get the area bounded b}- two radii vectores and the 
arch in question, and subtract the area of the corresponding 
sector of the fixed circle. 

Changing to polar coordinates, 

X = r cos <;^, 
y = r sin <;^. 
We want ^ j ^'^cZc;^. 

, y 
tan </» = -•» 

or 
but, since x = r cos <;^, sec <f» = - ; 

X 

hence '^ = ^l^MzzI^^ 

and 1^ d<^ = xdy — ydx ; 

dx = (a -\-b)f -sin 0+sin-!-^e\dS, 

dy = (a + 6) ^cos e - cos ^i5-±^ o) dO. 

xdy - ydx = (a -f- 6) (a -h 26) A - cos-$\de = r»d<^. 

Oui' limits of integration are obviously and -— . 

a 



Chap. X.] AREAS. 145 

Hence A = i{a-\- b){a+ 2b) I Ml- cos^^^ j dO, 
A = — {a-tb){a'\'2b), 

Cv 

is the area of the sector of the epic3xloid. Subtract the area of 
the curcular sector trcib, and we get 

. b\Sa-\-2b) 

a 
as the area in question. 

{d) To find the area of a loop of the curve r^ = a* cos 2 <;^. 
For an}' value of <^ the values of r are equal with opposite 
signs. Hence the origin is a centre. 
When <^ = 0, r=^±a\ as0 increases, r decreases in length 



TT . /\ _ . _ . TT 



till <^ = - , when r = ; as soon as <^ > -, r is imaginar}'. If <f> 
4 4 

decreases from 0, r decreases in length until </»= — -, when ?• = ; 

TT ^ 

and when </»<-, r is imaginar}\ To get the area of a loop, 

4 

then, we must integrate from <;^=— 7to</> = -. 

4 4 

^ = ^ r^r^dc^ = i a^ Pcos 2 4>.d<t> = ^• 



Examples. 

m 



( 1 ) Find the area of a sector of the parabola ?' = — 

1 + cos<^ 

(2) Find the area of a loop of the curve r^cos <f> = a^sin 3 </». 

Ans. ii^-5'log2. 
4 2 ^ 

(3 ) Find the whole area of the curve r = a (cos 2 <^ + sin 2 </») . 

Ans. ira^. 

(4 ) Find the area of a loop of the curve r cos <^ = a cos 2 </>. 

Ans. (2 — -|a^» 

\ V 

(5) Find the area between r =a(sec<^+tan</») and its as^mp- 
totercos.^=2a. ^^^ (i + 2)«'. 
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133. When the equation of a curve is given in rectangular 
coordinates, we can often simplify the problem of finding its area 
b}' transforming to polar coordinates. 

For example, let us find the area of 

Transform to polar coordinates. 

r^ = 4 i^{a^ cos^ <t>-\-l^ sin^ <^) , 
?'2 = 4(a2cos2<^-t-62sin*<^), 

A=2 C{a^ cos^ <t>-\-b^ sin^ <^) cZc^ = 2 tt (a* + &*) . 

Examples. 
(1) Find the area of a loop of the curve (ic^ + y^)' = 4 a^a^y^. 



Ans. 



8 



(2) Find the whole area of the curve _-(-?l=(_l.^ 

a* Ir (r\ar Ir 

2ao 

(3) Find the area of a loop of the curve ^ — 3 axy + ar^ = 0. 

Ans. ^. 



134. The area between a curve and its evolute can easilj' be 
found from the intrinsic equation of the curve. 

It is easil}^ seen that the area 
bounded b}' the radii of curvature 
at two points infinitely near, by 
the curve and by the evolute, dif- 
fers from ip^dr by an infinitesimal 
of higher order. The area bounded 
by two given radii vectores, the 
curve and the evolute, is then 



= ijJ'p'dT. 
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_ ds 

^~ dr 

Hence A = \ { ( ^- ) dr. 

For example, the area between a cycloid and its evolute is 






COS^ rdr. 



Let 



TT 



To = and Ti = - ; 

it 



A = 



=''''S 



^cos^TdT = 27ra^ 



Examples. 

(1) Find the area between a circle and its evolute. 

(2) Find the area between the circle and its involute. 

HolditcKs Tlieorem. 

135. If a line of fixed length move with its ends on any closed 
curve which is always concave toward it, the area between the 

curve and the locus of a given 
point of the moving line is 
equal to the area of an el- 
lipse, of which the segments 
into which the line is divided 
by the given point are the 
semi-axes. 

Let the figure represent 
the given curve, the locus 
ofP, and the envelope of the 
moving line. 

Let AP=a and PB = b, 
and let CB = p, C being the 
point of contact of the moving line with its envelope. Let 
AB-= a -f 6 = c. 
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The area between the first curve and the second is the area 
between the first curve and the envelope, minus the area between 
the second curve and the envelope. 

Let B be the angle which 
the moving line makes at 
an}' instant with some fixed 
direction. Let the figure 
represent two near positions 
of the moving line ; A^, the 
angle between these posi- 
tions, being the principal in- 
finitesimal. 

The area PBB'P'P differs 
from ip^cW b}' an infinitesi- 
mal of higher order than the first. 

ip^dO is the area of PBMP, and differs from PPNB by less 
than the rectangle on PM and PQ, which is of higher order than 
the first, by I. Art. 153. But PP'NB differs from PP'B'B by 
less than the rectangle on BN and NB\ which is of higher order 
than the first, since NB\ which is less than PP'-{- Ap, is infini- 
tesimal and A^ is infinitesimal. 

The area between the first curve and the envelope is then 

^ \ p^dB ; or, since we can take PP^AA just as well for our 
elementar}' area, ^ | {c^pYdB. 




Hence 



whence 



^j/dB=^j^{c-pydB', 
2cCpdB = 2c^7r, 



,2Z- 



or I pdB = 7rc, (1^ 

The area between the second curve and the envelope is 
i£Cp-hydB. 
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►27r 



.2 7r 



^Trhc-Vir by (1), 

A = irah, (2) 

which is the area of an ellipse of which a and h are semi-axes. 



Q. £. D. 



Examples. 



(1) If a line of fixed length move with its extremities on two 
lines at right angles with each other, the area of the locus of a 
given point of the line is that of an ellipse on the segments of 
the line as semi-axes. 

(2) The result of (1) holds even when the fixed lines are not 
perpendicular. 

Areas by Double Integration, 

136. If we take x and y as the coordinates of any point P 
within our area, x and y will be independent variables, and 

we can find the area bounded by two 
given curves, y=^fx and y = Fx^ 
by a double integration. Suppose 
the area in question divided into 
slices by lines drawn parallel to the 
axis of F, and these slices subdi- 
vided into parallelograms by lines 
drawn parallel to the axis of X. 
The area of any one of the small 
parallelograms is AyAx, If we 
keep X constant, and take the sum 
of these rectangles from y=fxtoy = Fx^ we shall get a result 
differing from the area of the corresponding slice by less than 
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2 Aa;A?/, which is infinitesimal of the second order if Ax and Ay 
are of the first order. 



Hence 



I Ax,dy = Ax I dy 



is the area of the slice in question. If now we take the limit of 
the sum of all these slices, choosing our initial and final values 
of flj, so that we shall include the whole area, we shall get the 
area required. 

Hence ^"^1 ( f^yp^- 

In writing a double integral, the parentheses are usually omit- 
ted for the sake of conciseness, and this formula is given as 

J<*x^ r*Fx . 
I I dydx, 
Xq cZ/e 

the order in which the integrations are to be performed being the 
same as if the parentheses were actually written. 

If we begin b}- keeping y constant, and integrating with respect 
to a;, we shall get the area of a slice formed by lines parallel to 
the axis of X, and we shall have to take the limit of the sum of 
these slices varying y in such a way as to include the whole area 
desired. In that case we should use the formula 

A = i I dxdy, 

137. For example, let us find the area bounded by the para- 
bolas y^ = 4: ax and a^ = iay. 

The parabolas intersect at the origin and at the point (4 a, 4 a). 

Jr*4a /•'^4aa; /*4a /^'^iay 

I jjydx, or A=j^ j^dxdy; 




4a 



J^^4aa; ^ . 
dy = V4aa; — -— ; 
X* ^ 4a 



4a 



4a 

The second formula gives the same result. 



Examples. 

(1) Find the area of a rectangle by double integration ; of a 
pai'allelogram ; of a triangle. 

(2) Find the area between the pai'abola j^ = ax and the circle 



2aa; — ar". 



Ans. 2 1 



f--f> 



(3) Find the whole area of the cui-ve (y — mx — c)' — a' — x?. 



138. If we use polai 
by double integration. 



we can still find our areas 

Let r=/^ and r=F<p 
be two curves. Divide the 
area between them into 
slices by drawing radii 
vectores ; then subdivide 
these slices bj' drawing 
arcs of circles, with the 
origin as centre. 

Let /*, with coSrdinatas 
)■ and ^, be any point 
within the space whose 
area is sought. The cur^-ilinear rectangle at P has the base rA^ 
and tlic altitude Ar ; its area differs tVom rAf^r by an infinitesi- 
mal of higher order than rAi^Ar, 

The area of any shoe as aba'h' is i rAi^r, ^ and Ai^ being 

constant, that is A^ | rdr. The whole area, the limit of the 

sum of such slices is ^= ( | rdrdtji. (1) 




I rdrd^j,. 

ir rectangles, 
r efe-f 

' \ dih, and A= i I rdAdi 



Or we may first sum our rectanglei 
and we get as the area of efe'f 



keeping r unchanged. 



(2) 
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It must be kept in mind that r in (1) and (2) is the radius 
vector of any point within the area sought, and not of a point 
on the boundary. 

For example, the area between two concentric circles, r = a 
and r = 6, is 



i27r 



.2 7r 






Again, let us find the area between two 
tangent circles and a diameter through the 
point of contact. 

Let a and h be the two radii, 

?'=2acos<^ (1) 

and r = 26cos<^ (2) 

are the equations of the two circles. 




TT 






I ( rdrd4> = 2{a^ - V) | cos^ <^d<^ = ^ (a^ - h"") . 

•/26cos<6 Jo ^ 



If we wish to reverse the order of our integrations we must 
break our area into two parts b}' an arc described from the origin 
as a centre, and with 2 6 as a radius ; then we have 



2 6 ^C08-i27i 



2 a ^cos-^oTi 



I I rd<j>dr -f- | | rd<i>dr 

J r Jib Jo 

?M cos~^r cos"^TT ]dr -\- I rcos"*T— ar 

V 2a 2bJ J2b 2a 



TT 



2^ ^ 



Example. 

Find the area between the axis of X and two coils of the 
spiral r = a<^. 
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Surfaces of Revolution, 

139. If a plane curve y =fx revolves about the axis of X, the 
area of the surface generated is the limit of the sum of the areas 
generated by the chords of the infinitesimal 
arcs into which the whole arc may be broken 
up. Each of these chords will generate the 
surface of the frustum of a cone of revolution 
if it revolves completely around the axis; 
and the area of the surface of a frustum 
of a cone of revolution is, by elementary 
Geometry, one-half the sum of the circum- 
ferences of the bases multiplied by the slant height. The frustum 
generated by the chord in the figure will have an area differing 
by infinitesimals of higher order from w (y -f- y -h Ay) As or from 
2iryds, The area generated by any given arc is then 




S 



= 2 TT j yds. 



[1] 



If the arc revolves through an angle instead of making a 
complete revolution, the surface generated is 



S 



= j yds. 



[2] 



It must be noted that [1] and [2] will give a positive value 
for aS if the generating cuitc lies wholly above the axis of X at 
the start, and a negative value for S if it lies wholly below the 
axis of X at the start. If the curve happens to cross the axis 
of X between the points whose ordinates are y^ and ^j, [1] and 
[2] give not the area of the surface generated by the curve in 
question, but the difference between the areas generated by the 
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portion originally above the axis, and the portion originally 

below the axis. 

Example. 

./•xi 

Show that if the arc revolves about the axis of F, S=2ir \ xds, 

140. To find the area of a cylinder of revolution. 

Take the axis of the cylinder as the axis of X. Let a be the 

altitude and h the radius of the base of the 
cylinder. The equation of the revolving 
line is 

ds = y/da^ H- dy^ = dx ; 

S = 2ir I ydx = 27ra6, 

or the product of the altitude by the circumference of the base. 
Again, let us find the surface of a zone. 
The equation of the generating circle is 

x^-\-y^ = a^\ 






^^ < 



>^ 



ds = 



adx 

~y~ 







xS = 2 TT I adx = 2 aTT {x^ — aJo) • ^ 



If a?o = — a and iCi = a, AS = 4a*ir. 

Hence the surface of a zone is the altitude of the zone multi- 
plied by the circumference of a great circle, and the surface of 
a sphere is equal to the areas of four great circles. 

Again, take the surface generated by the revolution of a 
cycloid about its base. 

a; = a^ — a sin ^ 1 

y=za — a cos J ' 
ds = adO V2(l -cos^) , by Art . 1 05 ; 

5^ = 2 TT r^aV2 . (1 - cos ^)' d^ = ^ira*. 
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Examples. 

(1) The area of the surface generated by the revolution of 
the ellipse ^ _l *^ — 1 

sin~^( 
about the axis of X is 27rab( Vl — e^ -\ i , 



about the axis of Y is 27ra^ (l + ^—^ log ^ "^ ^ 



where e^ = 



2e '^^l-ej' 



a' 



(2) Find tlie area of the surface generated by the revolution 
of the catenary about the axis of X ; about the axis of Y. 

(3) The whole surface generated by the revolution of the 
tractrix about its asymptote is 47ra^. 

(4) The area generated by the revolution of a cycloid about 
its vertical axis is 87ra^(7r — |). 

(5) The area generated by the revolution of a cycloid about 
the tf^ngent at its vertex is ^-n-a^, 

(6) I'he area generated by the revolution of the curve 
x^ -\-y^ = a* about its axis is ^ira^, 

141. If we know the area generated by the revolution of a 
curve about an}' axis, we can get the area generated by the 
revolution about vmy parallel axis by an easy transformation of 
coordinates. 

Given the surface generated by the arc from Sq to Si about 

OX, to find the area generated b}' 
the same arc when it revolves 
-X' about O'X'. 

Let S be the surface about OX, 
and /S" about O'X. 
o We have 



o' 



Vo 



5' = 2 TT Cyds, fi"= 2 IT Qd8\ 
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By Anal. Geom., x = x\ 

Hence dx = dx\ dy = dy\ ds = cZs', 

and aS = 2 TT ((^^o + y')ds=2 7r?/o(Si — So) + 2ir (V^ds, 

Therefore S' = S-2 7ryo{si - Sq) • [1] 

Si — 5o is the length of the revolving curve ; 2 tt^q is the cir- 
cumference of a circle of which y^ is the radius. Hence the new 
area is equal to the old area minus the area of a cylinder whose 
length is the length of the given arc and whose base is a circle 
of which the distance between the two lines is radius. 

In using this principle careful attention must be paid to the 
sign of ?/o? and it must be noted that the original formula 

aS = 2 TT j yds will always give a negative value for the area of 

the surface generated, if the revolving arc starts from below the 
axis ; and hence, that the surface generated 
by the revolution of any curve about an 
axis of S3Tnmetry will come out zero. 

As an example of the use of the princi- 
ple, let us find the surface of a ring. 

Let a be the distance of the centre of q 

the circle from the axis, and h the radius of 

the circle. Since the area generated by the 

revolution of the circle about a diameter is zero, the required 

area is 

2'7rb,27ra = 4'n^ab. 

Example. 

Find the area of the ring generated by the revolution of a 
cycloid about any axis parallel to its base. 

Ans, S = 4abir(7r-\ ^ j. 
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142. If we use polar coordinates, 



S = 27ri yds 



becomes aS = 2 tt j ?• sin <t>,ds, 

where (Is = y/di^ + r^d<f>^. 

For example ; let us find the area of the surface generated b}' 
the revolution of the upper half of a cardioide about the hori- 
zontal axis. 

r= 2a(l — cos</)) ; 

dr = 2asin<^.(Z<^, 
ds2 = 8a2(l-cosc^)c7<^2^ 
/S = 2 TT r4 V2 rt^( 1 - cos <^) ^ sin <^.c?c^. 

P^XAMPLES. 

(1) Find the surface of a sphere from the polar equation. 

(2) Find the surface of a paraboloid of revolution from the 
polar equation of the parabola 

m 



?• = 



1 — cos <^ 

Cylindrical Surfaces, 

143. If a cylindrical surface is generated by a line which is 
always parallel to the axis of Z, tlie area of the portion bounded 
b}' two positions of the generating Une, the plane of XY^ and 
any curve whose projection on the plane of XZ is given, is 
easily found. 

Let ABCD be the cylindrical area required. 
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lie tlic equation of AB, the line of intersection of the surface 
witli the plane XY; and let 

2 = Fx (2) 

be tlie ei|iiJition of CiD„ tlie projection of CD on tlie plane 
of XZ. 

If x,i/,z are the coordinates of 
any point P of CD, the required 
area is evidently the limit of 
the sum of rectangles, of whieli 
PI"r"P" is any one. The area 
of ppp"p" differs by an in- 
2 Snitesimal of higher order than 
ds from zds, and therefore the 
required area S= i zds. 

x,z are the coordinates of P„aDd 
satisfy (2), and ds= -^da? -\-dy' 
where «,y are the coordinates of 
7" and satisfy (1). 




; -\ldx- + dy^. 



P] 



For example, let AB be the quadrant of a circle, and let the 
projection of tlic required area on tlie plane of XZ be the quad- 
rant of an equal circle, so that the surface required is one-eighth 
of tlie surface of a groin. 



Ilei 



(4) 
(5) 



ds = Vf'or^ + il'i' = -ilx = - 
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r 



Therefore S = C-sId' - ar^ . ^^^ = a Cdx = a?. 

Again, let us find the area of the curved surface of the 
portion of a cylinder of revolution included within a spherical 
surface, whose centre lies on the surface of the cylinder, and 
whose radius is equal to the diameter of the cylinder. 

If the centre of the sphere is taken as the origin, and a 
diametral plane of the cylinder as the plane of XZ, the surfaod- 
required is four times that indicated in the figure. 

The equation of the cylinder is 

ic2 __ ax -t- 2/^ = 0, (6) 

and of the sphere 

ic2 4-2^2 -(.22_^2^0. (7) 

Subtract (6) from (7), and we get 

22^aa:~a2=0 (8) 

as the equation of a cylindrical surface 

perpendicular to the plane XZ, and 

passing through all the points of intersection of (%) and (7). 

(8) is, then, the equation of the projection on the plane of XZ 

of tlie line of intersection of the given spherical surface and 

the given cylindrical surface. 

From (6), ds = ^dx" -|- df=z—dx = — ^^__. 

2y 2Vax^a^ 




From (8), z = ^a^- 
Hence >S'= j Va* — 
aVa 



ax. 



ax 



2 Vox 



adx _^ (iyo, r^ Va — a? . < 
W — iB* 2 */o ^x-sla — 



d^ 

X 



_ ava T" ^ _ ^j . 
2 Jo \f^. 



Vx 
and the whole area required, 



4^ = 4a*. 
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Examples. 

(1) Find the area cut from the cylindrical surface whose 
base in the plane XF is a quadrant of the curve oc^ '\-y^ = a^ by 
the plane x = z, Ans. fa*. 

(2) Find the area of that portion of a cylindrical surface 
whose base in the plane of XF is a quadrant of the ellipse 

— -f- •-^, = 1 , and whose projection on the plane of XZ is bounded 

by the curve a^z^ = Wx^{a^ — x^) . Ans. S =■ — - — -2. 

3(a + &) 

(3) Let the base of the cylindrical surface be a tractrlx, 
whose vertex lies at a distance a to the left of the origin, and 
whose asymptote is the axis of F, while its projection on the 
plane of XZ is bounded by the parabola 2?^ = —2 mo;. 

Ans, S = 2a\/2ma. 

(4) Let the base of the cylindrical surface be the upper half 
of a cycloid, having its vertex at the origin and its base parallel 
to the axis of F, and at a distance 2 a from the origin, while 
its projection on the plane of XZ is bounded by the parabola 
z =2 ma;. ^U5, S=^a^am. 

Any Surface, 

144. Let Xy py z be the coordinates of any point P of the sur- 
face, and X -f- Ax, y -f- Ay, z-{- Az the coordinates of a second 
point Q infinitely near the first. Draw planes through P and Q 
parallel to the planes of XFand YZ, These planes will inter- 
cept a curved quadrilateral PQ on the surface ; its projection pq^ 
a rectangle, on the plane of XZ; and a parallelogram p'g' not 
shown in the figure, on the tangent plane at P, of which pq is 
the projection. PQ will differ from p'g' by an infinitesimal of 
higher order, and therefore our required surface will be the limit 
of the sum of the parallelograms of which p^q^ is any one. 
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If ^ is the angle the taogent plane at P makes with XZ, 
p'q'QO%p=pq or p'q'^pgaec^ =AxlzBCCp, and a-, our sur- 
face required, is equal to 
the double integral 

^= CCaec^dxdz 
taken between limits so 
chosen as to embrace tbe 
whole surface. 

The limit of tbe sum 
of the paiallelograiuB, of 
which 3)'q' is a type, will 
be the reqnii'ed surface 
if the limit of the sum of 
the rectangles, of which 
pq is R type, is the pro- 
jection of tbe surface in 

question on the plane of XZ; so thnt the values of x and a 
between which we integrate in 0-= | | sec^dxdz are precisely 
those we should use if we were finding the area of the projection 
of IT by the double integration C j dxdz. (v. Art. 136.) 

The equation of the tangent plane at P is 
(x~x,)D^J+(y-y^)DyJ+{z-z,)D^f=0, byI.Art.217, 
{^1^01 ^o) standing for the coordinates of the point of contact, 
and f{x, y,z)=:0 being the equation of the surface. 

The direction cosines of the peipendicular from the origin upon 
the plane are ^ f 

COSo = — '-^ ■, 

cos^ = ^y/ _ . 

coay = -^'K-'' 

by Anal. Geom. of Three Dimensions. 
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Hence, dropping the accents, 



, = r CilDjy+lMl+lMy^. [1] 

By considering the projections upon the other coordinate planes 
we shall find 

, ^ C C:mfY±mi±W?aydz ; [2] 

, ^ JJ V(A/)- +WY^ WYpMy. [3] 

In each of the formulas the derivatives are partial derivatives. 
Let us find the area of the portion of the surface of the sphere 

7? -{- 'i^ -\- z^ = a^ 

intercepted by the three coordinate planes. 

* 

Z>./= 22, 
V(Z)./)' + {DJY+ {Djy = 2a. 

o-=rT«cZ2/(fo; (1) 

Jo Jox 



X 



or (r= C" C-dzdx; (2) 

/•a /»^«'-y* 
<r=j[jrfctod^. (3) 

For, in the second one, which agrees best with the figure, we 
must take our limits so that the limit of the sum of the projec- 
tions may be the quadi-ant in which the sphere is cut by the 
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plane XZ ; and fhe equation of this section is obtained by letting 
y = in the equation of the sphere, and is 

05^ -h 2J^ = 0?'i 

whence z = Va^ — Q(?. 

If we take as our limits in the integral \ -dz zero and Va^— x^ 

J y 

we shall get the area whose projection is a strip running from 
the axis of Xto the curve ; then, taking j ( j - da; j cto from to 

a, we shall get the area whose projection is the sum of all these 
strips, and that is our required surface. 

y = Va^ — 05^ — 2;^, 

f" C dzclx 

*A) Jo Jn? _ fr2 _ 5:2 



/ 



Va^ — 0^—7? 



Va^ — 0^ — 7? 
= sm" 



dz . _i 2 



'sIq^ — ^ 



if we regard x as constant ; 



•>La^-x'^ 



i 



dz 



TT 



Jo 2 2 

the required area. Formulas (1) and (3) give the same result. 

145. Suppose two cylinders of revolution drawn tangent to 
each other, and perpendicular to the plane of a great circle of a 

sphere, each having the radius of the 
great circle as a diameter ; required the 
surface of the sphere not included by 
the cylinders. 

The surface required is eight times 
the surface of which the shaded portion 
of the figure is the projection. 

If we take the plane of the great 
circle as the plane of XF, 
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% 

is the equation of the cylinder, and 



2_/,2 



of the sphere. 

We have o- = j j ■ 

From (2) 



or -\- y -\- z^ = a 

DJ=2x, 

D.f=2z; 

{Djy+ {D,fy+ iD.fr = AaK 

dydx 



(1) 



(2) 



dydx. 



Hence '^=//,-#^'^ = «//v«. j'J_ 



2^ 



Our limits of integi'ation for y are y/ax — x^ and Va* — .r^; for 
X are and a. 

^a 'jf^2^dydx__ 



0" = 



Va^ — 01? — 



= sln~^ 



.V 



2/^ 



Va^ — x^ 



>^ax-x* 



= — sin~^ \/ 

O If- 



a: 



2 



a-\-x 



To find I sin~^x ^ .da; we must integrate by parts. 

c/o \ a 4- a; 



Let 
and 



. _i I « 

cZv = da; ; 

v = a;, 

cZit = --V -.cto ; 

2(a + aj) \a; 



(a + i») 
r8in-\fZI.cto = a;sin-^JI^-:!^ (J^.d^. 
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Let tv = ^Jx ; 2 tvdio = dx 

and f^ = 2 r ^ = 2 rr 1 - « u. 

/\JxAx ( -1 «<^\ 
-^^— — = 2 w; — V« tan^ — = , 
ii-\-x \ ^ ^aj 

J I sin~\ — — dx 

2 4^4 2 ' 

V 2 2 ^ ; 

S(T = 8a^ is the whole surface in question. 

» 
146. Let us find the area of the curved surface of a right 

cone whose base is the curve xl 4- 2/* = ^^t ^^^^ whose altitude 

is c. 

If we take the vertex of the cone as the origin of coordinates, 

and its axis as the axis of Z, the equation of its curved surface 

is 

and the projection of the surface on the plane of XFis bounded 

by the cui-ve 

a;i 4- 2/i = ai. (2) 

From (1) we get 



DJ y a" x^yi ' 

where x^y are the coordinates of auy point within the projec- 
tion of the base of the cone. 

Since the four faces of the cone are equal, the required 
surface 

^^4 p fx-ly-Ha^x^yi + c^(xi -{-y^y.dydx. (3) 
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Let us substitute i^==x and t^ = 2/, whence dx=^^v^dv 
and dy = Sur^dw^ and we have 

tt JqJo 

01*, since in a definite integral it makes no difference what letters 
we use for the variables, 

a = ^j^jl^y Va^a,V + c^(^ 4- ff . c/2^c?a:. (4) 

The a; and ^^ in (4) , however, must not be confounded with the 
X and y in (3). 

, The integral in (4) is precisely that which we should have to 
find if we sought the area of a surface of such a nature that its 
projection on the plane of XF was a quadrant of the circle 
oi? -\-y'^ = at, and the secant of the angle made by the tangent 
plane at any point (x^y,z) of the surface with the plane of XY 

was xy Va- x^ y^ -\- c^ (xr -\- y^f. 

In the latter problem there is nothing to prevent our re- 
placing 0.' and y in xy 'slo^xry'^ + c^ (a^ + 2/^)* b}' their values in 

terms of r and <^, the polar coordinates of any point of the 
projection xr -{-y^ = a^, and dividing this projection into polar 
elements instead of rectangular elements, and then integrating 
between the limits which we should use if we were finding the 

area of the projection by the formula -4 = j j rd<t)dr. 
We have, then. 



36 f* r^ I 

o- = — - j I 7'- sin <^ cos <^ V a^?'* sin^ <^ cos^ <f) + c^r** . rdrdxb, 

(^ Jo Jo 



or 

IT 



3(5 /»2 /^a' , 

o- = — - I I 7-^ sin <^ cos<^ Va^ sin^<^ cos^<f) + c^ . drd<bj 

^Jo Jo 
o- = 6a j sin <^ cos <^ Va^ sin^ <^ cos^ <^ 4- c^ . d<f}. 
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Substitute w = 8in^<^, and 

o-=3aj yl a^ u {I — u) -\- (? , du^ 

0- = ir2ao -h (a^ + 4c2) tan-\— "|. 

Examples. 

(1) Find the area included by the cylinders described in 
Art. 145 by direct integration. 

(2) A square hole is cut through a sphere, the axis of the 
hole coinciding with a diameter of the sphere ; find the area of 
the surface removed. 

(3) A cylinder is constructed on a single loop of the curve 
r = acosw<^, having its generating lines perpendicular to the 
plane of this curve ; determine the area of the portion of the 
surface of the sphere 7? -{- y^ -\- z^ =^ a? which the cylinder inter- 

«^P^^- Arts, i 



^'(i-0 



(4) Find the area of the portion of the surface of the cone 
described in Art. 146 included b}' the cylinder o^ -\-y^z=. h^, 

(5) Find the area of the portion of the surface of the sphere 
x^ -\-y^ -\-z^ = 2ay cut out by one nappe of the cone 

V(l-h^)(14--B) 

(6) Find the area of the portion of the surface of the sphere 
x^ -{- if + z^ — 2 ay lying within the paraboloid y ^Aa? -{-Bz^, 

Arts. -i^. 

Vab 

(7) The centre of a regular hexagon moves along a diameter 
of a given circle (radius = a) , the plane of the hexagon being 
perpendicular to this diameter, and its magnitude varying in 
such a manner that one of its diagonals always coincides with 
a chord of the circle ; find the surface generated. 

Ans. a2(27r + 3V3). 
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CHAPTER XII. 

VOLUMES. 

Single Integration, 

147. If sections of a solid are made by parallel planes, and a 
set of cylinders drawn, each having for its base one of the sec- 
tions, and for its altitude the distance between two adjacent 
cutting planes, the limit of the sum of the volumes of these 
cylinders, as the distance between the sections is indefinitely 
decreased, is the volume of the solid. 

AVc shall take as established by Geometr}' the fact that the 
volume of a cylinder or prism is the product of the area of its 
base l)v its altitude. 

It follows from w^hat has just been said, that if, in a given 

solid, all of a set of parallel sections ai*e equal, the volume of 

the solid is its base by its altitude, no matter how irregular its 

form. 

Let us find the volume of a pjTamid having b 

A for the area of its base, and a for its altitude. 

/ \ Divide the pjramid by planes parallel to the 

/ / A base, and let z be the area of a section at the dis- 

A"/ "i\ tance x from the vertex. 



2 — ^ 

l~ a? 



•7 

AVe know from Geometry that t = o 

TT ^ ■> 

Hence 2; = -^ or. 

a- 



Let the distance between two adjacent sections be dx ; then 
the volume of the cylinder on z is 

d- 
and F, the required volume of the p^'ramid, is 



V= — I x-(lx = — . 
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Precisel}' the same reasoning applies to an}' cone, which will 
therefore have for its volume one-third the product of its base 
by its altitude. 

Example. 

Find the volume of the frustum of a pyramid or of a cone. 



148. If a line move keeping always parallel to a given plane, 
and touching a plane curve and a straight line parallel to the 
plane of the curve, the surface generated is called a conoid. 
Lot us find the volume of a conoid when the director line and 
curve are perpendicular to the given plane. 

Divide the conoid into laminae by 
planes parallel to the fixed plane. 

Let Ay be the distance between 
two adjacent sections, and let x be 

\the length of the line in which any 
section cuts the base of the conoid ; 
\ let a be the altitude and b the area 
of the base of the figure. Any one of our elementary cylinders 
will have for its volume ^aojAy, since the area of its triangular 



l)ase is ^ax, and we have F=i« I xdy^ the limits of integra- 
tion being so taken as to embrace the whole solid. | xdy be- 
tween the limits in question is the area of the base of the co- 
noid ; hence its volume. 

Examples. 

( 1 ) Find the volume of a conoid when the director line and 
curve are not perpendicular to the given plane. 

(2) A woodman fells a tree 2 feet in diameter, cutting half- 
way through from each side. The lower face of each cut is 
horizontal, and the upper face makes an angle of 45® with the 
horizontal. How much wood does he cut out? 
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149. To find the volume of an ellipsoid. 

Take the cutting planes parallel to the plane of XT'. A sec- 
tion at the distance z from the origin will have 

for its equation, and — V?— ^ and - Vc^ — ^ for its semi-axes ; 

c 1 ■ c 

hence its area will be ^^-r- (c^ — z^) . 

cr 

Any of the elementary cylinders will have for its volume 

^^(c^ — 2;^)A2;, and we shall have for the whole solid 
cr 

-ah 






If a, 6, and c are equal, the ellipsoid is a sphere, and 

Examples. 

(1) Find the volume included between an hyperboloid of one 
sheet 

9 •) O 

~ -I- 2^ — - = 1 

(r h' c 
and its asymptotic cone 

Ans. It is equal to a cylinder of the same altitude as the 
solid in question, and having for a base the section made by the 
plane of XY, 

(2) Find the whole volume of the solid bounded b}' the surface 

-+C + rl = l- Ans. ^J^. 



Chap. XII. ] VOLUMES. 171 

(3) Find the volume cut from the surface 

e 

by a plane parallel to the plane of ( YZ) at a distance a from it. 

Ans. 7ra?^J{bc), 

(4) The centre of a regular hexagon moves along a diameter 
of a given circle (radius = a), the plane of the hexagon being 
perpendicular to this diameter, and its magnitude varying in 
such a manner that one of its diagonals always coincides with 
a chord of the circle ; find the volume generated. 

Ans, 2^3.a^ 

(5) A circle (radius = a) moves with its centre on the cir- 
cumference of an equal circle, and keeps parallel to a given 
plane which is perpendicular to the plane of the given circle ; 

find the volume of the solid it will generate. o „3 

Ans. f^(37r + 8). 



Solids of Revolution, Single Integration. 

150. If a solid is generated by the revolution of a plane curve . 
y = fx about the axis of a:, sections made b}' planes perpendicu- 
lar to the axis are circles. The area of any such circle is iry^^ 
the volume of the elementary cylinder is iry^Ax^ and 






X 



y-dx 



is the volume of the solid generated. 

For example ; let us find the volume of the solid generated by 
the revolution of one branch of the tractrix about the axis of X. 
Here we must integrate from a: = to a; = c» . 



='X 



,2 



y^dx. 

We have dx = - - — -^-^ dy (Art. 102 [2].) 

in the case of the tractrix ; 
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hence F= — tt I //(a- — f)^dy. 

When a? = 0, y = a^ and when a; = x, ?/ = 0. 
Therefore F= - tt f^ (a^ - f) i c7?/ = ^. 

Examples. 

(1) If the plane curve revolves about the axis of F, 

(2) The volume of a sphere is % ira^, 

(li) Tlie volume of the solid formed \yy the revolution of a 
cycloid about its base is b-n^a?, 

(4) The curve t/^^a — x) = x^ revolves about its asymptote ; 
show that the volume generated is 2Tt^a^, 

(J)) Tlie curve a:iH-//i = (i* revolves about the axis of X; 
show that the volume generated is /i^Tra^. 

KSoIids (if Revolution, Double Integration. 

If) I. If wo sup[H)se tlie area of the revolving curve broken up 
into inrniitosimal rectangles as in Art. 137, the element /^Ay 
at any point /\ whose cooixlinates are x and y^ will generate 
a ring the volume of which will ditfor from 27ry^x^y hy an 
amount which will bo an infinitesimal of higher order than the 
second if we rogaixl Aa* and A;/ as of the fii*st order. For 
tho ring in question is obviously greater tlian a prism haAing 
the same ci^oss-section Aa'A?/, and having an altitude equal to the 
inner circumference 2 iry of the ring, and is less than a prism 
havhig A.rA// for its base and 2Tr{y -\-Sy)s the outer eircumfer- 
eniH:» of the ring, for its altitude ; but these two prisms differ by 
2;rA.r(A//y-, which is of the thiixl oixler. 
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Ax I 2'irydy^ where the upper limit of integration is the ordi- 
nate of the point of the curve immediately above P, and must be 
expressed in terms of x b}' the aid of the equation of the revolv- 
ing curve, will give us the elementary cylinder used in Art. 150. 

The whole volume required will be the limit of the sum of 
these C3'linders ; that is, 

V^27r r Cydydx. [1] 

If the figure revolved is bounded hy two cuitcs, the required 
volume can be found by the formula just obtained, if the limits 
of integration are suitably chosen. 

Let us consider the following example : 

A paraboloid of revolution has its axis coincident with the 
diameter of a sphere, and its vertex in the surface of the sphere ; 
required the volume between the two surfaces. 

Let 2/^=2 mx ( 1 ) 

be the parabola, and a,*^ -|- ?/^ — 2 aa; = (2) 

be the circle, which form the paraboloid and the sphere by their 
revolution. The abscissas of their points of intersection are 
and 2(a — m). 

We have F= 27r j i ydydx^ 

and, in performing our first integration, our limits must be the 
values of y obtained from equations (1) and (2). 

We get F= TT j [2(a — m)x — x^']dx^ 

and here our limits of integration are and 2(a — m). 

Hence F= J7r(a — m)^ = -— , 

6 

if h is the altitude of the solid in question. 

Examples. 

(1) A cone of revolution and a paraboloid of revolution liave 
the same vertex and the same base ; required the volume be- 
tween them. ^^ Trrf^ ^^^^^ j^ jg ^^ altitude of the cone. 
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(2) Find the volume included between a right cone, whose 
vertical angle is 30°, and a sphere of given radius touching it 
along a circle. j wr^ 

6 ' 

Solids of Revolution, Polar Formula. 

152. If we use polar coordinates, and suppose the revolving 
area broken up, as in Art. 138, into elements of which rd<fidr 
is the one at any point P whose coordinates are r and <^, the 
element rd(j>dr will generate a ring whose volume will differ 
from 2 ttt^ sin <l>d4>dr b}' an infinitesimal of higher order than the 
second, if we regard d<f} and dr as of the first order ; for it will 
be less than a prism having for its base rd<j>dr^ and for its alti- 
tude 27r(r + dr) sin(<^ + d<^), and greater than a prism having 
the same base and the altitude 2 ttt sin <^ ; and these prisms 
differ by an amount which is infinitesimal of higher order than 
the second. 

We shall have then 

F= 2 7r r rVsinc^drdc^, [1] 

the limits being so taken as to bring in the whole pf the gener- 
ating area. 

For example ; let us find the volume generated by the revolu- 
tion of a cardioide about its axis. 

?' = 2 a ( 1 — cos <^) 
is the equation of the cardioide ; 

V=27r CCr^^\n<t>drd<i>. 

Our first integral must be takt'u between the limits r = and 
r = 2 a ( 1 — cos <^) , and is 

-;— (1 — cos<^)^sin<^cZ<^. 
3 

F= — a^TT I (1 — cos<^)^sin<^d<^, 
3 • 

= — ira'^. 
3 



A riglit cone has its vertex on the eiirface ot a spjiere, and Us 
axis coincident with the diameter of the sphere passing through 
that point ; And the volume common to the cone and the sphere. 



Volume of any Solid. Triple Integration. 

153. It we suppose our solid divided into parallelopipeda by 
planes parallel to the three coordinate planes, the elementary 




r-fff''-'!ii'. 



parallelepiped at any point {x,y,z) within the solid will have for 
its volume Ax^y^z, or, if we regard x, y, and z as independent^ 
dxdydz ;, and the whole volume 

[1] 

the limits being so chosen as to embrace the whole solid. 

The integrations are independent, and may be performed in 
any order if the limits are suitably chosen. 

Aa it is im))ortant to have a perfectly clear conception of the 
geometrical interpretation of each step in the process of finding 
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a volume by a triple integration, we will consider one case in 

detail. 

Let the integrations be performed in the order indicated by 

the formula C C C 

,F= j I I dzdydx. 

If the limits are correctly chosen, our first integration gives 
us the volume of a prism one of whose lateral edges passes 
through any chosen point 7^, (x^y^z) within the solid, is parallel 
to the axis of Z, and reaches directly across the solid from 
surface to surface, while the base of the prism is the rectangle 
dydx ; our second integration gives the volume of a light cylin- 
der whose base is a plane section of the solid, passes through 
the point P, and is parallel to the plane YZ, and whose altitude 
is dx ; and our third integration gives the volume of the whole 
solid. 

The limits in our first integration are, then, the values of z 
belonging to the point in the lower bounding surface and the 
point in the upper bounding surface which have the coordinates 
X and y ; the limits in the second integration are the values of y 
belonging to the two points in the perimeter of the projection 
of the solid in the plane of XF which have the coordinate x ; 
and the limits in the third integration are the least value and 
the greatest value of x belonging to points on the perimeter of 
the projection of the solid on the plane of XY, 

It is easily seen from what has just been said that the limits 

in the second and third integrations are precisely those we 

should use if we were finding the area of the projection of the 

solid by the formula ^ ^ 

A=i \ \ dydx. 

Of course, it is necessary to have a clear idea of the form of 
the solid whose volume is required. 

For example , let us find the volume of the portion of the 
ellipsoid o 2 ^ 

cut off by the coordinate planes. 
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F = I j j dzdydx, 



and our limits are, for 2, and c-v|l — ■^ — t?; for 2/? and 
, \ or 0^ 

b\ll ; and for «, and a. For, starting at any point 

(x^y^z) and integrating on the hypothesis that z alone varies, we 
get a column of our elementar}" parallelopipeds having dxdy as a 
base and passing through the point (x^y^z) . To make this col- 
umn reach from the plane XF to the surface, z must increase 
from the value zero to the value belonging to the point on the 
surface of the ellipsoid which has the coordinates x and y ; that 

is, to the value c-yl 2~~?2* Then, integrating on the hy- 
pothesis that y alone varies, we shall sum these columns and 
shall get a slice of the solid passing through (x^y.z) and having 
the thickness dx. To make xhis slice reach completely' across 
the solid, we must let y increase from the value zero to the 
greatest value it can have in the slice in question ; that is, to the 
value which is the ordinate of that point of the section of the 
ellipsoid b}' the plane XF which has the abscissa «. The section 
in question has the equation 



a' ' b^ 






therefore the required value of y 



is 6-v 1 ::• 



Last, in integrating on the h3'pothesis that x alone varies, we 
must choose our limits so as to include all the slices just de- 
scribed, and must increase x from zero to a. 



/• 



*='-'\'-?-9 



^ or Ir 
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'f>l'-i-p'y 



-J^Fd^W^-'y 



6-^/1 



4 V^ «' 
between the limits and b 



>R- 



the vohime required. 

Examples. 

(1) Find the vohime obtained in the present article, perform- 
ing the integi'ations in the order indicated by the formula, 

F= 1 1 j dxdydz. 

(2) Find the volume cut off from the surface 

t^t^2x 
c^ b 

by a plane parallel to that of TZ^ at a distance a from it. 

Ans. 7ra^V(6c). 

(3) Find the volume enclosed b}' the surfaces, 

x^ + y^ = cz, x--\-y' = ax, z = 0. ^^^ 37ra^ 

32c' 

(4) Obtain the volume bounded b}- the surface 



z = a — V^M-p 
and the planes x = z and x = 0. Ans. , 
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(5) Find the volume of the conoid bounded by the surface 

ni nJt TTO^ ft 

z^ -\ ^ = (? and the planes a; = and x = a, Ans. • 



154. If we use polar coordinates we can take as our element 

of volume 

r^8in<^cZrd<^cZ^, 

an expression easily obtained from the element 2 ttt* sin <^rd<^ 
used in Art. 152. 

Then F= f f f'^ sin ^.drdft^dO, 

where the order of the integrations is usually immaterial if the 
limits are properly chosen. 

Examples. 

(1) Find the volume of a sphere by polar coordinates. 

(2) Find the whole volume of the solid bounded by 

(a^ -f- 2/^ 4- 22)3 -- 27 f^z^^^ 

Suggestion: Transform to polar coordinates. Ans. -a*. 
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CHAPTER XIII. 



CENTKES OF GRAVITY. 



155. The moment of a force about an axis perpendicular to its 
line of direction is the product of the magnitude of the force by 
the perpendicular distance of its line of direction from the axis, 
and measures the tendency of the force to produce rotation 
about the axis. 

The force exerted by gravity on any material body is propor- 
tional to the mass of the body, and may be measured by the 
mass of the bod3\ 

The Centre of Gravity of a bod}' is a point so situated that the 
force of gravit}' produces no tendency in the bod}^ to rotate about 
an}' axis passing through this point. 

The subject of centres of gravity belongs to Mechanics, and 
we shall accept the definitions and principles just stated as data 
for mathematical work, without investigating the mechanical 
grounds on which the}' rest. 

156. 8uppos(f the points of a body referred to a set of three 
rectangular axes fixed in the body, and let x^y^z be the coordi- 
nates of the centre of gravity. Place 

the body with the axes of X and Z 
horizontal, and consider the tendency 
of the particles of the body to produce 
rotation about an axis through {x^y^z) 
parallel to OZ, under the influence of 
gi'avity. Represent the mass of an 

elementary parallelopiped at any point o x x x 

{x^y^z) by dm. The force exerted by 
gravity on dm is measured by dm^ and 

its line of direction is vertical. If the mass of dm were concen- 
trated at jP, the moment of the force exerted on dm about the 




/ 
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axis through C would be {x — x)dm^ and this moment would 
represent the tendency of dm to rotate about the axis in ques- 
tion ; the tendency of the whole body to rotate about this axis 
would be 2 (a; — x)dm. If now we decrease dm indefinitely, the 
error committed in assuming that the mass of dm is concentrated 
at P decreases indefinitely, and we shall have as the true expres- 
sion for the tendency of the whole bod}^ to rotate about the axis 

through C, I {x — 'x)dm ; but this must be zero. 

Hence I (x — x)dm = 0, 

I xdm — xi dm = 0, 
xdm 






[1] 



If we place the body so that the axes of Y and X are hori- 
zontal, the same reasoning will give us 

I ydm 

y=^ — ; [2] 

I dm 

and in like manner we can get 

Izdm 

^ = 7^ [3] 

I dm 

Since I dm is the mass of the whole body, if we represent it 

by M we shall have ^ 

I xdm 



x = 



M 



I ydm 

I zdm 

z=^ . 

M 
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Example. 

Show that the effect of gravity in making a body tend to rotate 
about any given axis is precisely the same as if the mass of the 
body were concentrated at its centre of gravity. 

157. The mass of any homogeneous body is the product of 
its volume by its densit}'. If the boch' is not homogeneous, the 
density at any point will be a function of the position of that 
point. Let us represent it by k. Then we may regard dm as 
equal to kcIv if civ is the element of volume, and we shall have 

I XKdv 



/■ 



dv 



and corresponding formulas for y and z. 

If the body considered is homogeneous, #c is constant, and we 
shall have 

j xdv I xdv 



f' 

jydv j^ydv 



S--7V--— ■ CS] 



zdv 



dv 



In an}' particular problem we have onl}' to express dv in 
terms of the coordinates. 

Plane Area, 

158. If we use rectangular coordinates, and are dealing with 
a plane area, where the weight is uniformly distributed, we have 

dv = dA = dxdy. (Art. 136) . 
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Hence, by 157, [2] and [3], 



I I xdxdy 

~~ — •» — "7* 

j jydxdy 
I I dxdy 



[1] 



If we use polar coordinates. 



dv = dA = rd<j>dr^ 



and 



x= r ^ 



7^ cos <^ dffidr 



2/ = 



j j r^ sin <^ d<^cZ?' 



[2] 



For example ; let us find the centre of gravity of the area be- 
tween the cissoid and its as^-mptote. From the equation of the 
cissoid 



y 



2 



X 



Ji 



a —X 



we see that the cun^e is S3'mmetrical with respect to the axis 
of X, passes through the origin, and has the line x = a as an 
asymptote. From the symmetrj' of the area in question, ^ = 0, 
and we need only find x. 



I I xdydx I Qcydx 
I I dydx i ydx 
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i = Aili^fl^ y-->* ; byArt.64[4]. 

I — ^ dx I -dx 

Jo{a — x)h Jo{a — x)i 

x = ^a. 

As an example of the use of the polar formulas [2], let us find 
the centre of gravity of the cardioide 

r= 2a(l— cos<^). 

Here, from the fact that the axis of X is an axis of symmetry, 
we know that ^ = 0. 



( I r^ cos <f)drd(f> 

X — 

I C7'drd<j> 



►2 TT Q ^ s ^2 rr 



r Sa r 

i 1 1^ con ^d^ —— I ( 1 - - cos <^)^ cos <^<^ 



2n- ^2 7r 



>2 7r 



iA-^ d</» 2 a^ fc 1 - cos ^Y d^ 

(cos<^ — 3 cos^</» 4- 3 cos^</>— cos*<^)cZ<^ = — ^ir ; 

X27r 
(1 — 2 cos <^ 4- cos^c^ )d<^ = 3 TT. 

Hence ^ = — S a. 



Examples. 

J. Show that fonnulas [1] hold even when we use oblique 
coordinates. 

2. Find the centre of gravity of a segment of a parabola cut 
off by any chord. 

Arts, «=fa, y = 0. If the axes are the tangent parallel 
to the chord and the diameter bisectius: the chord. f 



"O 



/ 
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3. Find the centre of gravity of the area bounded by the semi- 
cubical parabola ay^ = o^ and a double ordinate. Ans, x-=^x, 

4. Find the centre of gravit}' of a semi-ellipse, the bisecting 
line being any diameter. 

Ans, If the bisecting diameter is taken as the axis of F, and 

the conjugate diameter as the axis of X, a = — , y = 0. 

5. Find the centre of gravity of the curve y^ = l? 



a—x 



X 

An8, ^ = Ja. 

6. Find the centre of gravity of the C3'cloid. 

Ans, x = a7r^ y=^a. 

7. Find the centre of gravity of the lemniscate r^ = a^cos 2 </». 



- 7rV2 



Ans. x = a. 

8 

8. Find the centre of gravity' of a circular sector. 

Ans. If we take the radius bisecting the sector as the axis 

of X, and represent the angle of the sector by 2a, x = f 



a 



9. Find the centre of gravity of the segment of an ellipse cut 
off by a quadrantal chord. Ans. ^ = f 1 y = f -• 

TT — 2 IT — 2 

10. Find the centre of gravity of a quadrant of the area of the 
curve a;i-f 2/l = ai. Ans. a = y = |||-. 

TT 

159. If we are dealing with a homogeneous solid formed by 
the revolution of a plane curve about the axis of X, we have 

dv = 2irydydx. (Art. 151 [1]) 



Hence, by Art. 157 [2], 

j^ jxydxdy 



J I ydxdy 
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If we use polar coordinates, 

dv = 27r7^&\n<t>drd<l>. (Art. 152 [1].^ 

j j 7-^ sin <^ cos (fydrd^f} 

Hence x = ^^ ^ [2] 

j 1 7'^ sin <f>drd(li 

For example ; let us find the centre of gravity of a hemisphere. 
The equation of the revolving curve is ar^ -f- y^ — «^« > 



ji >La^-x^ 



C Cxydydx 
I I ydydx 

Jo 



If we use polar coordinates the equation of the revolving curve 
is r = a. 






I I 1"^ sin <t> COS <t}d<t}dr 

TT ^ Jo Jo i" 3r, 

Here x = 5? = 7—, = § «• 



- rl i« 



I I 7*^ sin <^c?<^d?' 



Examples. 

1 . Find the centre of gravity- of the solid formed b}' the revolu- 
tion of the sector of a circle about one of its extreme radii. 

-4ns. X = |a cos^^/J, where (3 is the angle of thje sector. 

2. Find the centre of gravit}' of the segment of a paraboloid 
of revolution cut off b}' a plane perpendicular to the axis. 

Ans, jc = f a, where a; = a is the plane. 

3. Find the centre of gravity of the solid fonned bj' scooping 
out a cone from a given paraboloid of revolution, the bases of 
the two volumes being coincident as well as their vertices. 

Ans, The centre of gravit}' bisects the axis. 
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4. A cardioide is made to revolve about its axis ; find the 
centre of gravity of the solid generated. Ans. a = — |a. 

5. Obtain formulas for the centre of gravit}' of an}^ homo- 
geneous solid. 

6. Find the centre of gravit}' of the solid bounded by the 
surface ^ = xy and the five planes a;=0, y=0, 2;=0, x=a^ y==b. 

Ans. a;=|a, ^=|6, z = -^aW, 

160. If we are dealing with the arc of a plane curve, the 
formulas of Art. 157 reduce to 



I xds 

fas 



Examples. 

1 . Find the centre of gravit}' of an arc of a circle, taking the 
diameter bisecting the arc as the axis' of X and the centre as the 



■& 



^^^S^^* Ans. x = — , where c is the chord of the arc. 

s 

2. Find the centre of gravity of the ai-c of the curve xi-f yi=a* 
between two successive cusps. Ans. a = ^ = |a. 

3. Find the centre of gravit}' of the arc of a semi-cj'cloid* 

Ans. ^ = (7r — |)a, ^=: — Ja. 

4 . Find the centre of gra^sit}' of the arc of a catenary cut off 
by an}' horizontal chord. 

CIX I 81/ 

Ans. aj = 0, y = — ^^--^' where 2 s is the length of the arc. 

M s 

5. Obtain formulas for the centre of gra\dt3' of a surface of 
revolution, the weight being uniformly distributed over the 
surface. 
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6. Find the centre of gravity of any zone of a sphere. 

Ans, The centre of gravity bisects the line joining the centres 
of the bases of the zone. 

7. A cardioide revolves about its axis ; find the centre of 
gravity of the surface generated. Ans, « = — ^^^-a. 

8. Find the centre of gravity of the surface of a hemisphere 
when the density at each point of the surface varies as its per- 
pendicular distance from the base of the hemisphere. 

Ans. x = |-a. 

D. Find the centre of gravity of a quadrant of a circle, the 
density at any point of which varies as the ntJi power of its 
distance from the centre. j^^g ^ __. -n _. ^^ +^ 2a 

10. Find the centre of gravi'-y of a hemisphere, the density 
of which varies as the distance fiom the centre of the sphere. 

Ans. «= |a. 

Properties of Guldin. 

101. I. If a plane area revolve about an axis external to 
itself through aii}' assigned angle, the volume of the solid gene- 
rated will be equal to a prism whose base is the revolving area 
and whose altitude is the length of the path described b^'- the 
centre of gravity of the area. 

11. If the arc of a plane curve revolve about an external axis 
in its own plane through any assigned angle, the area of the 
surface generated will be equal to that of a rectangle, one side 
of which is the length of the revolving curve, and the other the 
length of the path described by its centre of gravit}'. 

First ; let the area in question revolve about the axis of X 
through an angle 0. The ordinate of the centre of gravity of 
the area ui question is 

I I ydxdy 

y = -^ » by Art. 158 [1] . 

I I dxdy 
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The length of the path described b}' the centre of gravity 

f fydxdy 

I I dxdy 
The volume generated is 

V= eCCydxdy, by Art. 151. 

Hence F=^0 l l daxly. 

But I j dxdy is the revolving area, and the first theorem is 

established. 

AVe leave the proof of the second theorem to the student. 

Examples. 

1 . Find the surface and volume of a sphere, regarding it as 
generated b>' the revolution of a semicircle. 

2. Find the surface and volume of the solid generated by the 
revolution of a cycloid about its base. 

3. Find the volume and the surface of the ring generated by 
the revolution of a circle about an external axis. 

Ans. F=27r^rt^&, S^A-n^ab, where b is the distance of 
the centre of the circle from the axis. 

4. Find the volume of the ring generated b}' the revolution of 
an ellipse about an external axis. 

Ans, V= 2 7r*a6c, where c is the distance of the centre of the 
ellipse from the axis. 
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CHAPTER XIV. 

LINE, SURFACE, AND SPACE INTEGRALS. 

102. Any viiriiible which depends for its value soleh' upon 
the position of a point, as, for example, any function of the 
rectangular or i)olar coordinates of the point, may be called 
a i)oint'f unction . 

A point-function is said to be continuous along a given line 
if its value clianges continuously as the point, on whose position 
the function depends for its value, moves along the line ; it is 
said to be continuous over a given surface if its value changes 
continuously as the i)oint is made to move at pleasure over the 
surface ; and it is said to be continuous throughout a given 
space if its value changes continuously as the point is made to 
move about at pleasure within the space. 

103. If a given line is divided in any way into infinitesimal 
elements, and the length of each element is multiplied by the 
value a given point-function, which is continuous along the Une, 
has at some point within the element, the limit approached by 
the sum of these products as each element is indefinitely de- 
creased, is called the line integral of the given function along 
the line in question. 

If a given surface is divided in any way into infinitesimal 
elements such that the distance between the two most widely 
separated points within each element is infinitesimal, and the 
area of each element is multiplied by tlie value a given point- 
function, which is continuous over the surface, has at some 
point within the element, the limit approached by the snm of 
these products as each element is indefinitely decreased, is 
called the surface integral of the given function over the surface 
in question. 



Chap. XIV.] LINE, SURFACE, SPACE INTEGRALS. 191 

If a given space is divided iu any way into infinitesimal 
elements such that the distance between the two most widely 
separated points within each element is infinitesimal, and the 
volume of each element is multiplied by the value a given point- 
function, which is continuous throughout the space, has at 
some point within the element, the limit approached by the 
sum of these products as each element is indefinitely decreased, 
is called the space integral of the given function throughout 
the space in question. 

It is easily seen that the line integral of unity along a given 
line is the length of the line ; that the surface integral of unity 
over a given surface is the area of the surface ; and that the 
space integral of unity throughout a given space is the volume 
of the space. - 

In the chapter on Centres of Gravity we have had numerous 
simple examples of line, surface, and space integrals. 

164. That the value of a line, surface, or space integral is 
independent of the position in each element of the point at 
which the value of the given function is taken can be proved 
as follows : The distance apart of any two points in the same 
infinitesimal element is infinitesimal (Art. 163), therefore the 
values of a continuous function taken at any two points in 
the same element will differ in general by an infinitesimal ; the 
products obtained b}' multiplying these two values by the mag- 
nitude of the element will, then, differ by an infinitesimal of 
higher order than that of the element; therefore, in forming 
the integral either of these products may be used in place of 
the other without changing the result. (I. Art. 161.) 

165. The line integral of a function along a given line is 
absolutely independent of the manner in which the line is 
broken up into infiuitesimal elements, and is equal to the length 
of the line multiplied by the mean value of the function along 
the line ; the mean value of the function being defined as fol- 
lows : Suppose a set of points uniformly distributed along the 
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line, that is, so distributed that the number of points in any 
portion of the line is proportional to the length of the portion ; 
take the value of the function at each of these points ; divide 
the sum of these values by the number of the points ; and the 
limit approached by this quotient as the number of the points 
is indefinitely increased is the mean value of the given function 
along the line ; and this mean value is in general finite and 
determinate. 

To prove our proposition, we have only to consider in detail 
the method of finding the mean value in question. Let the 
number of points in a unit of length of the line be A;. Then, 
no matter how the line is broken up into infinitesimal elements, 
tlie number of points in each element is k times the length of the 
element. Since any two values of the function corresponding to 
points in the same element differ by an infinitesimal, in finding 
our limit we may replace all values corresponding to points in 
the Slime element by any one ; hence the sura of the values cor- 
responding to points in the same element may be replaced by one 
value multiplied hy the number of points taken in that element, 
that is, this sum may be replaced by k times the product of one 
value b}' the length of the element ; and the sum of the values 
corresponding to all the points taken in the line may be replaced 
by k times the sum of the terms obtained b}' multiplying the 
length of each element by the value of the function at some 
point within the element. When we divide this sum b^' the whole 
number of points considered, that is, by k times the length of 
the line, the ^''s cancel out, and the required mean value reduces 
to the limit of the numerator divided by the length of the line, 
and the limit of the numerator is the line integral of the func- 
tion along the line. Therefore the line integral is the mean 
value of the function multiplied by the length of the line. 

Tlie same proof may be given for a surface integral or for a 
space integi-al. The former is the product of the area of the 
surface bv the mean value of the function over the surface : 
the latter is the volume of the space multiplied by the mean 
value of the function throughout the space ; and both are inde- 
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pendent of the way in which the surface or space may be divided 
into infinitesimal elements. 

166. If the line along which the integral is taken is a plane 
curve, it is easy to get a geometrical representation of the 
integral. For, if at every point of the line a perpendicular to 
the plane of the line is erected whose length is equal to the 
value of the function at' the point, the line integral required 
clearly represents the area of the cylindrical surface containing 
the perpendiculars if the values are all of the same sign, and 
represents the difference of the areas of the portions of the 
cylindrical surface which lie on opposite sides of the line if the 
values of the function are not all of the same sign. 

A similar construction shows that a surface integral over a 
plane surface may be represented by a volume or by the differ- 
ences of volumes. Consequently, in each case if the function 
is finite and continuous, the integral is finite and determinate. 

167. As examples of line, surface, and space integrals, we 
will calculate a few moments of ineHia. 

The moment of inertia of a body about a given axis may be 
defined as the space integral of the product of the density at 
any point of the body by the square of the distance of the point 
from the axis ; the integral being taken throughout the space 
occupied by the body. 

If the body considered is a material surface or a material 
line, the integral reduces to a surface integral or to a line 
integral. 

In the examples taken below the body is supposed to be 
homogeneous. 

(a) The moment of inertia of a circumference about a given 
diameter. 

Using polar coordinates and taking the diameter as our axis, 

1= \ a^ sin^ <^ . kad<l> = ka?v 
^iMa', [1] 
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if / is the moment of inertia, and a the radios, k the density, 
and M the mass of the circumference in question. 

(6) The moment of inertia of the perimeter of a square about 
an axis passing through the centre of the square and parallel 
to a side. 

7=2 Cy^kdy + 2 Ca^kdx 

==iMa', [2] 

if 2 a is the length of a side. 

(c) The moment of inertia of a circle about a diameter. 

1= r C^r^ sin* <!> . krd<l>dr = i*:xa* 

= iMaK [3] 

(d) The moment of inertia of a square about an axis through 
the centre of the square and parallel to a side. 

I i^kdxdy ^ \ka^ 

a %J—a 

^iMaK [4] 

(e) The moment of inertia of the surface of a sphere about 
a diameter. . 

I a* sin*^ . ka^ sin <l>d<f>d0 = ^kiro^ 



[5] 



(/) The moment of inertia of the surface of a cube about an 
axis parallel to an edge and passing through the centre. 

/=4p C\a^-[-s^)kdxdz + 2r C\y' + ^)kdydz 
= 3^jca*^^ka^ 



= i^Ma' 



[6] 
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(g) The moment of inertia of a sphere about a diameter. 

X2B" /^ir /»« 
I I 9^&in^<l>.kT^&in<l>drd<f>dd = ^kTra^ 

^\Ma\ [7] 

ill) The moment of inertia of a cube about an axis through 
the centre and parallel to an edge. 

/= P r C\f + z')Mxdydz = ^ka^ 

^\Ma\ [8] 

Examples. 

Find the moments of inertia of the following bodies : 

ff 

(1) Of a straight line about a perpendicular through an 
extremity ; about a perpendicular through its middle point. 

Ans. iMP; -^MIK 

(2) Of the circumference of a circle about an axis through 
its centre perpendicular to its plane. Ans. Ma^. 

(3) Of a circle about an axis through its centre perpendicular 
to its plane. Ans, ^Ma^, 

(4) Of a rectangle whose sides are 2 a, 25, about an axis 
through its centre perpendicular to its plane ; about an axis 
through its centre parallel to the side 2 b. 

Ans. iM{a^ + b^); \Ma\ 

(5) Of an ellipse about its major axis ; about its minor axis ; 
about an axis through the centre perpendicular to the plane of 

the ellipse. Ans. \Mh^\ \Ma^\ iM{a? + V). -/- 

(6) Of an ellipsoid about the axis a. Ans. \M{h^ -{-<?). 

(7) Of a rectangular parallelopiped about an axis through 
the centre parallel to the edge 2 a. Ans. ^M{b^ + (?), 

(8) Of a segment of a parabola about the piincipal axis. 

Ans. \MV^ where 25 is the breadth of the segment. 
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168. If \x^ ^x^'i ^^^ I^yU «''6 finite^ continuous^ and single- 
valued for all points in a given plane surface hounded by a 
closed carve T, the surface integral of Dj\\ taken over the surface 
19 equal to the line integral of u cos a taken around the whole 
hounding curve, where a is the angle made with the axis of X 
by the external normal at any point of the boundary. 

This may be formulated thus : 

I I D^udxdy = j w cosa . ds. [1] 

Let the axes be chosen so that the surface in question lies in 
the first quadrant, and divide the projection of T on the axis 
of Y into infinitesimal elements of which any one is dy. 



dy 



O 




On each of these elements as a base erect a rectangle ; and 
since T is a closed curve, each of these rectangles will cut it 
an even number of times. 

Let us call the values of u at the points where the lower side 
of any one of these rectangles cuts jT, u^, itg, Ws? ^4» etc., re- 
spectively ; the angles which this side makes with the exterior 
normals at these points, ai, 02, 03, 04, etc. ; and the elements 
which the rectangle cuts from T, dsi, cfog^ ds^^ ds^j etc. 

It is evident that whenever a line parallel to the axis of X 
cuts into the surface bounded by T, the corresponding value of 
a is obtuse and its cosine negative ; that whenever it cuts out, 



Chap. XIV.] LINE, SURFACE, SPACE INTEGRALS. 197 

a is acute and its cosine positive ; and that any value of a is 
the angle which the contour T itself makes at the point in ques- 
tion with the axis of Y if we suppose the contour traced by a 
point moving so as to keep the bounded surface always on the 
left hand. 

We have then approximately, 

dy=^ — dsi • cos ai= cZ52 • cos 02= — ds^ • cos a^^ds^ • cos 04= • • • . [2] 

If, now, in j I D^udxdy we perform the integration with 
respect to a;, and introduce the proper limits, we shall have 

i i D^ndxdy =j dy{— u^ + Ug — W3 + 1^4---) J [3] 

and the second member indicates that we are to form a quantity 
corresponding to that in parenthesis for every rectangle which 
cuts jT, to multiply it by the base of the rectangle, and then to 
take the limit of the sum of the results as all the bases are 
indefinitely decreased. 

By [2], 

dy{ — Wi -f- ^2 — ^ + ^4 •••) 
= Wicosaicisi + U2COSa2C?52 + WsCOSogcZ^g + u^coQa^ds^ + ••• ; [4:] 

and the limit of the sum of the values any one of which is 
represented by the second member of [4] is clearly yuQo^ada 
taken around the whole of T, 



Example. 
Prove that under the conditions stated in the last article 

I j DyUdxdy = j u cos/3 . ds, 

where p is the angle made^ with the axis of Y by the exterior 
normal. 
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169. As an illustration of the last proposition, let us find the 
centre of gravity of a semicircle. 

We have y = — I i ydxdy. (1 ) 

But we may write y = D^{xy), Hence, by Art. 168, 
y = -^ffy^^y = 'mJ^ cosacfo 

= — [ I acos<^asin<^cos<^ad<^+ | a;. 6. cos- •da; j 
k 23.^ 4a 



.^a?^0 = 



2 

which agrees with the result of Ex. 8, Art. 158. 

As a second example, we shall find the moment of inertia of 
a circle about a diameter. 
We have 



/= A; j I y^dxdy =k I xy^ cos <^ . ds 

X2ir 
a cos <^ a* sin- <^ cos <^ adf^ 

C^ h 1 

= ka^ I sin^ <^ cos^ <f>d<t> = - Tra* = - Ma^, 

Jo 4 4 

which agrees with the result of (c), Art. 167. 

Examples. ♦ 

(1) Find the centre of gravity of a semicircle, using the 
theorem I | D^udxdy = i u cos fi.ds, 

(2) Find the moment of inertia of a circle about an axis 
through its centre perpendicular to its plane, using the principles 

I I D^udxdy =\u cosa . ds and | I D^udxdy =iu cos/S . ds. 



Chap. XIV J LINE, SURFACE, SPACE INTEGRALS. 199 

170. Since, as we have seen in Art. 168, a is the angle which 
the curve T makes with the axis of F; if we trace the curve 
so as to keep the bounded space on our left, it follows that 

C08a.c2s = dy. 

Hence j I D^udxdy = j udy ; [1] 

and in like manner, 

j I DyUdxdy = — I wda; ; [2] 

the first integral in [1] and [2] being taken over the bounded 
surface, and the second around the bounding curve. 

For example, the moment of inertia of a square about an 
axis through the centre and parallel to a side is 

I = kC CyHxdy. ((d) Art. 167.) 

^^ f ^] ' . fffdxdy = fxfdy, 

and the last integral is to be taken around the perimeter. 
Hence 

/ = A: Cafdy + J ( - «2^^2/) = 2 ka\ y^dy = | A;a* 

Example. 
Work Ex. 8, Art. 167, by the aid of (2). 

171. 7/* U, D^U, DylJ, and D^U are finite^ continuous^ 
single-valued functions throughout the space bounded by a given 
closed surface T, the space integral of Dj^U taken throughout the 
space in question is equal to the surface integral, taken over the 
bounding si^rfacCy of U cosa, where a is the angle made with 
the axis of X by the exterior normal at any point of the surface. 

This may be formulated thus : 

fff^z Udxdydz =Cucosa . dS. [1] 
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The proof is almost identical with that given in Art. 168, 
except that for elementary rectangle we use elementary prism. 
We shall merely indicate the steps. 




dydz = — dSi cosaj = dS^ cosa2 = — dS^ cosag = ••• 

CCJD.Udxdydz =j*fdydzl-- U^ + U^-U^-^'^ 

= the limit of the sum of terms of the form 

Ui costti . dSi -|- U2 cosa2 . dS2 + Us cosog . dSs ■+- ••• 

= I Ucosa.dS. 

Example. 
Prove that under the conditions of the last article 

C C CD^Udxdydz= Cucosfi.dS, 

and III D^Udxdydz^: i Ucosy. dS^ 

where p and y are the angles made with the axes of Y and Z 
respectively by the exterior normal to the bounding surface. 
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172. As an illustration, let us find the centre of gravity of a 
hemisphere. 
We have 

rr 
1. /»2ir /^2 

= — - I I a? cos^ <b cos <f> a^ sin 6 d<bdO 
2MJo Jo ^ ^ ^ ^ 

IT 

= I I cos^6sin6cZ<i>cZd 

2JtrJo Jo ^ ^ ^ 

* 

a^lc IT 3 

- — -ax 



^ira?k 2 8 ' 
which agrees with the result of Art. 159. 



Example. 

Find the moment of inertia of a sphere about a diameter ; of 
a cube about an axrs through the centre parallel to an edge. 
Make your work depend upon finding the value of a surface 
integral. 
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CHAPTER XV. 

MEAN VALUE AND PROBABILITY. 

173. The application of the Integral Calculus to questions 
in Mean Value and Probability is a matter of decided interest ; 
but lack of space will prevent our doing more than solving 
a few problems in illustration of some of the simplest of the 
methods and devices ordinarily employed. A full and admirable 
treatment of the subject is given in '* Williamson's Integral 
Calculus" (London: Longmans, Green, & Co.); and numer- 
ous interesting problems are published with their solutions 
in "The Mathematical Visitor" and "The Annals of Mathe- 
matics." 

174. The meaji of n quantities is their sum divided by their 
number. If the numbier of quantities considered is supposed 
to increase indefinitely according to some given law, the prob- 
lem of finding the limiting value approached by their mean 
usually calls for the Integi'al Calculus. The mean value of a 
continuous function of one, two, or three independent variables 
has been carefully defined in Art. 165, and has been proved to 
depend upon a line, surface, or space integral. 

(a) Let us find the mean distance of all the points on the 
circumference of a circle from a given point on the circumfer- 
ence. 

If we take the given point as origin, the distances whose 
mean is required are the radii vectores of points uniformly dis- 
tributed along the circumference of the circle. 

The required mean is, therefore, by Art. 165, equal to 



Chap. XV.] MEAN VALUE AND PROBABILITY. 203 

the quotient obtained by dividing the line integral of r taken 
around the circumference by the length of the circumference ; 
that is, 

/rds 
^^^ 

2'ira 

The polar equation of the circle is 

?• = 2 a cos <^ ; 

c?s = 2 ad<f>^ 



M= i 4a^co8<^d<^ = — , 

2'ira J ^ T 



2 

the required mean value, 

(h) Let us find the mean distance of points on the surface 
of a circle from a fixed point on the circumference. 

Here, by Art. 165, the required mean is the surface integral 
of r taken over the circle, divided by the area of the circle ; 
that is, 

2a COB<t> 



3f= 1 f f^d,-d<^=§i^. 



(c) The problem of finding the mean distance of points on 
the surface of a square from a corner of the square can be sim- 
plified slightly by considering merely one of the halves into 
which the square is divided by a diagonal. 

Here 



It 

,a Bec0 



Jlf = — j jr. rdrd^ 
= ?('V2 + logtan^). 
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(d) As an example of a device often employed, we shall now 
solve the problem, To find the mean distance between two points 
within a given circle. 

If M be the required mean, the sum of the whole number of 
cases can be represented by (iri^yM, r being the radius of the 
circle ; since for each position of the first point the number of 
positions of the second point is proportional to the area of the 
circle, and may be measured by that area ; and as the number 
of possible positions of the first point may also be measured 
by the area of the circle, the whole number of cases to be con- 
sidered is represented by the square of the area ; and the sum 
of all the distances to be considered must be the product of the 
mean distance by the number. 

Let us see what change will be produced in this sum by in- 
creasing r by the infinitesimal cZr ; that is, let us find d^ir^r^M). 

If the first point is anywhere on the annulus 2 Trr.dr, which we 
have just added, its mean distance from the other points of the 

circle is , by (6). 

y TT 

Therefore, the sum of the new distances to be considered, 

32 r 
if the first point is on the annulus, is . tt?*^. 2 Trrdr ; but the 

second point may be on the annulus, instead of the first ; so that 
to get the sum of all the new cases brought in by increasing 
r by dVj we must double the value just obtained. 

Hence < c7(7rV^) = i|s^7rr*dr, 






J(f=128a" 



45 



TT 



175. In solving questions in Probability^ we shall assume 
that the student is familiar with the elements of the theory as 
given in " Todhunter's Algebra.'' 

(a) A man starts from the bank of a straight river, and 
walks till noon in a random direction ; he then turns and walks 
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« 



in another random direction ; what is the probability that he will 

reach the river by night? 

Let $ be the angle his first course makes with the river. If 

the angle through which he turns at noon is less than tt — 2 ^, 

he will reach the river by night. For any given value of 0, 

^ 20 

then, the required probability is . The probability that 

shall lie between an}' given value Oq and ^o + ^^ is — • 

The chance that his first course shall make an angle with the 
river between Oq and Oo + dO, and that he shall get back, is 

7r-2(9 clO _ (7r-20)dO 



27r i 



TT TT 



2 



TT 



As is equally likely to have any value between and — , the 
required probability, 






(b) A floor is ruled with equidistant straight lines ; a rod, 
shorter than the distance between the lines, is thrown at ran- 
dom on the floor ; to find the chance of its falling on one of the 
lines. 

Let X be the distance of the centre of the rod from the nearest 
line ; $ the inclination of the rod to a perpendicular to the paral- 
lels passing through the centre of the rod ; 2 a the common dis- 
tance of the parallels ; 2 c the length of the rod. 

In order that the rod may cross a line, we must have 
c cos > x; the chance of this for any given value Xq of x is 

cos *— . 



The probability that x will have the value Xq is — The 
probability required is 



2 r 

7ra»/o 



* _iaj, 2c 
cos ^- dx = — 



This problem ma}' be solved by another method which pos- 
sesses considerable interest. 



206 INTEGRAL CALCULUS. [Art. 176. 

Since all values of a; from to a, and all values of ^ from — — 

2 

to - are equally probable, the whole number of eases that can 
arise may be represented by 



I dxde = 



ird. 
■4 



The number of favorable eases will be represented by 



X\ - ^C COS 



2c 



Hence » =5 — 

(c) To find the probability that the distance of two stars, 
taken at random in the northern hemisphere, shall exceed 90°. 

Let a be the latitude of the first star. With the star as a 
pole, describe an arc of a great circle, dividing the hemisphere 
into two lunes ; the probabilit}' that the distance of the sec- 
ond star from the first will exceed 90° is the ratio of the lune 
not containing the first star to the hemisphere, and is equal 

to ^^^ — ^. The probabilit}' that the latitude of the first star 

IT 

will be between a and a + da is the ratio of the area of the 
zone, whose bounding circles have the latitudes a and o.-^-do. 
respectively, to the area of the hemisphere, and is 

2 Tra^ cos a da , 
= cos a (Xa. 

27ra^ 



XT r^Ci^-a) , 1 

Hence |5= I ^ icosacZa = -. 

*/0 TT TT 



(fZ) A random straight line meets a closed convex curve ; 
what is the probabilit}' that it will meet a second closed convex 
curve within the first? 

If an infinite number of random lines be drawn in a plane, all 
directions are equally probable ; and lines having any given 
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direction will be disposed with equal frequency all over the 
plane. If we determine a line by its distance p from the origin, 
and by the angle a which p makes with the axis of X, we can get 
all the lines to be considered by making p and a vary between 
suitable limits by equal infinitesimal increments. 

In our problem, the whole number of lines meeting the exter- 
nal curve can be represented b}' j j dpda. If the origin is 

within the curve, the limits for p must be zero, and the perpen- 
dicular distance from the origin to a tangent to the curve ; and 
for a must be zero and 27r. If we call this number N, we 
shall have 

\pcla^ 



p being now the perpendicular from the origin to the tangent. 

If we regard the distance from a given point of any closed 
convex curve along the curve to the ' point of contact of a tan- 
gent, and then along the tangent to the foot of the perpendicu- 
lar let fall upon it from the origin, as a function of the a used 
above, its differential is easily seen to be pda. If we sum these 
differentials from a = to a = 27r, we shall get the perimeter 
of the given curve. 

Hence N= lpda = L, 

where L is the perimeter of the curve in question. B}' the same 
reasoning, we can see that n, the number of the random lines 
which meet the inner curve, is equal to Z, its perimeter. For p, 
the required probabilit}', we shall have 

I 

Examples. 

(1) A number n is divided at random into two parts ; find the 
mean value of their product. ^^^ r^ 

6* 
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(2) Find the mean value of the orclinates of a semicircle, sup- 
posing the series of orclinates taken equidistant. j^^^g ][^ 

' 4 

(3) Find the mean vakie of the ordinates of a semicuxle, sup- 
posing the ordinates drawn through equidistant points on the 

circumference. ^ 2 a 

Ans. — • 

(4) Find the mean values of the roots of the quadratic 

x^ — ax -{-b = 0, the roots being known to be real, but b being 

unknown but positive. j 5 a -, a 

uxTiSa • anQ — • 

6 6 

(o) Prove that the mean of the radii vectores of an ellipse, the 
focus being the origin, is equal to half the minor axis when they 
are drawn at equal angular intervals, and is equal to half the 
major axis when they are drawn so that the abscissas of their 
extremities increase uniformly. 

(6) Suppose a straight line divided at random into three 
parts ; find the mean value of their product. j a^ 

^^' 60* 

(7) Find the mean square of the distance of a point within a 

given square (side = 2 a) from the centre of the square. 

Ans. fa^. 

(8) A chord is drawn joining two points taken at random on 
a circumference ; find the mean area of the less of the two seg- 
ments into which it divides the circle. a wa^ a^ 

Ans, • 

4 IT 

(9) Find the mean latitude of all places north of the equator. 

Ans, 32°. 7. 

(10) Find the mean distance of points within a sphere from 
a given point of the surface. Ans, ^a. 

(11) Find the mean distance of two points taken at random 
within a sphere. Ans, ff a. 

(12) Two points are taken at random in a given line a ; find 
the chance that their distance shall exceed a given value c. 

Ans. (^J- 
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(13) Find the chance that the distance of two points within 
a square shall not exceed a side of the square. Ans, tr — ^. 

(14) A line crosses a circle at random ; find the chances that 
a point, taken at random within the circle, shall be distant from 
the line by less than the radius of the circle. a ^ 2_^ 

(15) A random straight line crosses a circle ; find the chance 
that two points, taken at random in the circle, shall lie on 
opposite sides of the line. a 128 

(16) A random straight line is drawn across a square ; find 
the chance that it intersects two opposite sides. log 2 

2 IT 

(17) Two arrows are sticking in a circular target; find the 
chance that their distance apart is greater than the radius. 

Ans, • 

Air 

(18) From a point in the circumference of a circular field a 
projectile is thrown at random with a given velocity which is 
such -that the diameter of the field is equal to the greatest range 
of the projectile : find the chance of its falling within the field. 

Ans. A_?(V2-1). 

(19) On a table a series of equidistant parallel lines is drawn, 
and a cube is thrown at random on the table. Supposing that 
the diagonal of the cube is less than the distance between con- 
secutive straight lines, find the chance that the cube will rest 
without covering any part of the lines. 

4a 
Ans, 1 , where a is the edge of the cube and c the dis- 

irC 

tance between consecutive lines. 

(20) A plane area is ruled with equidistant parallel straight 
lines, the distance between consecutive lines being c. A closed 
curve, having no singular points, whose greatest diameter is less 
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than c, is thrown down on the area. Find the chance that the 
curve falls on one of the lines. 

Ans, — , where I is the perimeter of the curve. 

ttC 

(21) During a heavy rain-storm, a circular pond is formed in 
a circular field. If a man undertakes to cross the field in the 
dark, what is the chance that he will walk into the pond ? 
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CHAPTER XVI. 



ELLIPTIC INTEGRALS. 



176. In attempting to solve completely the problem of the 
motion of a simple pendulum b^^ the methods of I. Chapter 
VIII. we encounter an integral of great importance which we 
have not yet considered. The problem is closely analogous to 
that of the Cycloidal pendulum (I. Art. 119). 

For the sake of simplicity we shall suppose the pendulum 
bob to start from the lowest point of its circular path with the 
initial velocity that would be acquired by a particle falling 
freely in a vacuum through the distance y^ ; and this by I. Art. 
114 [1] is V2^. 

Forming our differential equation of motion as in I. Art. 118, 
but taking the positive direction of the axis of Y upward, we 

ds 
Multiplying by 2 — and integrating, 

dt 
or, determining C7, 

'^ = (fJ=2p(yo-.y). (2) 

If the starting-point is taken as the origin, the equation of 
the circular path is a^-fy^ — 2ay = 0, whence 



[dtj 2ay-'f\dt)' 



and we have . ^ , ^ = V2^(yo-2/)» 

^2ay — f «^ 
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or dt = 



ady 



V2^ . yj(y^-y)\2ay-'f) 
Integrating, and determining the arbitrary constant, we get 

t = -^ r ^y — (3) 

as the time required to reach that point of the path which has 
the ordinate y. 

The substitution of a^ = ^ reduces (3) to the form 

V(i-«')(i-|^«') 

where the integral is of the form 



X 



dx 



'\l{\-x')(l-'k^a?) 



(5) 



1c^ being positive and less than unity if y^ is less than 2 a. An 
examination of equation (2) will show that if this is true, the 
pendulum will oscillate between the two points of the arc which 
have the ordinate y^. ' 

If 2/o is greater than 2 a, the pendulum will make complete 

revolutions. For this case the substitution of a^ = -*^ in (3) 

2(1 

will reduce it to 



— ■■Ff, "" (6) 

where the integral is of the form (5), 1^ being positive and less 
than unity. 

The time required for the pendulum to reach its greatest 
height — that is, in the first case, the time of a half-vibration, 
and in the second case, the time of a half-revolution — will 
depend upon 

r^ dx .yj 
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177. The length of an arc of an Ellipse, measured from the 
extremity of the minor axis, has been found to be (Art. 107) 



s 






If we replace - by a?, (1) becomes 

a 



s 



=''£^h^"^^ ■ (2> 



and the integral is of the fonn 



XV 



'^"'^^ dx, (3) 



'o \ 1-a^ 

where 1<^ is positive and less than unity. 
The length of an Elliptic quadrant depends upon the integral 



UH 



"^^.da;. (4) 



178. It can be shown b}^ an elaborate investigation, for 
which we have not room, that the integral of any algebraic 
function, which is irrational through containing under the square 
root sign an algebraic polynomial of the third or fourth degree, 
can by suitable transformations be made to depend upon one 
or more of the three integrals 

F{k,x) = r ^ ^"^ , [1] 

\ n (n, k, X) = r — ^==, [3] 

which are known as the Elliptic Integrals of the first, second, 
and third class respectively. 
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JCf whUit may aliraj^ fie taken positire and less than 1. is 
Oftll^'^1 th^ rfvfAvXun; zxii\ n, irhich may be taken real, is called 
thft /xtra/3r^«;e«r of tbe integral. 

ir« Fik, 1 ; = f ^ [4] 

^" V(l-a^;(l-A:*a^) 

uml Em.FAK\) =XVl^^ ' ''''' "^^^ 

fU'd known AM the Complete Elliptic Integrals of the first and 

171). Tlio MubHtitution of a; = sin<^ in the Elliptic Integrals 
rmltMMiM ihoni to the following simpler forms. 

7.(/,,/,)-f-^ ,^^<^,.,_ =f^. [1] 

/C (H, 0) - l*'^ Vr-"^'^'Hin^ . d<^ = pA<^ . d<^. [2] 

"Jo (i4.n8hi«<^)Vr-ylin^ J)(l + nsin«<^) A^' 

[3] 



K 



A'- r*- j''^— = m [4] 

m w 

* - I \ I - A'* sin*^ . (?^ "X*-^* • ^*- C^J 

^ U \nUI<hI thi^ am/)/i>M(l<» of the Elliptic Integral, and 
A^H% \ I —Tt^^u^ U ohIUhI the dWihi of ^> or more siinplT, 
do\l^ ^x wxd U ivjs^imUHl H$ H new trigonouh^ic l^in^ioii : it is 
iUw;!^v^ t^v« with tht^ tKwsdtiv^ $i$a% ami has an anakgr wiUi 

V\vr ^ ^x^m vahi^ of Jt^ A4 k <^«s^ly $«^<ni to be a perioffie 
t^iUvHKHi vvf ^ havii^ lhl^ t^^^ r^ It ha$ i^ ttasuHua tsIk 1 
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when <^ = and when <^ = tt, and its minimum value Vl —^t 
which is usually represented by k' and called the complementary 

modulus^ when <^ = -; and A[ - + «) = ^( - — «)• 

Landen's Tran^ormation, 

180. The approximate numerical value of an Elliptic Integral 
of the first class, when k and <f> are given, is easily computed 
by the aid of two valuable reduction formulas due to Landen. 

If in ' F(k,<l>)= r ^^ 

*^o Vl-^'2sin2<^ 

we replace <^ by <^i, <^i and <^ being connected by the relation 

tan<^ = -?HL2^, (1) 

which is easily transformable into either of the following : 

ksin<t> = sin (2 <^i — <^) , (2) 

J^ tan (<^ - <!>,) = i^ tan <^, (3) 

I reduces to I — ^^ 

Jo ^i-k'sm^d> l-i-kjo I 4Jc 

which is also an Elliptic Integral of the first class, but has a 
different modulus and a different amplitude from those of the 
given integral. 

The steps of the process are as follows : 

From (1) we easily find 

. o . sin*26i 

tin* A*. -— _ — r 1 



sm'<^ = ^^ • 

^ l+Ar^ + 2A;cos2</»i 



whence A/ l-fe^sin^<^ = - - l+fecos2<^, ^ 

Vl + A:*4-2A;cos2</»i 
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Differentiating (1), we get 



but from (1), 



hence 



d<t} 



o ^JL l+A:^ + 2A;eos26i 
secrA = — ' --^ ; 

2(l+feeos2<^0 
^ l+Ar^ + 2A;eos2<^i ^' 

2d<^i __ 2 d<^, 



Vl-Ar^8in2<^ VH-Ar^+ 2fccos2</>i Vl + A;^^ 2A;~4A;sin2<^i 

2 difii 



1 + A; 



>i'- 



4A; 



(1 + A;f 
<^i = when <^ = 0, 



sin*<^i 



hence 



r» dif} _ 2 r*^ 
^^'o VT^^^Fsii?^ "" 1 + A: Jo 



d<^, 



V 



1 



4A' 



(l-^Jcf 



sin^^^i 



and 

where 
and 



F{k,^) = ^F{K <>>,), 



l + A; 

2V^^ 

8in(2</)i — <^) = fc sin<^. 



A:,= 



[4] 



2VS 



A?! is less than 1 and greater than k ; for < 1 reduces 

^ + * 2VJfc 
to < (1 — yky^ which is obviously true, and — ^ > A: 

reduces to 4>A;(1 + A;)^, which is true, since A; is less than 1. 

If <^ is not greater than ^, and the smallest value of <^i con- 

sistent with the relation sin(2<^i — <^) = A;sin<^ is taken, 
<<f>i<,<f>. Hence (4) is a reduction formula by which we 
can raise the modulus and lower the amplitude of our given 
function. 
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B}' applying the formula (4) n times, we get 

F(k,<t>) = — — F(K,<h^; 

^ 'T^ l^jc i^Jc, l+A:^ 1+A;,_i '^«''^''^' 

or, since - = — i- etc., 

1 +A: V)fc 



F(k, <!>) = K .y|^SI|inS F(K <^n) , 



A; 
where 



K = . , r^ y and 8in(2</>,-<^,_i)=rA;,_iSin<^^.i. 



[5] 



If we suppose n in (5) to be indefinitely increased, we shall 
have ^^^ \kS\ = 1 ; for if we form the series 

(1-A:) + (1-A;i) + (1-A;j) + -+(1-A;,) + -, 

we shall have 

^ 2V^ 

1-A:^. 1-A:, 1-V l + Vi^l+V 

which is always less than unit}' ; hence the teims in the series 

must decrease indefinitely as p is increased and __ [1 — A;„] = 0. 

Since, as we have seen above, <^„ continually diminishes as n 
increases, but does not reach the value zero, it must have some 
limiting value ^. Hence 

= r sec<^d<^ = log tan j + ^ h 

and F{k, <f>) = log tanf^ + l] J ^^'^^'^'^- . [6] 

Formulas [5] and [6] lend themselves very readily to numer- 
ical computation. 



218 



INTEGRAL CALCULUS. 



[Art. 181. 



181. Formula [4], Art. 180, may be used to decrease the 
modulus and increase the amplitude of a given Elliptic Integral. 
Interchanging the subscripts, and using (3) Art. 180 instead of 
(2) Art. 180, we have 



F{k,<t>)='LthF(k,,^,), 



where 



and 



k,= 



l_Vl-A:2 



1 + Vl - A:"' 
tan(<^i — <^) = Vl — A:^tan<^. ^ 



r 



[1] 



By repeated application of [1] we get 

F{k, ^) = {l+k,)(l -\-h)...{l +A:„)^^^%^\ ^ 

where 



and 



tan(«^, — «^,_i) = Vl — fc^p-i tan<^,_i. 



!. 



[2] 



1* *4- 

It is easily shown, as in Art. 180, that ^^ [kn] = ^^ ^"^ 

limit /^* 

consequently that _ F(k„f </>„) = | d<^ = ^, where ^ is the 

n — 00 ^Q 

limiting value approached by <^ as n is increased. 

If <^ = ^, we get from [2], <^i = 7r, <^2 = 27r, . . . <^„ = 2**"V ; 



hence 



K = F{k, l) = I (1 + fci) (1 + ^i) (1 + «8) - 



[3] 



Formulas [2] and [3], like formulas [5] and [6] of Art. 
180, lend themselves readily to computation. 

With a large modulus, it is generally best to use [5] and [6] 
of Art. 180 ; with a small modulus, [2] or [3] of the present 
article will generall}- work more rapidly. 

We give in the next article the whole work of computing the 

Elliptic Integral 2^(— , - ) by each of the two methods, and 
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of computing kI — )~-^("^»^) ^^ *^® second method, 
employing five-place logarithms. 



182. Ff—, -\ Method of Art. 180. 



/2 ^\ 
2 '4/ 



A; =0.70712 logA; = 9.84949 

1 + A; = 1.70712 log (1 + A;) = 0.23226 

log V^ = 9.92474 

log2 = 0.30103 

colog(l+ A;) = 9.76774 

logA;i= 9.99351 

A:i = 0.98518 logA;i= 9.99351 

l+ki= 1.98518 log(l + A:i) = 0.29780 

log V^i= 9.99676 

log2 = 0.30103 

colog(H-A;i) = 9.70220 

logA;2 = 9.99999 
A:2=l 



log A; =9.84949 



log sin- =9.84949 

log sin (2 <^i - <^) = 9 . 69898 

2<^-^ = 30° 0' 3'' 

2<^i=75° 0' 3" 

<^i = 37°30' 2" 

logA:i = 9.99351 
log8in<^i = 9.78445 

logsin (2 <^2-<^)= 9.77796 
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2 <^2 — <^i 

2<t>2 

^ = <t>2 

^ 4 



36° 51' B^ 
74° 21' 5" 
37° 10' 32" 

63° 35' 16" 



log tanf- + i^\ = 0.30393 



logV^i = 9.99676 

cologVfc =0.07526 

log log tan ('!!^^i^\=z 9.48277 

colog)ix = 0.36222 
V2 w 



logi^l 



2'4 



- =9.91701 



<^i 



= 0.82605 



fi = 0.43429 is the modulus of the common 83'stem of 
logarithms. 



^/l-^^ = ^'' = 0.70712 

1 -A:' =0.29288 

1+A;' = 1.70712 

A:i = 0.17157 

1 - A;i = 0.82843 
1+A:i = 1.17157 



kj'= 0.98520 

l-A:/= 0.01480 

H-A:/= 1.98520 

]C2 = 0.00746 



Method of Art. 181. 



iog(l -A;') = 9.46669 

colog(l+A:')= 9.76774 

logA;i = 9.23443 

log (1-A:i) = 9.91826 

log (1H-A;0 = 0.06878 

log A;i'2 = 9.98704 

log A;/ =9.99352 



log(l-fc/) 
eolog(l+A:i') 



log A;. 



8.17026 
9.70220 
= 7.87246 
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1 - A^g = 0.99254 log (1 - k^) = 9.99675 

1 + Ajg = 1.00746 log (1 + K) = 0.00323 

log A:2'2= 9.99998 

kjz=\ log^V =9.99999 

A;3 = 



. logA;' = 9.84949 
log tan </) = 0.00000 

log tan (</>! —</>) = 9.84949 

<^i-<^ = 35° 15' 53" 
<^i = 80° 15' 53" 

logA:i' = 9.99352 
logtan</)i = 0.76557 

log tan (</)2 - <^i) = 0.75909 

>2-*i= 80° V 17" 
</)2=160° 23' 10" 

tan (<^3 — c^g) =tan<^2 

^ = (/,3 = 2 </), = 320° 46' 20" 

23 



l4>= 40° 5' 48" 



= 144348" 
TT = 648000" 



log/'l4»y = 5.15942 

. colog7r" = 4.18842 
log 7r= 0.49715 



»^g*) = 



9.84499 
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log (1+A:i) = 0.06878 
log (1+ ^'2) = 0.00323 



log(i*) = 



9.84499 



logi?^fJ^, I] = 9.91700 



(f • t) = »• 



82605 



FotF(—,-] we have by (3), Art. 181, 



-(f-i) 



log (1+A:i) = 0.06878 

log (1+A:2) = 0.00323 

log7r = 0.49715 

colog2 = 9.69897 

logi^r^,|) = 0.26813 

it i) = '• 



8541 



183. Landen's Transformation can also be applied to the 
computation of Elliptic Integrals of the second class, but the 
task is a more diflScult one ; we shall, however, give a brief 
sketch of the method ; and in so doing we shall apply it to a 
more general form 

of which E (A;, <^) is a special case. 
From Art. 180 we have 

Vl-A:^sin^= l4-A;co82^ 



cos<^ = 



Vl4-Ar' + 2A:cos2<^' 

k -f cos 2<^ 

Vr+F+^^cos2^' 

^ . ^ 2(l+A:co82<Ai) ,. 
l + A:'+2A;cos2^ ^* 
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Hence Vl — A^sm-^<^ -|-A:cos<^ = Vl + Ar^-f 2A;cos2</)i. 



»/0 



4>' 



d<l> 



-X 












_Vl ^J(^ain^<t> 






d<^, 



and 

G (A:, <^) 



k ^ 



=r 



«+4 



LVl— A:^sin'</) 



^ ( VT- fc2 sin^ <^ + A: cos <^) 



d<^. 



Substituting <^i for <^, this becomes 



P 



a — Y cos 2 <^i 
fC 



^ ' ^^ A; ^ Jo Vr+F+2 



4-Ar^+2A;cos2<^i^*^ 

_ 2 T"^! A; ^' ^' 

""l +A;J) 



\l 1 _--sin^<A, 

\ (l-fA;)2 ^^ 



d<^2. 



Hence G (&, .^) = | sin ,^ + ^-^ G, (*„ <^,), 



[2] 



where 

^1 = 1^, 8in(2c^i-<^) = A:8in<^, "^=^"1' ^^ = ¥' 1^^^ 

Formulas [2] and [3] enable us to make our given function 
depend upon one of the same form, but having a greater 
modulus and a less amplitude. A repeated use of [2], together 
with the reductions employed in Art. 180, gives us 
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0(h, c^) = |8in<^-h^8m<^i+^| • )82sm<^, 



+^^^ • ft8inc^3+ - 4-\l^^'^^^^^/?n-i8mc^..i 



-hA:, 






G^n (fc„, ^») , 



[4] 



where 



and 



i^p = "-^^ 



AJj AJg AJ3 • • • /Cp ly 



Just as in Art, 180 ^\ rapidly approaches 1 as n is increased ; 
the limiting value of G^ijc^^ <^„) is then 

limit g„(fc„.^j=r'° °" + ^-7''^ d.^ 

»/0 COS </) 

= (a, + /?,) log tan (^ + ^^- )8« sin <A.. [6] 
By Art. 180, [5] and [6]. 



limit fc, ^fcl^ log tan g + ^s"] = i? (&, ,^) . 
[4] can thus be written 



in-1 



2» 



z* z* z* z* z* z* z* 

'*'l'*'2"** n— 1 '*'l '•^2"'8»»* '''n— ly 

iSr 2 2^ 2^ 

+ c'| sin<^4--7^sin<^i 4- 8in<^H — ;-zi=r8in<^ + — 



^L 



V^ 



V^i 



V A/A/j A/j 



on-l 2" "1 

-— == sin <^^_i - sin <^« . 

V "' aJj ••• A/,l_2 V A/ aTj. • • aJ,I_j J 



[7] 
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If a= 1, and p = ^J(^, [7] reduces to 



+* 



2"-^ 2" \1 

t2 2* 

siuc^H — ri sin <f)xH — = sin<^2"l"'" 



+ -^=^=== sin <^„.i ^ / sin <^« , [8] 



2n-i ^ 2" 
, sin <^„.i . 

V 1^ fCi • • • "'n— 2 ' *'' "^l • * • n — 1 



2 VS 

where kp = - f=^, and sin(2</)p — <^p_i) = A;p_isin<^p_i. [9] 

1 4- fCp_i 

By Formulas [8] and [9] an Elliptic Integral of the Second 
Class may be computed without diflSculty. 



184. Formula [2], Art. 183, may be used to decrease the 
modulus and increase the amplitude of an Elliptic Integral. 
Interchanging the subscripts, we have 

G {k, 4,) = ^'[g, (h, .^i) - 1 sin ^1 ; 
or, since f = f ' i-^^- 1^3 [3]), 

e (K <!>) = 4^'[g'i {K <^) - 1 sin <fA [1] 

where 



kx = f^^-1^, tan(<^-.^) = Vr::^ tan^, a,=a+f , Pi=^- 
1 + Vl — k^ z z 

[2] 
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A repeated use of [1] gives 
where fi, = ^ ^i^^s—^r 

and a,=a+J)8A + | + *L*2 + *iM» + ...+*feA^y > 

Just as in Art. 181 limit A:„ = 0, therefore limit )8^ = and 
limit G^ (A;„, <^„) = ( V cZ<^ = a„ <^„. 

By Art. 181, [2], ^^ .l^...}^^^^F{k, 4^). 

By Art. 180, [5] , 1±A = 2^, Is^ = 2^, etc. 
Hence [3] becomes 



If o = 1^, [4] reduces to 
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£(fc,.^)=y(fc,^)[i-|(i+|+^+^+-)] 



where 



1 — Vl — A;^_ 
Jcp = rS and tan (c^^ - «^p_i) = Vl - A^.i • tan <^p_i. 

[6] 
We have seen in Art. 181 that if <^=^, <^p = 2''-^7r. 

Therefore, for a complete Elliptic Integral of the second 
class we have 

Formulas [5] and [7] are admirably adapted to computation. 

We give in the next article the work of computing 

-2J(— , -] by each of the methods just given, and of com- 

puting E [ -g-j 2 j ^y ^® second method ; using, as far as 
possible, the values already employed or obtained in Art. 182. 



185. EP^,-]' Method of Art. 183. 



Here, as we have seen in Art. 182, if we carry the work only 
to five decimal places, k2=l^ and our working formula will be 

E{k,<l,)=:F{k,<t,)[l+kfl- |-)1 

t2 2' H 

8in<^ + --zsin*^! sin<^ • 
V^ V^ J 
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log2 = 0.30103 

logA:= 9.84949 

cologA:i = 0.00649 

0.15701 —=1.43553 

H-A:= 1.70712 



logA + A: -~^ = 9.43391 1 + fc- — = 0.27159 

V ''^ / h 

logF^^,^) = 9.91701 

9.35092 Ff—, !^yi+fc-?^'\ = 0.22i35 

logfc= 9.84949 
log 8iii<^= 9.84949 

9.69898 A:sm<^ = 0.5 

log2 = 0.30103 

logVA: = 9.92474 

log 8in<^i = 9.78445 

0.01022 ^ sin <^= 1.0238 

y/k 

log 2* =0.60206 

log \^= 9.92474 

cologV^i = 0.00324 

log sin <^2= 9.78122 



2*k 



0.31126 -^8m<^ = 2.0477 

yJcki 



/ 2 2* \ 

— A: I sin <^ H sin <^ ■ — sin ^ ] = 0.5239 



\J'l)- 



£/Jif*W 0.74825 
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E 



/V2 ,r\ 
\J'V 



Method of Art. 184. 



Atq = 0. Therefore our formula is 



^(Z:,c^)=i^(A:,</»)[^l-|(^l +1+^)] 



4-A; 



V2 



8in<Ai + — ^sm«^2| 



logA;i = 9.23443 

log A:2= 7.87246 

colog4 = 9.39794 

6.50483 






= 0.00032 



^=0.08578 
2 

1 +^ + ^2^1 08610 
^2 2' 

^A 4-^ + ^^ = 0.271525 
2\ 2 2 V 



log0.728475 = 9.862415 l-^A+|i + ^2\ 



= 0.728475 



i.g.(4^i)= 



log A; 

logV^ 

eolog2 

log sin <^i 



9.91700 

9.779415 FhH^ i\ (0.728475) 



9.84949 
9.61722 
9.69897 
9.99370 

9.15938 



= 0.60178 



^8in(/»i=: 0.14434 
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logi:=: 9.84949 

log^ = 9.61722 

log Vi5= 8.93623 

colog4 = 9.39794 

k^ sin <^ = 9.52592 

J:^^ ^^^sin*, = 0.00212 



sin^ 1 = 0.14646 



rf^, -^ (0.728475) = 0.60178 



^/':!!^E\ = 0.74824 



E f^, ^Y Method op Art. 184. 

l^J^fl^h^ hh\ = 0.728475 logo. 728475 = 9.862415 

logF(^, l) = 0.26813 

J? r^, I) = 1.3507 log^^^, I) = 0.13054 
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186. An Elliptic Integral of the first or second class, whose 
amplitude is greater than -, can be made to depend upon one 
whose amplitude is less than -, and upon the corresponding 
Complete Elliptic Integral. 

We have 

2 2 

In I — let <^ = TT — t/' ; 

2 

then d<l} = —dil/ and A<^= Vl — A:^sin^<^ = Vl — A:^sin^j/^ = Ai/f, 

ir !^ 

and we have f^ _ __ C^^ _ _ C^ ^ C^ ^^ k 

Jrr^<t> Jn^^ ^n^<t> J^ A<^ 

2 2 2 

Hence F(A:, 7r)= p-^ = 2^. • [1] 

Jq A<f> 



nir+p 



__ rdft> 



F{k,n7r + p)=J- 



A<f> 

^ 
»r 2"" Sir (iH-l)w «ir+p 

" IT 2ir pn nir 

(1>+1)T 

In I — ^ let <^ =p7r -h ^ ; then d</> = dip^ and A<^ = A^, 
J A<^ 

(jH-l)ir » n 

and we have r^= f*t= r^ = 2ir. 
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nir+p 

The substitution of t/^ f or <^ — wtt in 1 — gives us 



nir 



J A<A J Axil J A<f> ^ '^ 



nrr 



Therefore F {Jc, titt + p) = 2 niT-h F{k, p) . [2] 

In like manner it can be proved that 

F (k, nir - p)=i2nK - F {k, p), [3] 

E{k,mT-\'p)=2nE-\'E{k,p), [4] 

E{k,n7r-p) = 2nE-E(k,p), [5] 

where E= E(kj-\ is the complete Elliptic Integral of the 
second class. 

A table giving the values of the Elliptic Integrals of the 
first and second classes for values of the amplitude between 

and - is, then, a complete table. 

Such a table, carried out to ten decimal places, is given by 
Legendre in his " Traits des Fonctions Elliptiques." We give 
in the next article a small three-place table. 

It must be noted that the first column gives ^^(O, <^) and 

^(0, <^), that is, j d<^ = <^; and that the last column gives 
F(l, <^) and E(\, </>), that is, log tan [^ + ^j and sin<^. 

The complete Elliptic Integrals, 



K^fU,^^ mdE = Efk,A 



are given in the last line of each table. 
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V(l-a;')(l-A:*'a:') 



Addition Formulas, 

188. The Elliptic Integrals, F{k^ x) and E (k, a), may be 
regarded as new functions of a:, defined by the aid of definite 
integrals ; namely, 

Jr»« dx 

[ 

see Art. 178, [1] and [2]. 

We have seen how we may compute their values to an)^ 
required degree of approximation when k and x are given. 
It remains to study their properties. 

We are familiar with other and much simpler functions which 
may be defined as definite integrals, and whose most important 
properties can be deduced from these definitions. 

For example, we may define logo; as | — , sin~*a? as 

J^' tan~^aj as | -, and the theory of these func- 

tions may be based upon these definitions. For instance, the 
fundamental property of the logarithm is expressed by what is 
called the addition formula^ 

logic + logy = log (ajy), 

and the whole theory of logarithms may be based on this 
property ; and there are addition formulas for the other func- 
tions defined above ; namely, 

in~*a? -|-sin~^y = sin'^(a;Vl —y^ + y^l — a^)^ 



sm 



tan~^a;-htan~*y = tan~V ^ ^ V 
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These three important formulas are usually obtained by more 
or less elaborate methods involving the theory of the functions 
which are the inverse or anti-functions of the logic, the sin~^aj, 
and the tan~^aj, that is, of e', sina;, and tana;; but they may 
be obtained without difficulty from the definitions of logo?, 
sin ^a;, and tan^^a?, as definite integrals. 



Take first 



, C'dx 



Let us determine y in terms of x^ so that 

logo; + log2^ = log c, (1) 

where c is a given constant. 

Since \ogy = j -J^, 

Ji y 

if we differentiate (1), we have 

dx .dy _ ^ 
X y" ' 

or ydx + xdy = 0. (2) 

Integrate (2), and we get 

(ydx + ^xdy = (7. (3) 

Simplify the first member of (3) by integration by paii^; 



xy 



-^ i xdy-r ^y —Jy^lx = C, 

or 2ajy — j {xdy + ydx) = (7. 

Reducing by the aid of (2), 2a'^= C, 
or * xy=Ci, (4) 
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where Ci is an undetennined constant. To determine (7i, let 
a? = 1 in (4), and we have y=Ci when a? = 1 ; let x= 1 in (1), 

— = 0, log y = log c, and y = c, when x = l, 

1 X 

Therefore Ci = c, and xy = c. Consequently y = - is the 

X 

required value of y, and we have (1) 

logo? 4- log- = logc. 

X 

We can express this relation more neatly by replacing c by 
its value xy, and thus we reach our required addition formula 

logo? + log 2/ = log {xy) . [5] 



189. The addition formula for the sin""^ can be deduced in 
exactly the same way. We wish to determine y so that 

sin~^a4-sin~^y = sin"'c. (1) 

We have sin~^a;= I , sin~^y= I — ^ 

*^o Vl— aj^ ^^ Vl— 2/^ 

Differentiate (1). 

-^ + -.^=0, (2) 

vr:^ Vi - 2/2 

or Vl — y* • c?a; 4- Vl — a;^ • dy = 0, 

fvn^ . daj+ fVn^ • d2/= (7. 
Integrate by parts, and 

or, reducing by (2) , 

a.Vr^ + 2/Vn^=0. (3) 



Tt' dexermhif^ C. ^w^ imv^ from f^ ) t/:= C udiBD «= 0, aiid 









^= li. Bfiiict r= c, and jr\'J — jpr-ht/\'a — :r:=rc^jaid,fii2&Dv^ 



Tf' rrfa an addiuoi^ foTmuis lor liie laui ^ £ «Hoiit device is 
recjinrt^d. thin of diTidii^ ^titt di&renti&l ^egsatiiHi carreBpcmd- 
iD|r to 1* bv 1 — j^r-, 

A 1- 



3^ 



and lan ^t/'^=: i — = — 

dr ^^ d.f/ , 

I)iTidf bT 1 — j^f:^ and mT4]^rat©. 
lnxe£rniu^ bv jians. ATr have 

and 

:?■ . s= -f t/ . 8sr L.^. 

1 ~ jr «7' 1 — T-fr 1 — 3?v 
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Hence 

Therefore, by (6) , -^±^ = C. (7) 

To determine (7, we have from (7) 2/ = (7 when »=0, and 

5 = when 

1 — ar 

a? = 0. 



Hence (7=c, 


and ^^ + 2^=0, 
1 —xy 


and, finally, 


• 

tan~' X 4- tan~^ ^ = t£ 



190. To get an addition formula for F(k^ »), as before 
let F{k,x)-\'F(Jc,y)^FQc,c), (1) 

where F(lc.x)=. f ^^ — 



and 



F(k,y)=£ 



^2/ 

V(l-yO(l~A:'2/') 



^^ + , ^-^ =z.= 0> (2) 

or 

V(l-2^')(1-Ar'y'). da?-f' V(l -ar»)(l -A:'aj') • % = 0. (3) 

Divide by 1 — J<^a^y^ and integrate. 
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Integrate bv parts. We hare 



- (1+ i-O n + i-^r)] *^ — 



+ 2i*xy-. (1 - r>(l - f y^) . «ir| ; 



\0-*')(i— **jO 



+ 2i-ary V (1 - ar> (1 - t'r') . d^l- 

Hence 

3ry(l-y')(l-t»y» + yV(l -x^)(l — t^Jt*) 

— i-r-y 

Lvci-jr'Mi-*-^) vo - y) (1 - t»j») J 



+ 2i^ary [\ (1 - r) (1 - i^) " d» 



Bedacing. bv the aid of (2) and (3), we hare 

arV(l-y')(l-Jl-jr)4-yV(l-.r')(l-yj») _p 



W 
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To determine (7, from (4) y=C when a; = 0, and from (1) 
y = c when x = 0. Therefore C=Cy and we get 

F(k,x)-\-F(k,y) 

our required addition formula. 

An addition formula for E (A;, x) can be obtained in very 
much the same way, but the work is rather complicated, and 
it is better to use a method which will be explained later. 

THE ELLIPTIC FUNCTIONS. 

191. We have just seen that there is an analogy between 
the Elliptic Integral -F'( A:, a;) , and the familiar functions logo;, 
sin~^a;, and tan~^aj; and we know that the theory of these 
functions is ultimately connected with that of their inverse 
functions, log"^u or e", sinw, and tani^; and, indeed, that the 
latter are so much simpler than the former that it is customary 
to regard them as the direct functions, and the logarithm, the 
anti-sine, and the anti-tangent as the inverse functions. 

For example: the first three addition formulas just obtained 
are much simpler when we express them in terms of the direct 
functions, and the}' become 

log^(w -f- v) = log~^t^ • log~^v, 

or e^^^") =e".e', [1] 

sin(w4-v) =sinwVl — sin^v + sinv Vl — sin^w; 
or sin(wH-v) = sint^cosv-f-coswsinv, [2] 

tan(u + ^) = ten« + tant> . .g, 

1 — tanw • tanv 

and in this form thev seem to better deserve the name of 
addition formulas. 
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In the same way the addition formula for F{k^ x) can be 
more simply written in terms of the function which we might 
naturally represent by F ^u (mod. A;) ; and, as we might 
expect, this function has many interesting and important prop- 
erties which well deserve investigation. 

Since in most of the work which follows we shall generally 
employ the same modulus throughout, we shall not take the 
trouble to write it except in the few cases where its omission 
might give rise to confusion, and then we shall put (mod. A:) 
after the function, as above with F'^u (mod. k), 

192. In Arts. 178 and 179 we have adopted two forms of 
notation for an Elliptic Integral of the first class, F(kj x) and 

F{k, </>) ; 

F(k, aj)= r ^^ , 

^ f *^ 



F{k,<t>)^C-—^ 

Jo 'J^ _ 



d<l> 



where 

and 
If we let 



Vl-Ar^sin2«/> 
a; = 8in<^, Vl--»^= cos <^, 

Vl-A;V = Vr^^'Fsi?^ = A<^. 
u=:F{k,x) =F(k,<l}), 



we have in Art. 179 called </> the amplitude of w, and sin^, 

cos <!>, and A</> may be called the sine, the cosine, and the delta of 

the amplitude of u ; aud </>, sin</>, cos(/>, and A<^ maybe written 

amiA, sinamw, cosam?^, and Aamw, or, more briefl}', amw, snw, 

cn?^, and dnu; and may be read amplitude t(, sine amplitude u, 

cosine amplitudes, and delta amplitude t^. Formulating, we 

have 

u = F(k,x) = F(k,<f>), ^ 

<f> = am ?«, 

a: = sin </> = sn u, 

Vl — ar^ = cos </> = en w, 

Vn^^V=A«/» = dnw, 



> • 



[I] 
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snw, cnw, dnu, are trigonometric functions of ^, the ampli- 
tude of u, but they may be regarded as new and somewhat 
complicated functions of u itself, and from this point of view 
they are called Elliptic Functions of u. 

am u also is sometimes called an Elliptic Function ; and there 
are various allied functions that are sometimes included under 
the general title of Elliptic Functions. We shall, however, 
restrict the name to snw, en w, and dn w. They have an analogy 
with trigonometric functions, and have a theory which closely 
resembles that of trigonometric functions, and which we shall 
proceed to develop. It must, however, be kept in mind that 
the independent variable u is not an angle, as in the case 
of the trigonometric functions. 

Of course, with our notation, u=:F{k,x) = 8n~^x (mod A;), 
or u=:F(k, <f>) = am~^<^ (mod A;) . 

The fundamental formulas connecting the Elliptic Functions 
of a single quantity follow immediately from the definitions 
[1], and are 

sn^ w + cn^ u = 1 , [2] 

dn^w-f Ar*sn2i^ = l, [3] 

[4] 



[5] 



dsimu 
du 


dntf. 


dsnu 
du 


cnt^.dnw. 


dcnu 
du 


— sn u . dn M,^ 


ddnu 


s 

— A^^snu. cnu. 



[6] 



The only one of this set which needs any explanation is [4]. 

We have u= \ -^ ; 

Jo A^ 
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hence 

and, finally, 

Since 
we see that 



du = — ^, du = ; 



du 



= dniA. 






ft/0 A^ 



ain( 
sn (- 
en (■ 
dn( 



u) 
u) 
u) 



— amiA, 

— snw, 
cnw, 
:dni6, 



[8] 



That is, snw is an odd function of w, and cnw and dnu are 
even functions of u. 



Since 
we have 



Jo A(^ 

am(0) = 0, ^ 
sn(0) =0, 
cn(0) = 1, 
dn(0) =1, J 



[9] 



193. Our addition formula for the sine amplitude flows 
immediately from [5], Art. 190. Let u = F{k^x) and 
v = F{k,y), and take the sine amplitude of each member of 
[5], Art. 190; we get 

/ , X sni* . cnv . dnv + cnw. snv. dnw 
sn (u + v) = -—^ 

1 — At . sn^?* . BU^v 

If now we replace v by — v, and simplify by [8], Art. 192, 
we have 

/ N snw . cnv . dnv — cnw. snv . dniA 
an(u-v) = , 

1 — AT. sn^u. sn^v 



and the two formulas can be combined if we use the sign ± ; 
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sn {u±v) = [1] 

1 — At . sn^'w . sn v 



From [1], with the aid of [2] and [3], Art. 192, we can get, 
after a rather elaborate reduction, the addition formulas for 
en and dn. 

, . V cnu. cni;qr: snu. sni;. dnu. dni; rm 

en (u±v) = — =1^- [2] 

J / _i_ \ dnw . dnvqc A:^. snw . snv. cnw . cnv ron 
dn (u ± v) = f^ [3] 

From [1], [2], and [3] a large number of formulas can be 
readily obtained. We give only those for sn; there are 
similar ones for en and dn. 

/ , \ , / \ 2snt^ . cnv . dnv r^-i 

sniu + v) + sniu-v) = i _;;,.,,.,.,, V ^ 

/ . \ / \ 2cntf.snv.dnw rr-» 

Bn(« + .)-sn(«-«) ^--^-—--. [5] 

1 — Ar . sn^u • sn^v 
1 — AT . sn'^w . sn^v 

1 — AT . sn'w.sn^v 

[1 + 8D(«+«)] [1 + 8n(«-^)] = (cn^ + snu.dny , ^^ 

1 — Ar . sn*w . sn*v 

From [2] and [3] comes the useful formula 

cn(i^ + v) = cnw . cnv — snt^ . snv . dn (t^ + v). [10] 



246 INTEGEAL CALCULUS. [Art. 194. 

194. If in formulas [i], [2], and [3] of Art. 193 we let 
v = Uj we get the following formulas for sn2u, cn2u, and 
dn2w : 

n 2sntA.enw.dnw p-t 

Q _ en^w — sn^w. dn^w __ 1 — 2sn^w-f A:^sn*w p^n 

1— Ar^sn^w 1--A:^sn*w 

J n _ dn^u — Jc^ . sn^w . cn^w __ 1 -- 2 fc^sn^w + fe'sn^w po-i 

1— Ar^sn^w 1— Ar^sn^w 

From these come readily 

- ^ o 2sn^w.dn^w r>n 

l-cn2u= ^_^^^^^ , [4] 

1 — Arsn^w 



195. Replacing w by -, and dividing [4] by [7] and [6] 
by [5], Art. 194, we have 

oW 1— cnw 1— -dnw r^T 

sn - = = • 111 

2 1-f-dnw Ar^(l+cnu) ^ -" 

2"" 14-dnw "" ie{\-\-^^u) ' ^^ 

, 2W_ fc^^ + dnw4-A:^cnw _ (enw + dnu) p«-| 

^ 2" 1 + dnw "■ (l+cnw) ' '" ^ 

where A;'^=l— A:*, and is the square of the complementary 
modulus. 
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From [1], [2], and [3], we can get without difficulty the set 



sn^ - = dn^-cnu P . ^ 

2 k'^ + dnu-Jc'cnu ' ^ "^ 

cn2- = ^^^(l+cnt^) p.-, 

2 k'^ + dnu-^k'cnu ^ -^ 

^^,u ^ A;^^(l4-dnu) ^ .g. 

2 A;'2 + dnt^-A:2(jn^ L J 

Numerous additional formulas can be obtained by the exer- 
cise of a little ingenuity, but we have given the most useful and 
important ones, and they form a set as complete as the usual 
collections of trigonometric formulas. 



Periodicity of the Elliptic Fvnctiona. 

196. We have seen (Art. 186, [2]) that 

F{k, mr + p) = 2nK-\-F{k, p), [1] 

where K is the complete Elliptic Integral of the first class. 

Let u = F(k^ p)^ and take the amplitude of each member of 
[1] ; we get 

am (u + 2nK) = n7r+ amw ; [2] 

or, replacing n by 2n, 

am (u + ^nK) = 2n7r + amw ; [3] 

whence 

sn(u4-4n^) =snw, ^ 

cn(u + 4njr) =cn2e, 

dn (u + 4 n K) = dn w. 



> ; 



[4] 



and Buu^ cnu, dnu are periodic functions, and have the real 
period 4Jr. dnw actually has the smaller period 2Ky as may 
be seen by taking the delta of both members of [2]. 
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TT 



Since the amplitude of ^is -, we have 



[5] 



and our addition formulas [1], [2], [3], Art. 193, give us 
readily 



QU {u-^-K) = 



en (u + K) =- 



6n(u + K) = 



cnu 
dnw' 

k' sii u 
dii?^ 

k' 



dnu 



[6] 



8n(?fc + 2^) = 
cn(u + 2Jr) = 
dn(w + 2Jr) = 



— snu, "" 

— en u, 
duw, 



[7] 



Qn{u + 3K) = - 



cn{u + 3K) = 



dn{u-\'SK) = 



cnu 
dnt^' 

ft 

k' sn u 
6mc 

k' 



dnu 



[8] 



sn {u + ^K) 
cn(u + 4K) 
dn(w4-4^) 



= snw. 



cnw, 

dnu. 
' J 



[9] 



a confirmation of [4] . 
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197. It is easy to get formulas for the sn, en, and dn of an 
imaginary variable, wV— 1, by the aid of a transformation due 
to Jacobi. 



Let ^ = F(fc,<^)=r|^, (1) 



so that ^ = amv, sin</> = snv, and cos</> = cnv. In (1), re- 
place <!> hy if/y <l> and if/ being connected by the relation 

sin<^ = V— 1 . tani^, (2) 

whence cos<^= seci/^, (3) 

A«/> = Vl-Ar^8in2<^ = Vl-f A^^tan^i (4) 

and d<l> = V — 1 . secil/ . d^. 

Since ij/ and <^ equal zero together, 

Jo A<^ Jo Vl + ArHanV 

Jo Vl-Aj'^sinV 
If now we let u = i^(A:', i/r) , 

we have v = wV— 1. (5) 

Hence, since 1/^ = am it (mod A:'), we have from (2), (3), 
and (4), 



sn 



en u (mod A;') 



en V (mod A;) = -— , 

cnw (mod A;') 

cnw(modA;') 
or, as v = uV— 1, 
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sni^ 



V^ (mod k) = v^ ^^^{^o^jc'y 

en It (mod A;') 



ciimV— 1 (mocH) = 



cnu (mod A;') 



dnu V- 1 (modfc) = driuimodk') 

cnu (mod A;') 



[6] 



It is interesting to note that if u is replaced in (6) by 
wV— 1, the formulas reduce to 

sn (— 16) = — snw, 
en (— lO = cnti^ 
dn (— u) = dnw, 

and are still true. Consequently, in (6), w may be either a 
real or a pure imaginary. 



Let 



i 



(hi/ 



Ail/{modk') 



') Jo - 



d</r 



= jr'. 



Vl-fc'^sinV 

Then, by Art. 196, AK' is a period for snu(modA;'), 
cnn (niod^') , and dn u (mod A;') . 
Hence 

sn (wV— l + 4?i/ir'V— 1) = snnV— 1, 

en (u V— 1 + 4 n/r' V— 1) = en u V— 1, 

dn (u V^^ + 4 7iK' V^^) = dn w V^^Hf ; 

or, replacing nV— 1 by i?, 

sn (v 4-4?i/ir' V— 1) =snv, 
en {v -\- -iuK'^/— 1) =cnv, 
dn ( y + 4 n if V^n^) = ^11^1 

and 4A''' V— 1 is a period for sn, en, and dn. 

We see, then, that our Elliptic Functions, like Trigonometric 
Functions, have a real period, and, like Exponential Functions, 
have a pure imaginary period. They are, then, what may be called 



[7] 
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Doubly Periodic Functions, and they are often studied from the 
point of view of their double periodicitj'. 

Like Trigonometric Functions, the Elliptic Functions may be 
developed in series, and from these series their values may be 
computed, and tables resembling Trigonometric tables may be 
prepared. 

A partial three-place table is here presented as a sample. It 

V2 
is complete for Elliptic Functions having the modulus -^ ; that 

is, 0.7. 

V2 
Modulus — = 0.7. 

2 



u 


snii 


cnu 


dnu 


0.00 


0.000 


1.000 


1.000 


0.05 


0.051 


0.999 


0.999 


0.15 


0.150 


0.989 


0.994 


0.25 


0.247 


0.969 


0.985 


0.35 


0.340 


0.940 


0.971 


0.45 


0.429 


0.903 


0.953 


0.55 


0.512 


0.859 


0.932 


0.65 


0.589 


0.808 


0.909 


0.75 


0.659 


0.752 


0.885 


085 


0.722 


0.692 


0.860 


0.95 


0.778 


0.628 


0.835 


1.05 


0.827 


0.562 


0.811 


1.15 


0.869 


0.494 


0.789 


1.25 


0.906 


0.424 


0.768 


1.35 


0.935 


0.353 


0.750 


1.45 


0.959 


0.284 


0.735 


1.55 


0.977 


0.213 


0.723 


1.65 


0.990 


0.143 


0.714 


1.75 


0.997 


0.072 


0.709 


K. 1.85 


1.000 


0.000 


0.707 



From this table, by the aid of formulas [4], [6], [7], and 

(8) of Art. 196, snw, cnu, and dnu may be readily obtained 

V2 
for any value of u if the modulus is --—• 
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As a matter of fact no complete set of tables for the Elliptic 
Functions has been published, and their values are usually ob- 
tained indirectly from Legendre's Tables of Elliptic Integrals 
(v. Arts. 186, 187), unless especial accuracy is required, in 
which case they must be computed by methods which we have 
not space to give. 

198. The Elliptic Integral of the second class E(k^ <^) can 
be expressed in terms of Elliptic Functions, and for some 
purposes there is a decided advantage in the new form. 

We have E{k, <!>)= C A<l>.d<t>. 

Let u = F(k^ <^) , then <^ = am w, and E (A;, ^) may be written 
E {k, amw), or, more simply, JE7(ami6), if the modulus can be 
omitted without danger of confusion. 

Xamu 
dnu .dsLinu; 

or, since by (4), Art. 192, 

damw = dnit . dw. 



E 



(amu)= j dn^ u.du, [1] 

As an example of the usefulness of the form just given in 
[1], we will employ it in getting an addition formula for 
Elliptic Integrals of the second class. 

E (amu) -^ E (Q,mv) 

J'»tt •»» 

dn^u.du+\ dn^v.dv 
Jo 

du^z . dz -}- \ dn^z . dz 

c/0 

dn^z .dz-^\ dn^z . cf« — I dn*2; . dz 

c/O Ju 

dn^z .dz^ i dn^z . dz. 
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Replacing z by u-}-z^ and remembering that u and v are given 
constants, 

dn^2; ,d% = \ dn^ (u 4- z) dz, 
u «/o 

and 

E (am w) + E (am v) = 

E [am (w -+- v)] - ("'[dn^ (m + «) -dn^z'] dz. (2) 

dn2 (w 4- z) -dn^a; = [dn (w + «) + dna;] [dn (w + ;?) - dna;]. (3) 

We can obtain from [3], Art. 193, the following formulas 
analogous to [4] and [5], Art. 193, 



^ r , \ , A / \ 2dnifc. dnv 
dn (u + v) + dn (w - v) = -— — , 

1 — Arsn'*?( . sn^v 



dn (i6 4- 'w) — dn (i6 — v) = — 



2A:^sn?t . snv . en it . cnv 

■ ■ — « 

1 — A;^sn^?t . sn^v 



(4) 



(5) 



If in (4) and (5) we let u -\- v =^ u + z^ and u^v = z^ and 
substitute the results in (3), we get 



dn2 (w + «) - dn^s; 



sn - en ~ dn - 






it 



u 



1 — A:^sn^- sn'-^ [ - + » 
2 V2 



12 



and 



Cldn\u + z)-dn'z^dz 



= — 2sn- cn-dn 



2Fsn(| + .)cn(-i + .)dn(-i4-.)d. 



o u w , w 
2sn-cn-dn- 



sn*- 



,u 



1 — A:*sn*-sn* 
2 



(1-) 
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since —'21^ sn- -An(*-^-\-z\cu[--\-z\6.Ti(--\-z\dz is the diflfer- 



eDtial of 1 — A- sn- - sn' (--\-z 



[dn^ {u -\-z) — dn-z] dz 



o u H , >« 
2 sn - en - dn - 



sn-- 
2 



1 — A"^ sn'- - sn^[ - -{-v 



2J 



Ar 2 sn - cn - dn - sn- ( - + i' — sn^ - 

•> 9 9 \'^ J 2 



1 — A- sn^ - 1 — A- sn- - 

•> 



2 V2 J 
= — A*^ . sn i« . sn r . sn ( >i -f- 1*) , 



by (1), Art. 194, and [6], Art. 193. 
Hence by (2), 

E (amii) -f ^(amr) = ^[ara(u + r)]-f-A'*sni4 .snt?. 8n(t4 + v), 

[6] 

our required addition formula. 



APPLICATIONS. 

Rectification of the Lemniscate. 

199. From the polar equation of the Lemniscate, r*=a'co82^, 
referred to its centre as origin and its axis as axis, we get as 
the length of the arc, measured from the vertex to any point, 
P, whose coordinates are r and 0, 

s = a I = a I — J [1] 

^0 Vcos 2 e ^^ Vl-2sin^^ 
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and for the arc of the quadrant of the Lemniscate, that is, the 
arc from vertex to centre, 



Sg—a\ :' [2] 



These differ from Elliptic Integrals of the first class only in 
that the coefficient of sin^^ is greater than unity, and they may 
be reduced to the standard form by a simple device. 

Introduce in [1] <^ in place of 6, <l> and 6 being connected by 
the relation sin^<^ = 2 sin^^. 

Then we have Vl— 2sin2^ = cos <f>, 

and 00 = ^ '^''"^ . 

2 Vl-isin'<^ 

Hence s =^ C ^ ^f(AA M 

and s,= ^ r ^ = ^ F^:^. ^\ [4] 

' 2 -'» Vl-isin^./. 2 V 2 ' 2^ 



The auxiliary angle <^ is very easily constructed when the 
point P of the Lemniscate is given. We have r = a Vcos 2 ^, 
and we have seen that Vcos 2 ^ = cos <^ ; hence r = a cos <^. If, 
then, on a as a diameter we describe 
a semi-circumference, and with the 
centre of the Lemniscate as a 
centre, and with a radius equal to r, 
we describe an arc, and join with ^i^ 
the point Q where this arc intersects 
tlie semi-circumference, the angle made by OQ with a is equal 
to <^. For OQ = a cos AOQ and OP=a Vcos 2 6. 
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Examples. 



•6 



(1) Find the numerical value of I — ^ 

Jo Vl-4 8in2<^ 

Ans. 0.843. 

(2) Reduce j — ^ — to an Elliptic Integral of the 

Jo Vl — nsin'-^c^ 

first class, when 7i > 1. 

Ans. —z ) — — where sin' il/= n sin^<^. 

(3) The half-axis of a Lemniseate is 2. What is the length 
of the arc of a quadrant? of the arc from the vertex to the 
point whose polar angle is 30°? Ans, 2.622 ; 1.168. 

In the inverse problem of cutting off an arc of given 
length the Elliptic Functions are of service. As an interesting 
example, let us find the point which bisects the quadrantal arc 
of the Lemniseate. 

Here .^^^^f^'A 

2 ^ V 2 ' 2/ 

and we wish to find and then 0, 

Let u = Fl -^, -]: we need am- • 



= it i) ■- 



2 



amu = -, snu = 1, cnw = 0, and dnM = — • 
2 2 



By [1] and [2], Art. 195, 



sn^- = 
2 


1 — CU?^ ^2^ 

1+dn?^' 2 


dn 16 + en tt 
1 4-dnw 


Therefore, 






sn- - 






2 

cn^- 
2 


. o'* 1 — cnw 

: tn - = : 

2 dn n-i-cnu 


2 
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If, then, the required amplitude is <^, 



tair</, = V2, 



and 



tan</) =V2. 



Since sin'^<^ = 2sin^^, we can compute without difficulty, 
and so get our required point. If, however, a construction will 
suffice, a very simple one gives the point. 

Erect at -4 a perpendicular 
whose length is a mean pro- 
portional between a and a V2. 
The angle subtended at by ^ 
this perpendicular is <^, and 
the corresponding point, P, is 
found by the method described o~ 
on page 255. 




Rectification of the Ellipse, 

200. We have seen in Art. 177 that the length of an arc 
of an Ellipse measured from the end of the minor axis is 



8 



= Jo V^^^^ • ^^• 



[1] 



If we let cB = asin<^, [1] becomes 



8 = a i Vl — €* sin^ <l> , d<l>=: aE (e, <^), 



[2] 



e, the modulus of the Elliptic Integral, being the eccentricity 
of the Ellipse. If a = a, <^ = -, and the length of the Elliptic 
quadrant is r 



5^ = aj Vl — e*sin2<^ . d<^ = aJE7[e, -\ 



[3] 
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The length of an arc of the Elliptic quadrant, not measured 
from the extremity of the minor axis, can* of course be ex- 
pressed as the difference between two Elliptic Integrals of the 
second class. 

The amplitude <^, corresponding to a given point P, of the 
Ellipse, is easily constructed as follows : On the major axis 

as diameter desciibe a circumference ; 
extend the ordinate of P until it meets 
the circumference, and join the point of 
intersection with the centre of the ellipse. 
The angle the joining line makes with 
the minor axis is seen to be the required 
amplitude <^. If <^ is given, P may be 
found by reversing the order of the steps 
of the construction. 




Examples. 

The equation of an ellipse is f-^ = 1, required the length 

16 8 

of the quadrantal arc ; of the arc whose extremities have the 
abscissas 2 and 2 V2. Ans. 5.4 ; 0.944. 

(2) Find the abscissa of the end of the unit arc measured 

from the extremity of the minor axis in the ellipse (- ^ = 1 ; 

16 8 

of the point which bisects the arc of the quadrant. 

Arts. 0.996; 2.67. 

201. By the aid of the addition formula 

E{2im.u)-\' E{'dimv)=E [am(tt + 'y)] +A:^snwsn'usn(tt+v) 

([6], Art. 198) 

it is always possible to find an arc of an ellipse differing from 
the sum of two given arcs by an expression which is algebraic 
in terms of the abscissas of the extremities of the three arcs. 
This will be clearer if we modify slightly the form of our addi- 
tion formula. 
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Let <^ = amw, i/f=am'y, and o- = am(w + v). 

Then the formula given above becomes 

E{k, </)) + E{k, xp) = E{k, 0-) + Ar^ sin <^ sin ij/ sino-, [1] 

where <^, ip, and o- are three angles connected by the relation 

coso- = cos<^cosi/r — sinc^sini/'Ao-, [2] 

by [10], Art. 193. 

If we multiply [1] by a and take k equal to e, we get 



aE (e, <^) + aE (e, \p) = aE (e, o-) •+• —J^i . 2^2 • ^) 

or 

if a?!, 0^2, and Xg are the abscissas of the points whose amplitudes 
are <^, i/^, and <r. 

The most interesting case is when 0- = -, in which case 

aE{e^ <t) is the arc of a quadrant. [2] then reduces to 

= cos<^ cosif/ —sirKfi sini/'Vl— e^, 



or 



or 



- sin <^ sini/f = cos <^ cos ij/^ 
a 



a 



tan<^ temij/ = -, 



[3] 



and we get from [1] 



aE(e, <^)- aEfe, '^-aE^e, i/^)1 = ae2sin<^sini/f. [4] 

If, then, any point, P, is given, [3] will enable us to get 
the amplitude of a second point, Q, and 
thus to find Q, Q and P being so re- 
lated that the arc BP, minus the arc AQ, 
shall be equal to a quantity which is 
proportional to the product of the ab- 
scissas of P and Q. 
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For the special case where <^ and \f/ are equal we have from 

[;]], tan<^= k 

\ b 
and from [4] , 

BP-AP= ae^ sin^rf) = -^ = a-6. 

^ a + b 

This point, which divides the quadrant into two arcs whose 
difference is equal to the difference between the semi-axes, has 
a number of curious properties, and is known as FagnanVs 
2)oint. 

Examples. 

(1) Show that the distance of the normal at Fagnani's point, 
from the centre of the ellipse, is equal to a — 6. 

(2) Show that the angle between the normals at P and Q iu 
the figure is equal to if/ — <f>] that the normals are equidistant 
from ; that this distance is BP — AQ. 

Rectification of the Hyperbola. 

202. If the arc of the Hyperbola is measured from the 
vertex to any given point, P, whose coordinates are x and y, 
its length is easily found to be 






or a = ) I ^ \dy, [2] 

if e is tiie eccentricity of tiie Hyperbola. Let 



ae 
b 



— 2/ = tan</>, 
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and [2] becomes 

52 /»«^ Bec^<l>d<t} 



=^ r 

aeJo 



^l-lsin'.^ 



hence s = ^ f'_l^^^M= = ^ f'-^^^^ [3] 



aeJo Vl — Ar^sin2<^ «^*^o A<^ 



if A;=i. 



Now 



1 _1-A:2 1 1 l^J(^s[n^<t>-k^co8^<f> 



A<^ 1-Ar^ A<^ 1-Ar^ A</) 



1 [" . , A:^eos^ 
1-H *^ ^^ 



'} 



and « = - . ^—r r*8ec»<^ A.^ d<f> - fc^ f*-^] 

ae 1 — Ar|_»/o »/o A<^J 

ae 1 — ic\_Jo J 

If we integrate by parts, 

r sec2 0A<^d<^ = tan<^A<^ + A:^r ^^^d<l>; 
c/o c/0 A<^ 

but Ic^^^ = J- - A<^, 

A<^ A<^ 

and K^C^^J^ .d<t>=:F{k,<l>)--E(k,<t>). 

Jo A<^ 

Hence 

s = ^F(k,<t>)- ^^' [jg(^•,0)~tanc^A<^3. 
ae ae ( 1 — Ar^) 

But l-A:^^ ^ 



aV 
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therefore 8 = —F(k,(l>)^ aeE (A:, <^) + ae tan <^ A<^, 

ae 



or 



s = ^F(^i,<^V«e^(^,^) 



+ ae tan <f> A<^. [4] 



ae \e 
The angle <^ corresponding to a given point P is easily con- 




structed. We have only to erect a perpendicular to the trans- 

52 ^2 

verse axis at a distance — = . from the origin ; that is, 

ae V^^+^ 

at a distance from the centre equal to the projection of h on 
the asymptote, and to joiu the projection of P on this line with 
the centre. The angle made by the joining line with the trans- 



verse axis is <^, for its tangent is clearlj' 



y 



Va^ + h^ 



Examples. 

(1) Find the length of the arc of the hyperbola — = 1, 

16 9 

measured from the vertex to the point whose ordinate is 2. 

Ans, 2.194. 

(2) Show that aetan<^A<^ is the distance from the centre to 
the normal at P. 

(3) Show that the limiting value approached by the difference 
between the arc and the portion of the asymptote cut off by a 
perpendicular upon it from P, as P recedes indefinitely from 
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the origin, is aeE (-, ^^ - ^ pf-, -\ This is generally re- 

ferred tx) as the difference between the length of the infinite arc 
of the hyperbola and the length of the asymptote. 

Show that in example (1) this difference is equal to 2.803. 



The Pendulum. 

203. We have seen in Art. 176 that if a pendulum starts 
from rest at a point of its arc whose distance above the lowest 
point is 2/o? the time required in rising from the lowest point to 
a point whose distance above the lowest point is y, is 



where 



\2a' 



and sin 



in<^ = \|— • 



In the figure let A be the lowest point of the arc, B the 




highest point reached by the pendulum, and P the point 
reached at the expiration of the time t. Call AOB a, and 
AOP 0. 

Then ^^ = 1 - cosa, and -J-^ = Vi(l-cosa) = sin^ = k. 
Consequently the modulus of the Elliptic Integral in [1] is 
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the sine of one-fourth the angle through which the pendolam 

swings. 

a 



and 



$ 



and 



\-^ = Vi ( 1 — cos 6*) = sin -, 

T - ^ 

sin <^ = -% ^ = — = = 1 

^y^ jy^ sin^ 
\'2a 2 



and therefore the sine of the amplitude of the Elliptic Integral 
in [1] is easily computed when the angle through which the 
pendulum has risen is given. When ^ = a, sin^=l, and 

<A = -; so that the time of a half -oscillation is \i- Fl sin-. ~\ 
2 ^9 \ 2*2/ 

a confirmation of [7], Art. 176. The construction indicated 




in the figure gives the angle <^, corresponding to any given arc 
AP. For 



-^=l-cos^O'Q, 



and \X = y/i {1- cos A0'(^) = 

Therefore ACQ = <^- 



TTTt . ACQ 

I t\ ~— cm ^ — on 



sm — '—^ = sin^CQ. 
I/O 2 
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It is very easy to express the angle iu terms of t. 

We have t = J- rfsm ^, <t>^ ; 

hence ^\|~= ^(^^^^y ^p 




and sin - = sin-snu\^^ V mod sin^ j ; 



then cos- = dnf ^\^ )( roodsin- I, 

2 \yaj\ 2 J' 

and sin^ = 2sin-sn( ^-y J^^ U-i/^ )( modsin^ V 



Examples. 

(1) A pendulum swings through an angle of 180°; required 

the time of oscillation. , Ul 

Ans. 3.708 \-. 

^9 

(2) Compare the times required by the pendulum in Ex. (1) 
to descend through the first 30°, the second 30°, and the third 
30° of its arc respectively. 

Ans. 1.028 vM 0.446^1-; 0.380 vP 
^9 ^9 ^9 

(3) The time of vibration of a pendulum swinging in an arc 
of 72° is observed to be 2 seconds ; how long does it take it to 
fall through an arc of 5°, beginning at a point 20° from the 
highest point of the arc of swing? Ans. 0.095 seconds. 
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(4) A pendulum for which \\- has been determined, and is 

equal to ^, vibrates through an arc of 1-^° ; through what arc 
does it rise in tlie first half-second after it has passed its lowest 
point? in the first ^ of a second? Ans. 69° ; 20° 6'. 

(5) It has been shown in Art. 176 that if t/o>2a the 
pendulum will make complete revolutions, and that the time 
required to pass from the lowest point to any point whose 
distance above the lowest point is i/, is 



\gyo-^o Vi-Ar^sin^d, \gyo 



where k=\\— and sin <^ = \\-^ • 

y y^, \ 2 a 

Show that in this case <^ = -, and that sin- = sn[--yr^)' 



Note. — In working with a pendulum it is often about as 
easy to compute F {k^ <f>) by developing by the binomial 
theorem and integrating two or three terms, as to use a table 
of Elliptic Integrals. 



We have 



2.(A:,<^)=jr' 



Vl-^•2sin2^ 



(l-r-sm^cl>) -=l+iA.-2sin2<^-f^Ar*sin*<^-f •-, 

and F(k,<l>)= C ^^ = = <^ + -(</> — sin <^ cos <^) 

Jo Vl-^-'sin-</> 4 

^-^ sin^ <f> cos d) H k* (<b — sin <f>cos<f>) •••• 
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CHAPTER XVII. 

INTRODUCTION TO THE THEORY OF FUNCTIONS. 

204. A function having but a single value for any given 
value, real or imaginary, of the variable is called a single-valued 
function. Rational Algebraic Functions, Exponential Func- 
tions, the direct Trigonometric Functions, and the Elliptic 
Functions are single-valued. 

A function which has in general two or more values for any 
given value of the variable is called a multiple-valued function. 
Irrational Algebraic Functions, Logarithmic Functions, the 
inverse or anti-Trigonometric Functions, and the Elliptic In- 
tegrals, are multiple- valued. 

205. In Chapter II. we have explained the customary graph- 
ical method of representing an imaginary b}' the position of a 
point in a plane, the rectangular coordinates of the point being 
the real term and the real coefficient of the pure imaginary term 
of the imaginary in question. 

In the ordinar}^ treatment of the Theory of Functions this 
method of representation is of the greatest service, and enables 
us to bring the study of functions of imaginary variables within 
the province of Pure Geometry, and to give it great definiteness 
and precision. 

For the sake of brevity we shall in future use the symbol i 
for V — 1 and cis<^ for cos<^-f- V — 1 sin<^, so that we shall 
write our topical imaginary as x-\-yi or as rcis<^, instead of 
using the longer forms x-\-y V — 1, and r (cos <f> -f- V — 1 sin <f>) . 

AVe shall also use the name complex quantity for an imaginary 
of the typical form when it is necessary to distinguish it from 
a pure imaginary. 
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200. A complex variable z = z-\-yi is said to vary continu- 
ouhUj when it varies in such a manner that the path traced by 
the i>oint (x^y) representing it is a continuous line. 




Thus if z changes from the value a to the value ^, so that 
the point representing it traces any of the four Unes in the 
figure, z varies continuously. 

It will be seen tliat a variable can pass from the first to the 
second of two given values, real or imaginary, by any one of 
an infinite number of different paths without discontinuity if the 
variable in question is not restricted to real values ; while a real 
variable can change continuously from one given value to another 
in but one way, since the point representing it is confined in its 
motion to the axis of reals. 



207. A single- valued function w of a complex variable z is 
called a continuous function if the point representing it traces 
a continuous path whenever the point representing z traces a 
continuous path. 

A multiple-valued function of z is continuous if each of the n 
points representing values corresponding to a value of z ti*aces 
a continuous path whenever z traces a continuous path. These 
n paths are in general distinct, but two or more of them may 
intersect, a point of intersection corresponding to a value of z 
for which two or more of the n values of w, usually distinct, 
happen to coincide. Such a value of z is sometimes called a 
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critical value^ and the consideration of critical values plays an 
important part in the Theory- of Functions. 

In studying a multiple-valued function we may confine our 
attention to any one of its n values, and except for the possible 
presence of critical points this value may be treated just as we 
treat a single-valued function. 

In representing graphically the changes produced in a func- 
tion w by changing the variable z on which it depends, it is 
customary to avoid confusion by using separate sets of axes for 
w and z. 

208. If we use the word function in its widest sense, 
ifj=zu-\- vi will be a function of a complex variable z = x-\- yi^ 
if u and v are any given functions of x and y. For example, 

xi, (Sy, x^ + y% x — yi, a? — y^ -\-2xyi, f "" ^ "^ ^\ , 

Var^-^ 2/^ + 4 
may all be regarded as functions of z. 

We have seen in Chapter II., Arts. 36-42, that with this defi- 
nition of function the derivative with respect to 2; of a function 
of w is in general indeterminate ; but that there are various 
functions of ?, for instance, 2"*, logs;, e*, &mz, where the deriva- 
tive is not indeteiminate. We are now ready to investigate 
more in detail the general question of the existence of a deter- 
minate derivative of a function of a complex variable. 

Let w =^U'\- vi be a function oi z\ u and v, which are real^ 
being functions of x and y. 

Starting with the value ^o = i*^o-h2/o*' o^ ^ and the correspond- 
ing value Wo = ?/o-h'yo* of w, let us change z by giving to x 
increment Ao; without changing y. 



y 



^0 A « 



Zl 



iCn 



X 



V 



«?^<r: J 



I As* 



Wo 



u 



Let A,w and A,v be the corresponding increments of u and 
V ; and Zi and Wi the new values of z and w. 
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Wc have 



Then 



2i = 2., 4- \x, Wi = ir, -h A,ii -h iA^r. 

W, — >r , A_ 'I I A- f 



2i — 2.. 



Aj: 



Aj: 



and the <lerivative of ?c with respect to z ander the giTen dr- 
curnstanees la 



limit r?r, — ir.,"] ,^ , . ^^ 



[1] 



jr 



I 

^9 



?/o 



0\ Xfj 



X 



o 



tCr,, 






*»• 



tt 



If, however, starting with the same value ^o of 2, we chaDge 
z by giving 2/ tlie increment \y without changing «, we have 

Z\ = a:o + (z/o + Ay) i = 2o + i Ay, 
^''i = Wo -f \xi -f (ro + Ay v)i = v:^ -f A^it -f i\v^ 

= ~» — H — 



2i — 2„ tAy I Ay 



and 



limit 
A2 = 



?c, — ic. 



_Zi — 2(, J 



= DyV — iD^u^ 



[2] 



and this is the derivative of w with respect to z when we change 
y and do not change x. 

Comparing [1] with [2], we see that if we start with a given 
value of 2, and change z in the two different ways just con- 
sidered, the limits of the ratios of the corresponding changes in 
w to the clianges in z need not be the same. Indeed, the two 

values for -— given in [1] and [2] will not be the same unless 
dz 

w = iL-\- vi is such a function of z^x-\- yi that 

l)j,u = DyV and D^u = — D^v, [3] 
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We shall now show that if w is such a function of z that 
equations [3] are satisfied, a^^a — will be the same if we 

start with a given value z^ of «, no mattter in what manner z 
may change ; that is, no matter in what direction the point 
representing z may be supposed to move ; or, in other words, 

no matter what may be the value of a^_:.o ' 

We have in general, since t(? is a function of the two variables 
X and y^ 

Aty = {D^u -f iD^v) Aa; -f- {D^u -f iD^v) Ay -f- c, 

where c is an infinitesimal of higher order than Aa or Ay. 

(I., Art. 198.) 
A« = Aaj-fiAy. 

TT Ai<; _ 2), u . Ax + iDyV . Ay -\-iD^v ,^x-\-D^u, Ay-f- c 

A2 Aa:H-iAy 



A.^ Ax Aa 



A w -f ^A V • — + ?' A y + 2), u ^ + 



1 + .^ 
Ao; 

J limit rAty"! dw; 

. . limit fAy"] ' 

^ + *Aa:=0L^J [4] 

a value involving a^^a — L awcl therefore dependent upon 

the direction in which z is made to move. 
If, however, [3] is satisfied, [4] reduces to 

-^ = 2)^ w + iD^v^ [5] 

dz 

aud the derivative of w is independent of A.:, a — ^ • 
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A function which satisfies equations [3], and which, there- 
fore, has a denvative whose value depends onl}- upon the value 
of the iudepondent variable, and not upon the direction in which 
tlie point representing the variable is supposed to move, is called 
by some writers a monofienic function , by others 2^ function whigh 
has f i (l(^^x\\^{{Jnp. ; still others refuse to dignify with the name of 
function any other than monogenic functions . 

200. Any function involving 2; as a whole, that is, any func- 
tion wliicli can be formed by performing an operation or a 
series of operations upon 2 as a whole, without introducing x 
and y except as they occur in 2, is a monogenic function of z> 

For if 10 =fz =f(x + 2/0 , 

where fz can be formed by operating upon « as a whole, 

2)^ w = fz, and DyW= ifz ; 

therefore iD^io = Dyio, or iD^ (u -f vi) =z D^{u + vi) ; 



whence 



D^u = DyV^ 



and 



DyU^ — D^v; 



and [3], Art. 208, is satisfied. Consequentl y w is monj 
This accounts for the results of Arts. 38-42. 

If w is a multiple-valued function of 2?, there may be several 

different values of — , corresponding to the same value of z ; 

dz 

but if 10 is monogenic, each of these values depends only upon «, 
and not upon the way in which z is supposed to change. 

In future, unless something is said to the contrary, we shall 
give the name function only to monogenic functions. Thus we 
shall not call such expressions as a — y/, or aj' + y* + 2apyf, 
functions of z. 

Conjugate Functions. 

210. If u and v are functions of x and 2/? satisfying equations 
[3], Art. 208, it is easy to prove that 

DJ'u + D/u = and A^v-f-i>> = 0. 
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For since D^u = DyV and D^v = — D^u^ 

we have DJ^u = D^D^v and D^u = — D^D^v, 

DJ'v=-D^D^u and D^^v=D^D,u\ 
u and V a re then solutions of Laplaee*s equation , 

DrFj; J)J F= 0. [1] 

Any two functions <^ and \f/ oi x and 2/? such that 
<t>{x^y)-{-iil/ (Xjy) is a monogenic function of x-\-yi^ are 
called conjugate functions ; and, by what has just been proved, 
each of a pair of conjugate functions is always a solution of 
Laplace's Equation [1]. 

Thus aj2 — 2/^, 2xy; e'cosy, e's'iny ; ^log (x^ -f y^), tan~^^ ; 

X 

are three pairs of conjugate functions, since o^ — y^-[-2xyi 

= (x + yty^ e* cos 2/ + ie* sin y = e*"^*^, J log (a^ -f y^) -f- 1 tan~^^ 

a; 

= log {x -f 2/0 , and consequently, by Art. 209, are all monogenic. 
Therefore each of the six functions at the beginning of this 
paragraph is a solution of Laplace's Equation [1]. 

It is clear that we can form pairs of conjugate functions at 
pleasure by merely forming functions of x + yi and breaking 
them up into their real parts, and their pure Imaginary parts ; 
that is, throwing them into the typical form u + vi. 

If each of a pair of conjugate functions, <f> and j/r, is written 
equal to a constant, the equations thus formed will represent a 
pair of curves which intersect at right angles. For let (», y) 
be a point of intersection of the curves <f> = a, if/ = h ', the slopes 

of the two curves at (a:, y) are respectivelv — 7r^» — ff^ by 

I., Art. 202; and since D^<t>=Dy\f/ and i),j/r = — Z)y<^, the 
second slope is minus the reciprocal of the first, and the curves 
are perpendicular to each other at the point in question. 

Thus a^ — 2/* = a, 2xy^h, cut each other orthogonally ; as do 



274 INTEGllAL CALCULUS. [Art. 211. 

also ilog(a^ + y*) = «, tan"^^ = 6; or, what amounts to the 

X 

same UiiDg, a:^-\-y^z=ai ^- = hi. It must be observed, how- 

X 

ever, that ar^ + y^ and ^ are not conjugate functions, and that 

X 

in general the converse of our proposition does not hold. 

It may be easily proved that if <f> and if/ are conjugate func- 
tions of X and y? and / and F are any second pair of conjugate 
functions of x and y, the new pair of functions formed by re- 
placing X sxud y in <!) and j/' by / and F respectively will be 
conjugate. 

Thus (e* cos 2/)^ — (e* sin 2/)^, 2e*cos2/.e"siny, 

or, reducing, e^ cos 2 y, e^ sin 2 y, 

are conjugate functions ; 

ilog [(0:^-2/^)^ + (20^2/)^], tan-^^32L^, 

or, reducing, log (ar^ -f y^) , tan'^ /^— ^ J, 

are conjugate. 

The properties of conjugate functions given in this article 
are of great importance in many branches of Mathematical 
Physics. 

Example. 

Show that if x' and y' are conjugate functions of x and y, 
X and y are conjugate functions of x' and y'. 

Preservation of Angles. 

211. If ?^ is a single-valued monogenic function of «, and 
the point representing z traces two arcs intersecting at a given 
angle, the corresponding arcs traced by the point representing 
w will in general intersect at the same angle. 
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For let Zq be the point of intersection of the curves in the z 
plane, and icq the con^esponding point in the w plane. Let z^ be 
a point on the first curve, and «2 a. point on the second ; and let 





Wi and 102 be the corresponding points in the w figure. 

Let Vi, ?'2) ^1? and Sg be the moduli of Zi — Zq^ Z2 — Zq, Wi — Wq^ 
and W2 — Wii respectively, <^i, <^2» 'An ^^^ ^2 their arguments ; 
then, since w is a monogenic function of 2;, we must have 



limit 



_Zi Zq j \_Z2 — Zq J 



or 



limit r^i^l^l = limit [h^^l ; 
Vi cis <^ij [Ti cis <^2 J 

whence, by Art. 23, 
limit 



— cis (ij/i 



-<^i)] = 



= limit 



- cis (ipi 
r.. 



- <^2)1 ; 



and since, when two imaginaries are equal, their moduli must 
be equal, and their arguments must be equal, unless the moduli 
are both zero or both infinite, 

limit {1I/2 — ij/i) = limit (02 — <^i) ; 

that is, the angle between the arcs in the w figure is equal to 
the angle between the corresponding arcs in the z figure ; unless 



W =0, or W = 



00. 



If 10 is a multiple-valued monogenic function of Zy and if 
starting from any point Zq, the point which represents z traces 
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out two curves intersecting at an angle a, each of the n points 
representing the corresponding values of lo will trace out a pair 
of curves intersecting at the angle a; unless Zq \s sl point at 

which — is zero or infinite. 
dz 

If, then, w is any monogenic function of z, and the point 
representing z is made to trace out any figure however complex, 
the point representing lo will trace out a figure in which all the 
angles occurring in the z figure are preserved unchanged, except 
those having their vertices at points representing values of z 

which make — zero or infinite. 

dz 

This principle leads to the following working rule for trans* 
forming any given figure into another, in which the angles are 
preserved unchanged. 

Substitute x' and y' for x and y in the equations of the curves 
w4iich compose the given figure, x' and y' being any pair of 
conjugate functions (Art. 210) of x and y, and the new 
equations thus obtained will represent a set of curves forming 
a second figure in which all the angles of the given figure are 
preserved unchanged, except those having their vertices at 
points at which D^x' and Dyy' are both zero, or at which one of 
them is infinite. 

For exiiniple, x — y = a^ (1) 

aj-f-2/=^ (2) 

are a pair of perpendicular right lines. Replace a? by qf — j^ 
and 2/ by 2 xy^ and we get 

x^^^xy — y^^a, (8) 

rx?^2xy^f=h, (4) 

a pair of hyperbolas that cut orthogonally'. 

212. If to is a single-valued continuous function of t, it is 
clear that if Wq and Wi are the values corresponding to s^ and Si, 
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and the point z moves from Zq to Zi by two different paths, the 
corresponding paths traced by w will begin at Wq and end at Wi, 
and consequently that if z describes any closed contom*, w also 
will describe a closed contour. 

If ty is a double-valued function of «, since to each value of 
z there will coiTespond two values of tc, it is conceivable that 
if lOi and Wi are the values of w corresponding to Zi^ and z moves 
from Zq tc Zi by two different paths, w may in one case move 
from Wq to Wi^ and in the other case from t(?o to tOj'. 

We can prove, however, that if the two paths traced by z do 
not enclose a critical point_ (Art, 207), and w is finite and con- 
tinuous for the portion of the plane considered, this will not 
take place, and that the two paths starting from Wq will 
terminate at the same point Wi. 

For as z traces the first path, each of the two points repre- 
senting tlie two values of w will trace a path, one starting at Wq^ 
and the other at Wo\ and unless the z path passes through a 
critical point, the two w paths will not intersect, but will be 
entirely separate and distinct, and will lead, one from Wq to Wi, 
the other from Wq to Wi. 

If, now, the z path be gradually swung into a second position 
without changing its beginning or its end, since tc is a continu- 
ous function, the two w paths will be gradually swung into new 
positions ; but, provided that the z path in its changing does not 
at any time pass through a critical point, the two w paths will 
at no time intersect, and consequently it will be impossible for 
the 10 points to pass over from one path to the other, and there- 
fore the point which starts at Wq must always come out at Wi^ 
and not at 2t'/. 

It follows readily from this reasoning that if z describes a 
closed contour not embracing a critical point, each of the w 
points will describe a closed contour, and these contours will 
not intersect. 

Of course, the proof given above holds for any multiple- 
valued function. 

In any portion of the plane, then, not containing critical 
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points the separate values of a multiple-valued fbnetion may be 
separately considered, and may be regarded and treated as 
single-valued functions. 

213. That in the case of a double-valued function two paths 
in the z plane, including between them a critical point, but 
having the same beginning and the same end, may lead to 
different values of the function, is easily shown by an example. 

Let w = ^z^ and let z, starting with the value 1, move to the 
value — 1 by the semi-circular path in the figure. That one of 





the corresponding values of w which starts with -f- 1 will de- 
scribe the quadrant shown in the figure, and will reach the 

point 1 . cis^, or i. If, however, z moves from -}- 1 to — 1 by 





Fig. 2. 



the semi-circular path in the second figure, the value of w which 
starts with + 1 will describe the quadrant shown in the second 



or — t. 



These 



figure, and will reach the value l.cis[— ^Y 

two paths described by z^ then, although beginning at the same 
point 4- 1 and ending at the same point — 1 , cause that value 
of the function which begins with -}- 1 to reach two different 
values ; and the two paths in question embrace the point 2=0, 
which is clearly a point at which the two values of w, ordinarily 
different, coincide ; that is, a critical point. 
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It is easily seen that if z, starting with the value -f-1, de- 
scribes a complete circumference about the origin, the value of 
IV which starts from the point -f- 1 will not describe a closed 
contour, but will move through a semi-circumference and end 
with the point I.cIstt or —1. Now, by Art. 212 anj' path 





Fig. 3. 

described by z beginning with -f 1 and ending with — 1 and 
passing above the origin, since it can be deformed into the 
semi-circumference of Fig. 1 withoiit passing through a critical 
point, will cause the value of w beginning with + 1 to end with 
-f i ; and any path described by z beginning with -f 1 and end- 
ing with — 1 and passing below the origin, since it can be 
deformed into the semi-circumference of Fig. 2 without passing 
through a critical point, will cause the value of w beginning 
with -h 1 to end with — i. Therefore any two paths described 
by z beginning with -f 1 and ending with —1 will, if they include 
the critical point z = between them, lead to different values 
of w^ provided that the same value of w is taken at the start. 

214. If t^ is a double- valued function of z, and z describes a 
closed contour about a single critical point, this contour may be 
deformed into a circle about the critical point, and a line lead- 
ing from the starting point to the circumference 
of the circle, without affecting the final value of 
w (Art. 212). Thus, in the figure, the two 
paths ABCDA, AB'C'D'B'A lead from the 
same initial to the same final value of w ; and 
this is true no matter how small the radius of 
the circle B'CD'. 
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Let ^0 be the critical point, and let Wq be the corresponding 
point in the w figure. As z moves from Zi towards Zq, the points 



*'i 



o 




representing the corresponding values of to will start at Wi and 
Wi and move towards Wq, tracing distinct paths. 

If, now, z describes a circumference about Zq, and then 
returns along its original path to »i, the first value of w will 
either make a complete revolution about Wq and return along 
the branch (1) to its initial value tOj, or it will describe about 










Case II. 

tv^ a path ending with the branch (2) of the w curve, and move 
along that branch to the value Wi. 

In the first case, and in that case only, the value of w 
describes a closed contour when z describes a closed contour, 
and is practically a single-valued function. 

If Zq is a point at which — is neither zero nor infinite 

dz 

(v. Art. 211), when z describes about Zq a circle of infinitesimal 
radius, w will make about Wq a complete revolution ; for since 
if two radii are drawn from Zq, the curves corresponding to them 
will form at tvo an angle equal to the angle between the radii, 
when a radius drawn to the moving point which is describing 
the circle about Zq revolves through an angle of 360®, the cor- 
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responding line joining Wq with the moving point representing w 
will revolve through 360®, and we shall have what we have 
called Case I. 

If, then, we avoid the points at which — is zero or infinite, 

dz 

we shall avoid all critical points that can vitiate the results 
obtained by treating our double- valued or multiple- valued func- 
tions as we treat single-valued functions. 

A critical_r>oinL. ot such a character that when z describes a 
closed contour about it the corresponding path traced by any 
one of the values of w is not closed, we shall call a branch point. 

When a function is finite, continuous, and single- valued for 
all values of z lying in a given portion of the z plane, or when 
it' multiple-valued it is finite and continuous, and Ims no ^raneh 
mints in the _ portion of the plane in question, it is said to be 
holomorphic in that portion of the plane. 

Definite Integrals. 

*215. In the case of real variables, | fz.dz was defined in 
Art. 80 in effect as follows : 

Cfz,dz = ^ ^^^^ [fZo (2i - Zo) -hfzi (2?2 - Zi) -hfZiiZs - Zi) + ••• 

+A-l(^-«n-l)], [1] 

where Zi^ Z2, z^^ » » » z^^i are values of z dividing the interval 
between Zq and Z into n parts, each of which is made to 
approach zero as its limit as n is indefinitely increased. 

In other words, I is the line integral of fz (Art. 163) taken 

along the straight line, joining Zq and Z if Zq and Z are repre- 
sented as in the Calculus of Imaginaries. 

It has been proved that if fz is finite and continuous between 
Zq and Z, this integral depends merely upon the initial and final 
values of «, and is equal to FZ— Fzq where Fz is the indefinite 

integral i fz.dz. 
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If 2; is a complex variable, and passes from 2^ to Z along any 
given path, we shall still define the definite integral | fz.dz hy 

f 1] where now 2,, z^,, 23, ...2„_i are points in the given path. 

Two important results follow inmiediately from this defini- 
tion : • 

1 St. That C'yz .dz^- Cfz . dz, [2] 

if z traverses in each integral the same path connecting z^ and Z. 
2d. That the modulus of j fz.dz is not greater than the 

line-integral of the modulus of fz taken along the given path 
joining z^ and Z. 
If we let 

fz = w = U'\-vi, z = X'\-yi^ u=:<t>(x^y)^ and v = ^(a;, y), 
then I fz.dz = I (U'\-vi)(dx -\- idy) 

-ji> (^^ y) (^x + if^ {^y y) (ix - J ^ (^^ y) dy + * f* («, y) dy, 

[3] 

each of the integrals in the last member being the line-integral 
of a real function of real variables, taken along the given path 
connecting 2:0 and Z. 

If the given path is changed, each of the integrals in the 
last member of [3] will in general change, and the value of 

Jfz . dz will change ; and, since z may pass from Zq to Z by an 
infinite number of different paths, we have no reason to expect 
that I fz . dz will in general be determinate. 

We shall, however, prove that in a large and important class 
of cases | fz,dz is determinate, and depends for its value 

upon Zq and Z, and not at all upon the nature of the path 
traversed by z in going from Zq to Z. 
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216. If fz is holomorphic in a given portion of the plane, 

'fz,dz = [1] 






if z describes any closed contour lying wholly within that 
portion of the plane. 

From [3], Art. 215, we have 

I ^fz,dz= I w,dz= I udx -h i j vdx — I vdy + i \ udy^ [2] 

the integral in each case being the line-integral around the 
closed contour in question. 

Since ^o = fz is holomorphic, u = <i> (a;, ?/), and v = i/^ (x, y) , 
and DjW, D^u^ D^^v^ and D^v are easily seen to be finite, con- 
tinuous, and single-valued in the portion of the plane considered. 
Therefore, by Art. 170, 

I udx =^ \ \ DyUdxdy ; I vdx = | ) D^vdxdy ; 

I vdy = — I I D^vdxdy ; I udy = — j j D^ndxdy ; 

the integral in the first member of each equation being taken 
around the contour, and that in the second member being a 
surface-inteojral taken over the surface bounded bv the contour. 
We have, then, from [2], 

Cyz,dz== C C{DyU-^D,v)dxdy-{-iC C(^DyV-D^u)dxdy, [3] 

but D^u = DyV, and DyU = - D^v from [3] , Art. 208. Therefore, 
[3] reduces to j ^z . dz = 0. 

From this result we get easily the very important fact that if 
fz is holomorphic in a given portion of the plane, | fz,dz will 

have the same value for all paths leading from 2?y to Z, provided 
they lie wholly in the given part of the 
plane. For let z^aZ and z^hZ be any 
two paths not intesecting between Zq 
and Z, Then z^aZhzQ is a closed con- 
tour, and 
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but 




J^fz.dz (along z^aZbzQ) 
= 1 fz.dz (along z^iaZ) + | '^fz.dz (along ZbZo)=0; 

J^fz . dz (along Zbzo) = — | fz.dz (along ZobZ) 

by Art. 215. 

Jr*z r*z 

I fz . dz (along z^aZ) =1 fz.dz (along z^ibZ) . 

If the paths z^aZ and ZQbZ inter- 
sect, a third path z^^cZ may be drawn 
not intersecting either of them, and 
by the proof just given 

fz . dz (along z^aZ) =1 fz.dz (along ZqcZ)^ 

/2;.d^ (along 2;o6Z) = j fz.dz (along^25ocZ) ; 

therefore, 

fz.dz (along 2;oaZ) = j fz.dz (along a:©^^' 

217. If /«, while in other respects holomorphic in a given 
portion of the plane, becomes infinite for a value T of 2, then 

I fz.dz taken around a closed contour embracing T, while not 

zero, is, however, equal to the integral taken around any other 

closed path surrounding T. 

For let ABGD be any closed con- 
tour about T. With T as a centre, 
and a radius c, describe a circumfer- 
ence, taking t so small that the cir- 
cumference lies wholly within ABCD. 
Join the two contours by a line AAK 
Then ^LBCDAA'D'CB'A'A is a 
closed path within which fz is holo- 
morphic. 
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Therefore, 

Cfz . dz (along ABCDAA'D'CB'A'A) = 0, 

or Cfz . dz (along ABCDA) -f- Cfz . dz (along AA') 

+ fr^. cZ2 (along A'D'C'B^A') + j/^. rf^ (along ^'^) = ; 



but 



lfz,dz (along AA') = — Ifz.dz along (-4'^) , 



and 



f/^ . dz (along A'D'C'B'A') = - Cfz. dz (along ^'^'C'D'^') 

Hence 

f/^ . dz (along ^^CZ>^) = ffz . f/z (along A'B'C'D'A'). 

218. That the integral of a function of z around a closed 
contour embracing a point at which the function is infinite is 
not necessarily zero is easily shown by an example. 

, t being a given constant, is single- valued, con- 



fi = 



z — t 



tinuous, and finite throughout the whole of the plane except at 
the point f, at which becomes infinite, without, however, 

ceasing to be single-valued. 

r dz 
Let us take I around a circle whose centre is ^ and 

J z — t 
wliose radius is anv arbitrarilv chosen value c. If z is on the 

circumference of this circle 

2 — ^ = c (cos <i>'\- i sin <^) 

= ce*' by [5], Art. 31. 

Z = t'\- €€*' 

and dz = ice*'d<^. ^ 
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Hence I -^ (around abc) = | — — — ^ = 2TrL 



/: 



From what has been proved in Art. 217, it follows that 

dz 

around any closed contour embracing t must also be 



z — t 
equal to 27ri. 

/' Fz 
dz^ when Fz is 
z — t 

supi)osed to be holoniorphic in the portion of the plane con- 
sidered, and where the integral is to be taken -around any closed 
contour embracing the point z = t, 

Fz 

is holomorphic except at the point 2 = ^, where it 

z —t 
becomes infinite. The required integral is, then, equal to the 

integral around a circumference described from the point t as 

a centre, with any given radius c, that is, by the reasoning just 

r dz 
used in the case of I , to 



r dz 

Jz-t' 






and in this expression € may l)e taken at pleasure. If now c is 
made infinitesimal ee*^^ is infinitesimal, and since Fz is continu- 
ous F{t -^ ce*^') is equal to Ft -\-rj where -q is some infinitesimal, 
and F{t-{- ce*^0 ^^ is equal to Ft . dcl> '\- rj . d<l). 
Now, by I. Art. 161, 

{Ft,d<jy^rjd^)= j Ft,d<f>. 

Jo 



*2n /-^iTT 



Hence i C^ F {t + ce*^') d<^ =./ f "jFY . (?<^ = 2 iriFt ; 

Jo Jo 



i Fz 

and we get the important result that I dz^ taken around any 

%j z — t 
contour including the point z = t^ is equal to 2-171. Ft, 

From this we have Ft=- — I dz\ 

2TrlJ Z — t 
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and we see that a holomorphic function is determined every- 
where inside a closed contour if its value is given at every point 
of the contour. 

If in the formula * Ft^— C-^ dz [1] 

2iriJ z-t ■- -" 

we change ^ to ^ -h A^ we get 

2iriJ Xz-t-^t z-tj 2iriJ (z-t){z-'t-M) 

whence 



limit 



imit fAi^l 1 Cj^^ , limit r 1 1 

■^=0[^-^J^^-^^-A^=0[(^«^)(^_^_A0j' 

rt^^CI^^. [2] 

and in like manner we get 

F^t = ' I ^ • r3"| 

27riJ {z-ty' ^ -• 

and in general F^'^H = flJ-J^^, [4] 

each of the integrals in these formulas being taken around a 
closed contour lying wholly in that portion of the plane in which 
Fz is holomorphic, and enclosing the point z = t. 



219. The integral of a holomorphic function along any given 
path is finite and determinate^ for, by [3], Art. 215, it is equal 
to the sum of four line integrals, each of which is finite and 
determinate (Art. 166). 

If a series w?oH"^i + ^2+ •••? v^here Wq, i^i, w?2'" <^''6 holo- 
morphic functions of «, is convergent for all values of z in a 
certain portion of the plane ^^ the integral of the series along any 
given path lying in that portion of the plane is the series formed 
of the integrals of the terms of the given series along the path in 
question, and the new series is convergent. 
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For let /S = t<?o + «(^i + ^^2 + ••• + ^n + ^n+i + ••• 

= w7o + w?i + «<?2 H h w;« + -B, 

where i? = w^+i + w^^2 + • • •> 

and where by hypothesis __ [i?] = 0. ( J ) 

j AS'd2;= j 2(?orf;2+ j 101^2 4- ••• + j w^d2;+ I B,dz 

for any given value of w. 

By the proposition at the beginning of this article, j Sdz 

along the given path is finite and deternii-nate, as are also 

I Wf^dz., I Widz^ etc. 
If, now, n is indefinitely increased, 

I Sdz = I icoda; -f- I ^CicZs; + | W2dx + ••• + |^ j Bdz. 

The modulus of I Rdz is not greater than the line-integral 

along the given path of the modulus of E (v. Art. 215\ As n 
increases each value of the modulus of i? approaches zero as its 
limit (1) ; consequently each element of the cylindrical surface 
representing the line-integral of the modulus of i? (v. Art. 166) 

approaches zero, and __ I Edz = 0. 

Therefore, I Sdz = I Wodz + I Widz+ i Wzdz-^***; [2] 

and, since the first member is finite and determinate, the second 
member is a convergent series. 

Taylor^s and Madaurin's Theorems, 

220. 1^:1^ = 1 4- g 4- ^2 4- ^3^ ... ^ ^«-i 
1-g 

identically, if n is a positive integer, even when q is Imaginary. 
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If the modulus of q is less than 1, 

limit 



n=co 



[(?«] = 0. 



Hence 1 +,,-,^4-^4- ... = i^™^[\^"]= ^^, [1] 

even when q is imaginary, provided that the modulus of q is 
less than 1. 

Suppose, now, that everywhere within and on a certain cir- 
cumference described with the point z = a as a centre -Flz . is 
holomorphic. Let 2= ^ be any point within this circumference, 
and 2; = Z be a point on the circum- 
ference. Then the modulus of Z — a 
is the distance from a to Z, and the 
modulus of t — a is the distance from 
a to ^ ; 

hence mod (t — a) < mod (Z — a), 

t — a 



and 



mod 



<1. 



a. 



1 



1 



1 



o 



1 




Z — t Z-'a-{t — a) 



Z — a 1 J_ ^ — a 



Z — a 



'Hi* 



a 



{Z-ay ■ {Z-a) 



a I (^-g)^ I 



+ 



Hence 
1 



1 



+ 4z:^„ + iLiL^^ + 



byCi] 



Z^t Z-a {Z-ay (Z-ay {Z-a) 

and the second member of [2] is a convergent series. 

FZ 

Multiply [2] by — -., and the series will still be convergent 

2 TTl 

for each value of z which we have to consider ; we get 

1 FZ 



27rt Z-t 



= 2-;^lz3^+(^"")(z3^»-^^^"">(z3:^«"^-^^^^ 



[3] 
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Integrate now both members of [3] around the circumfer- 
ence, and we have 

2wiJ Z-t ■2vi\_J Z-a ^ 'J (Z-ay 

and, since each of the functions to be integrated is holomorphic 
on the contour around which the integral is taken, and the 
second member of [3] is convergent, each integral will be finite 
and determinate, and the second member of [4] will be con- 
vergent. 

Substituting in [4] the values obtained in Art. 218, [1], [2], 
[3], and [4], we have 

^ ^ 2! 3! 

■4- (^-^)V ^">a + .... [5] 



?i! 



If the point 2? = a is at the origin, a = and [5] becomes 

Ft = Fo -\-tFo -\- —r'o -\- —r^'o -^ '", m 

2! 31 ^ -" 

which is Maclaurin's Theorem. 

That [5] is merely a new form of Taylor's Theorem is easily 
seen if we let f — a = ^, whence t=^a-\-h^ and [5] becomes 

F{a + h) ^^Fa + hF'a-^ Il^F'^a + ^F^'a + .... [7] 

[6] can, of course, be written 

Fz = Fo^ zF'o + — F% + — F'"o + ..., [8] 

and [5] as 

Fz = Fa + (2 - a) F'a + (^-^)V ^a + (^ - ^) V ^^o + ... ; 
^ ^ 2! 31 
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and we get the very important result that if a function of z is 
holomoj-phic within a circle whose centre is at the origin it may 
be developed by M^aclaurin's Theorem^ and the development will 
hold, that is, th£ series will be convergent, for all values of z 
lying within the circle. 

If a function of z is holomorphic within a circle described 
from 2; = a as a centre it can be developed by Taylor's Theorem 
into a series arranged according to powers of 2 — a, and the 
development will hold for all values of z lying within the circle. 

The question of the convergency of either Taylor's or 
Maclaurin's Series for the case when z lies on the circum- 
ference of the circle needs special investigation, and will not 
be considered here. 

If the function which we wish to develop is single-valued^ in 
drawing our circle of convergence we need avoid only those 
points at which the function becomes infinite ; but if it is 
multiple-valued we must avoid also those at which its derivative 
is zero or infinite (v. Art. 214). 

221. We are now able to investigate from a new point of 
view the question of the convergence of the series obtained by 
Taylor's and Maclaurin's Theorems in I. Chap. IX. 

Let us begin with the Binomial Theorem, 

(a) (a -h hy = a** 4- na'^-^h + n ^^^ ~ ^ ^ a"-^^^+ .-., [1] 

or, following the notation of [9], Art. 220, 

= a» + na^-\z - a) + ^^^ "" ^^ a"-'(g - af + .... [2] 



2;" 



If n is a positive integer, 2* is holomorphic throughout^ the 
whole plane, and [2] holds for all values of z and a, and [1] 
for all values of a and h. 

If n is a negative integer, 2** is single-valued, and it is Unit© 
and continuous except for 2 = 0, where 2;" becomes infinite. 
[2] is, then, convergent for all values of z lying within a circle 
described with a as a centre and passing through the origin ; 
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that is, for all values of 2;, such that mod (2 — a) < mod a ; and 
consequently [1] holds if mod h<, mod a. 

If n is a fraction, 2" is multiple-valued, and our circle of 

convergence must avoid the points at which — becomes zero 

dz 

or infinite ; but as the origin is the only point of this character, 
the circle of convergence is the same as in the case last con- 
sidered, and [1] holds for all cases where mod h<, mod a. 

When a and h are real our results agree with those obtained 
in I. Art. 131. 

(h) e' = e'=+'^ = e'(cos2/-j-tsiny) ([4], Art. 31) 

is single-valued and continuous, and becomes infinite only when 
a; = oo. Maclaurin*s development for e* holds, then, for all 
finite values of z» 

(c) log2; = log(rcis<^) = logr-f-<^i (Art. 33) 

is finite and continuous throughout the whole plane. It is, 

however, multiple-valued, but its derivative - becomes infinite 

z 

only when 2 = 0, and does not become zero for any finite value 
of z. log 2, then, can be developed into a convergent series, 
arranged according to powers of 2 — a, for all values of z within 
a circle having the centre a and passing through the origin ; 
that is, for all cases where mod (2 — a) < mod a. 
If 2; — a = /i, we get 

h h^ 7>3 h^ 
log(a + A) = loga + --|-, + |-3-f-,+ -, [3] 

a 2a^ 3cr 4 a* 

[3] holding for all cases where mod h < mod a. 
If a = 1 and h = z, we get 

log(l+^) = ^-f + |'-J + -, [4] 

which holds for all values of z where modz < 1. 

(d) sing = sin (a? + yi) = sin a? . — — 1- icoax • — ^^^-j 
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and C0S2 = cos (x -h yi) = cos a; — — i sin a; • — - — , 

(v. [3] and [4], Art. 35) 

are single- valued, and are finite and continuous throughout the 

plane. Therefore, Maclaurin*s developments for sin 2 and cos 2; 

hold for all values of 2. . 

sin z 1 
(e) tan2 = , and sec2; = , are single-valued and 

cos 2 cos 2; 

continuous, and become infinite only when cos2; = 0; that is, 

when 2; = ^. Therefore, Maclaurin's developments for tana; and 

secz (I. Art. 138), hold for every value of z whose modulus is 

less than -• 
2 

cos 21 1 
(/) ctnz= , and csc2 = become infinite when 2 = 0, 

sin 2; sin 2; 

and cannot be developed by Maclaurin*s Theorem. 

{g) sin~^2; is finite and continuous throughout the plane; it 

is, however, multiple-valued, and its derivative . becomes 

VI —z^ 

infinite when 2; = 1 , and when 2; = — 1 . Therefore, the develop- 
ment for sin~^2J (I. Art. 135 [2]), holds for any value of z 
whose modulus is less than 1. 

(/i) tan"^2; is finite and continuous throughout the plane; it 

1+2' 
when z = i, and when z = — i. Therefore, the development for 

tan~^2; (I. Art. 135 [1]), holds if modz<modi] that is, if 

mod 2; < 1 . 

Examples. 

(1) Show that the development of f- log (1 -h z) , given 

1 +2; 

in I. Art. 136, Ex. 1, holds if niod2;< 1. 

(2) Show that the development of log(l-he'), given in I. 
Art. 136, Ex. 2, holds if mod2J<7r. 

(3) Obtain the following developments, and find for what 
real values of x they hold good : 



is multiple-valued, and its derivative becomes infinite 
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(a) log(x+ V?Ta^) = loga + --- •— ,-h— •— , 

V y sv -T- -T- / ^ ^a 2 So" 2A oa"" 

\ 2 I 4 ! 

(c) e'.cosa; =14- a; 

^ ^ 3! 4! 



^ ^ V ^! 4! 6! y 

• (e) e'log(l+ic) =x + — + — + — ••• 



(/) tan* a: =ar* + if +^'' 



2! 3! 5! 

x^ , 6a; 



(gr) (l+2x + 3ar)~- = 1 -a; + 2^-— ... 

4 

^ ^ 2 6 



= 2(a; + ^ + ?^ 
3 o 



(0 ...(Bf) 

O. O. 4. %/ . Ill 

(A") x.ctna* = l 



3 45 1)45 4725 93555 



(0 lostau/^-+a-^ = loo:tan- + 2.r+-^ar*+— ar^+^li^^a'".. 
^ ^ "^ \-i J ^ 4 31 5! 7! 

^^ 112 1 4! 5! 6!7! 

^^ 2I3!4:5: 6! 

^ ^ ^ ^ V 3.2 3.5 3 3.5.7 4 y 

, . 1 2 , 2a- , a^ 2a-* 2ar5 a^ 

^^^ 2-2a- + a-^ 4 4 4 4- 4- 4* 

^^^ G-5x* 2-.r 3 -a- V- 37 U' .37 



••• 
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^ 



Answers. 

(a) —a<x<a; 

(b) -oo<a;<ooif n>0, -^<a;<^ if n<0 ; 

(c) — x<a;<x; (d) — Qo<aj<oo; 



It ^ „ ^ TT 



(e) -l<x<l; (/) -\<^<l> 

(a) -\<x<\; (A) -l<a;<l; 



-TT ^W 



(i) -l<a;<l; 0') -^<'^<l^ 

(m)-x<a;<oo; (n) -^<^<|5 

(o) -2<a;<2; (p) - V2 <»< V2 ; 
(g) -2<a;<2. 
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CHAPTER XVIIL 

KEY TO THE SOLUTION OF DIFFERENTIAL EQUATIONS. 

222. In this chapter an analytical key leads to a set of con- 
cise, practical rules, embodying most of the ordinary methods 
employed in solving differential equations ; and the attempt has 
been made to render these rules so explicit that they may be 
understood and applied by any one who has mastered the Inte- 
gral Calculus proper. 

The key is based upon "Boole's Differential Equations" 
(Loudon : Macmillan & Co.), to which or to '' Forsyth's Differ- 
ential Equations'* (London: Macmillan & Co.), we refer the 
student who wishes to become familiar with the theoretical 
considerations upon which the working rules are based. 

223. A differential equation is an expressed relation involv- 
ing derivatives with or without the prinytive variables from 
which they are derived. 

For example : 

(l+a;)y+(l-2/)ajg=0, . • (1) 

x^-^ — ay = X'\-\, (2) 

dx 

x^^-y + xs/^^^^^O, (3) 

dx 

|J=y(,+«|), w 
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sin^ic— f -|-sin.rcosa;^ — y = » — sinoj, (6) 
dor dx 

g^(l-l),.., . (8) 

D,'z-^aWJ'z = 0, (9) 

are differential equations. 

The^o?'cZe?; of a differential equation is the same as that of the 
derivative of highest order which appears in the equation. 

Equations (1), (2), (3), and (4) are of the first order; (6), 
(1), (8), and (9) of the second order; and (5) of the fourth 
order. 

Tlie degrrge^ o£ a differential eq qati op is the same fls the.po.wfir 
to which the derivative of highest order in the equation is 
raised, that derivative being supposed to enter into the equation 
in a rational form. 

Equations (1), (2), (3), (5), (6), (7), (8), and (9) are all 
of the first degree ; (4) is of the third degree. 

A differe ntial equation is linear when it would be of the first 
degree if the dependent variable and all its derivatives were 
regarded as unknown quantities. 

Equations (2), (5), (G), (7), (8), and (9) are linear. 

The equation not containing differentials or derivatives, and 
expressing the most general relation between the primitive vari- 
ables consistent with the given differential equation, is called 
its general solution or complete primitive. A general solution 
will always contain arbitrary constants or arbitrary functions. 

The differential equation is formed from the complete primi- 
tive by direct differentiation, or b}' differentiation and the 
subsequent elimination of constants or (unctions between the 
primitive and the derived equations. 

If it has been formed by differentiation only without sub- 
sequent elimination or reduction, the differential equation is 
said to be exact. 
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A singular solution of a differential equation is a relation 
between the primitive variables which satisfies the differential 
equation by means of the values which it gives to the deriva- 
tives, but which cannot be obtained from the complete primitive 
by giving particular values to the arbitrary constants. 

224. We shall illustrate the use of the key by solving equa- 
tions (1), (2), (3), (4), (5), (6), (7), (8), and (9) of Art. 223 
by its aid. 

(1) (H-x)2/-h(l-y)a:g=0, or (l+x)ydx^(l-y)xdy=0. 

Beginning at the beginning of the key, we see that we have a 
single equation, and hence look under I., p. 310; it involves 
ordinary derivatives : we are then directed to II., p. 310 ; it 
contains two variables : we go to III., p. 310 ; it is of the first 
order, IV., p. 310, and of the firet degree, V., p. 310. 

It is reducible to the foim 

1 -fa: , , 1 — Vj a 
— - — dx H ^ ay = 0, 

which comes under Xdx -f- Ydy = 0. 

Hence we turn to (1), p. 314, and there find the specific direc- 
tions for its solution. Integrating each term separately, we get 

log.r-|-x-|-log^y — j/ = c, or 1<^ (ary) + ar — y = c, 

the required primitive equation. 

(2) x^^-a^ = x-\-l, 

dx 

Beeinnins: asrain at the l>e2:inninsr of the kev, we are directed 
through I.. II., III., IV., to V., p. 310. Looking under V., 
we see that it will come under either the third or the fourth 
head. Let us try the fourth; we are referred to (4), p. 314, 
for specific directions. 

Obevins: instructions, the work is as follows : 

dy ,^ 

x-^ — ay =0, 
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xdy- 


-aydx- 


= 0, 


dy 

y 


adx 

X 


= 0, 


logy - ( 


a logic = 


= c, 




log^ = 


= c; 


5 = ^' 







y =Caf, (1) 

dx dx 



Substitute in the given equation, 



dx 

C' + -; \ z^ — =C. 

(a — l)a"-^ ax" 

Substitute this value for O in (1), and we get 

\a a — lj 
the required primitive. 

(3) a;^-y + a;V^^2 = 0. 

Beginning at the beginning of the key, we are directed 
through I., II., III., IV., to V., page 310. Looking under V., 
we find that our equation does not come under any of the 
special forms there given. We are consequently driven to 
obtaining a solution in the form of a series, and for specific 
instructions we are referred to (13), page 316. Obeying 
these, our process is the following : 
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^ - ^ _ -Jx" - ?y2 ^2/0 _ yo _ ^ y 2 _ ,, 2 

— V X y , — — V a;o — y 9 

(XX X O/Xq Xq 

(t.X A/ Ctit/Q il/Q 

.7>.6 ~ ^ ..-^ y ' .7.. « "" ^0 ^ vaJo — 2^0 » 



(/.f** .f da'n* X 







(/.t" .f CIXq' Xq 

aud the general value of y is 

s - J. + (» - 1,) (I - ViT^s) - ^2^'(». + l-JiF^) 

This result can be very greatly simplified by breaking up the 
series ; we have 

y-yX-^-Yr~-^—ri gi — ) 

(5C-^/ (.r-.ro)- . (>y-«^\.)' (x-^y \ 
' ^' V 3 ! 5 : 7 ! / 
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^— " ' ' . . • 

7! 



} 



or 

y == a;^ COS (a? — Xq) ^ ""^^ sin (x — Xq) 

[jcq a^ J 

= a; ^ cos (X'-Xq)— ill — ^ • sin (a; — Xq) . 
2^ is entirely arbitrary ; call it sin a, then 

Xq 

y = x [sin a cos (a; — Xq) —cos a sin (a? — a^o)] = x sin [a— (a? — aJo)]? 
y = a? sin (c — a;) , where c is any constant. 

Beginning at the beginning of the key, we are directed 
through I., II., III., IV., to VI., page 311. Looking under VI. 
we see that the equation is of the first degree in a;; we are 
referred to (17), page 318, for our specific instructions. 

Obeying these, we first replace -^ by p ; the equation becomes 

jp^=:y^(y-\-xp). 
Differentiate relatively to y, and we get 

3i)^^ = 4y«(2/ + icp) + 2^ + a^^. 
ay ay 

Eliminate x, 

dy y V Pj^y 

^^ 21^ + ^ dp o (2p» + y') ^Q 

P dy y 
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Striking out the factor 2p^-h3^, we have 

p dy y 

a differential equation of the first order and degree in which 
the variables are separated, and which therefore can be solved 
^y (Oi Pa^e 814. 

Its solution is log p — log 2/* = C7, 

4 

P 

or 2=^- 

y 

Kliminating p between this and the given equation, and re- 
ducing, wo have ci/ (a; — cr^) = 1 , as our required solution. 

^ ^ do^ dx' dx" dx ^ ^ ^ 

Hoginning at the beginning of the key, we are directed 
through I., II., III., VII., to (22) (a), page 319, for our 
spocilic directions. 

We soe at onoc that y = 1 is a particular solution. 

Obeying directions, we have now to solve 

T!-2'I-'! + 2S-2f^ + 2' = by (21). (2) 
dx* dxr dor dx 

Let .V = e*"', and we have 

m* - 2m^ + 2m^ - 2m + 1 = 0, 

as our auxiliary algebraic equation in m. Its roots are 

1, 1, V^=n, -V"^. 

Tl>o solution of (2) is then 

y = (^l + jBx)6*+ (7cosa? + Z)sina;, 

and of (1) is 

y = (.1 + Bx) e* + Ccosx + Dsina; + 1. 
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(6) sin^oj— l + sinajcosa?^ — y = a; — sinoj. (1) 

Beginning at the beginning of the key, we are directed 
through I., II., III., VII., to (24), page 321, for our specific 
instructions. 

Dividing through by sin^ic, the equation becomes 

-^ -h ctno;-^ — csc^o; .y = x csc^x — esc a?. (2) 

doer dx 

y = ctnoj is found by inspection to be a solution of 

—-I -I- ctno;-^ — csc^o; . v = ; 
aor dx 

(2) can then be solved by (24) (a). 
Substitute y = ZGtnx in (2), and it becomes 

r/^z dz n 

ctn X — - + (ctn^oj — 2 csc^a;) — = a; csc^o? — csco;, 
doir dx 

cPz dz 

or — - — (tana; + sec » CSC a?) — = a; sec a? esc a? — sec a;. (3) 

dor dx 

Referring to (25), page 323, and obeying instructions, we 

dz 
let 2' = —, and (3) becomes 

dx 

dz' 

(tana? -h sec a? esc a;) 2' = a? sec a; esc a; — seca5, 

dx ^ ^ 

a linear differential equation of the first order in z\ whose solu- 
tion by (4), page 314, is 

z' =^A tana? sec a? — x sec^a; + tan x sec a? (log tan- — log sin a;) ; 

dz 
but 2' = — , whence integrating, we have 

dx 

z =5 + -4seca; — ajtanaj— (1 + seca;)log(l + cosaj), 
and 
y = ^csca; + 5ctna; — a? — (csca; + ctna;)log(l -f-cosa?). 
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(7) x{l-xy^-2y = 0. 

dxr 

Beginning at the beginning of tlie key, we are directed 
tbrough I., II., III., VII., to (24), page 321, for our specific 
instructions. 

Let us trj' the method of (24) (e), page 323. 

Assume 2/ = 2a„a;'", and substitute in the given equation; 

we have 

2 [m (m — 1) a^af"-^ — 2m (m — 1) a^:xf^ 

+ m (m — 1 ) a„a:^+^ — 2 a,„a:"*] = 0. 

Writing the coefficient of af* in this sum equal to zero, we 
have 

m (m -h 1) a^+i — 2[7?i(m — 1) +l]nr„ + (m — l)(m — 2) a„_i=0, 

and we wish to choose the simplest set of values that will 
satisfv this relation. 

ft/ 

Substituting m = 0, ?n = — 1, m = — 2, etc., in this relation, 
we find 

Hence if we take ao= (^? it follows that 

a_i = Cl_2 = CT_3 • • • = 0, 

and no negative powers of x will occur in our particular 
solution. 

Substituting now m = l, m = 2, m = 3, etc., we have 

Ci.-^z=z (l2'=- Gi^'= 0.^^= • • • . 

Taking ai = 1, we get as our required particular solution of the 
given equation 

This can be written in finite form, since we know that 

1 



1 +x-{-x^ + :(?-*' = 
Hence y = 



1-0? 
X 



1 -» 
is a particular solution. 
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Turning now to (24) (a), page 321, we find 

y=-^^ + c'( l+a; + --^ logo?). 
1 —a; \ 1 —a? / 

Beginning at the t)egiuning of the key, we are directed 
through I., II., III., VII., to (24), page 321, for our specific 
instructions. Let us tr}' again the method (24) (e), page 323. 

Assume y = Sa^cc"*, and substitute in the given equation, 

2[m (m — \)a^ar-^ + a«aj"» — 2a„ar-2] = 0. 
The terms containing af" are 

(m -h 2) (m + 1) a„+2«~ + a^^ - ^a^^2^\ 
writing the sura of the coefficients equal to zero, we have 

m (m + 3) a„+2 + a„ = 0. (1) 

Letting m = and m = — 3, we get a^ = and a_^ = ; and all 
terms of y involving even negative powers of x disappear, as do 
all terms involving odd negative powers, except the — 1st. 

In general a^+g = — r* (2) 



From this we get 



m (m + 3) 



«4=-^ =-— , if we takea2 = J, 

a - ^ - ^ 



a« = — 



2.4.5.7 5! 7' 

«£ _. \^_ 

2.4.5.6.7.9 7! 9' 

_ 02 1 

^'^"" 2.4.5.6.7.8.9.11"" 9! iT 

a .2 /v*4 nfi /r" />»10 

iience y = h 

^ 3 3!5 5!7 7!-^ 



9 9! 11 

is a particular solution of the given equation. This can be 
thrown into finite form without much labor. 



806 INTEGRAL CALCULUS. [ART. 224. 



Ou CXj dj itj Or 

We have ^ = -s""^TT + "rr;;"^=T7: + 



. . • 



9 



3 3!5 5!7 7!9 9 ! 11 

dx 3!5! 7!9! ' 

V 3!5! 7191 / 
= a;sina;; 

whence ojy = sin a; — a? cos a?, 

and y = -(sinaj — ajcosaj). 

X 

By going back to (2), and using odd values of m, we get 
another solution of our given equation, namely, 

1 , a; a^ , ar^ x^ 
^ x 2 2!4 4!6 618 

which can be reduced to 

y = - (cos a; + a; sin a;) • 

X 

Hence our complete solution is 

y = -[^A (cos a; -|- a? sin a;) + J5 (sin a; — x cos a?)], 



X 



or 



^•rcosfa; — c) , . / \"1 
y=A' ^^ ^+sm(a? — c) , 



if we let -- = tanc. 
A 



(9) A^«-a^^/^ = 0. 

Beginning at the beginning of the key, we are directed 
through I. and IX. to (45), p. 331, for our specific instruc- 
tions. 
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Obeying these, our work is as follows : 

dy — adx = 0, (1) 

dy -^adx =0, (2) 

dpdy — a^ dqdx = 0. (3) 

Combining (1) and (3), we get 

dpdy — adqdy = 0, 
or dp — adg = 0. (4) 

(1) gives y — ax^a, 
(4) gives p — aq = p, 

(2) and (3) give us, in the same way, 

p + aq=pi; 

and our two first integrals are 

i>-«^=/i(2/-«a:), (5) 

P + aq=f^(y-\-ax), (6) 

/i and /2 denoting arbitrary functions. 

Determining/) and ^, from (5) and (6), 

P = i[f2(y + ax) -hfiiy- ax) ] , 

9 = ^ [/2 (y + cix) -/i (y - ax) ] ; 
2a 

f^^ =i[/2(2/+«a;) -|-/i(y-aa:)] (^a?H-— lf2(y-\-ax)-fi(y''ax)]dy 

_ /2 (?/ + ax) {dy + acfg;) ~/i (y — aa;) (dy — adx) 

2a 

Hence, 2 = i^(y + aa;) -|-i^i(y — aa;), 

where F and i^i denote arbitrary functions obtained by integrate 
iiig /i and /2, which are arbitrary. 
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225. When a differential equation does not cop£l^.,l^^dfi^.anJ: 
of the forms givep. in the key, a change of dependent or inde- 
pendent variable, or of both, will often reduce it to one of the 
standard forms. No general rule can be laid down for such a 
substitution. It will, however, often suffice to introduce a new 
letter for the sum, or the difference, or the product, or the 
quotient of the variables, or for a power of one or of both. 
Sometimes an ingenious trigonometric substitution is effective, 
or a change from rectangular to polar coordinates ; that is, the 
introduction of r cos <^ for x and r sin <^ for y. 

The following examples of such substitutions are instructive. 

(A.) Change of dependent variable, 

(1) (x -h ?/)--^ = a-, reduces to — -dz — da; = 0, 

dx a^ + r 

if we introduce z = x -j- ?/. 

(2) — = sin (</) — ^) , reduces to — d<^ = 0, 

d(t> 1 — sin o> 

if (1) = ^ — 0, 

(3 ) (.^' — ?/-) dx-{-2 xydy = 0, reduces to {x '~z)dx-\- xdz = 0, 

if z = y. 

(4) x^^-y-\-x V.X-' - y' = 0, reduces to ^^ -4- da; = 0, 

dx Vl - z' 

if 2 = ^' 

X 

(5) ^ + ? ^ - 'ii'y = 0, reduces to — , - nH = 0, 
dxr X dx dx- 

if 2; = xy, 

(B.) Change of independent variable, 
(1) (1 - .X'-)- --^ + .V = 0, reduces to 

dxr 

cos^O — ^-|-sin^cos^-^-h2/ = 0, if a: = sin^. 
de^ dO ^ 
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(2) — ^-f-tana;-^-hcos^aj.y = 0, reduces to — ^ + y= 0, 
dor dx dr 

if 2; = sina;. 

(C.) Change of both variables, 

(1) (1 ^ Vy = — (aJ^ — y^ — a^) » reduces to 

\ dor J dx 

^,_^^_*!(^_^,_aO=0, if 2 = 0^ and « = /. 
dz^ dz 

(2) (y - a?) (1+ x^y ^ = (1 +2/^)^ reduces to 

ux 

sin (</) — ^) d</) = d^, if oj = tan^ and y = tan 0. 

(3) ^xg-2/Y = aA+|Q(aj2 + y2)*, reducesto 

— ± = 0, if a; = ?• cos <^ and y = r sin <^. 

Vr(l —ar) Va 
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KEY. 



■♦- 



Single equation I. 310 

System of simultaneous equations VIII. 313 

I. Involving ordinary derivatives II. 310 

Involving partial derivatives IX. 313 

II. Containing two variables III. 310 

Containing three variables and of first degree. 

General form, Pdx -f Qdy + Rdz = . . . (36) 327 

Containing more than three variables and of 
the first degree. General form, Pdxi + Qdx^ 

+ jBc?iC3+...=0 (37) 328 



III. Of first order IV. 310 

Not of first order VII. 312 

IV. Of first degree. General form, Mdx + Ndy = V. 310 
Not of first degree VI. 311 

V. Of first degree. General form, Mdx-^-Ndy 

= 0. 

Variables separated or separable ; that is, of 

or reducible to the form Xdx + Ydy = 0, 

where X is a function of x alone, and y is a 

function of y alone * (1) 814 

J[f and ^homogeneous functions of x and y of 

the same degree (2) 314 ; 

* Of course, X and T may be constants. 
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Fag« 

Of the form (ax + by-\'C) dx + (a'x + b*y-\'c')dy 

= (3) 314 

Linear. General form, -^ + -Xi^ = X2, where 

dx 

Xi and X2 are functions of x alone* . . . (4) 314 

Of the form -^ -f Xi^ = X22/"? where Xi and X2 
dx 

are functions of a; alone * (5) 315 

Mdx-\-Ndy an exact differential. Test, D^M 

= D,N (6) 315 

Mx-\'Ny = (7) 315 

Mx--Ny = (8) 315 

Of the form Fi {xy) ydx + F^ (xy)xdy = . . (9)315 

D^M-D,N ^ ^ function of x alone .... (10) 315 
—^ — ^^^ — * — , a function of y alone . . • • (11) 316 

D^M-D,N ^ ^ function of (a^) (12) 316 

Ny — Mx 

A solution in the form of a series can always be 

obtained (13) 316 

VI. Not of first degree. , 

Can be solved as an algebraic equation in p, 

where p stands for -^ (14) 317 

dx 

Involves only one of the variables and p, 

where i? stands for -2 - . . . (15) 317 

dx 

Of the first degree in x and y ; that is, of the 
form xfip-\-yf2P=fzP', where p stands for 

^ (16) 317 

dx ^ ^ 

Of the first degree in a; or y (17) ^18 

Homogeneous relatively to x and y . . . . (18) 318 

* Of course, Xj and X^ may be constants. 
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Paget 

Of the foi-rn F{<l>^ ^/') = 0, where <^ and ^ are 

functious of «, y, and — , such that 6 = a 

dx 

\l/=b, will lead, on differentiation, to the 

same differential equation of the second 

order (19) 318 

A singular solution will answer (20) 318 

VII. Not of first order. 

Linear, with constant coefficients ; second 

member zero* (21) 319 

Linear, with constant coefficients ; second 

member not zero* (22) 319 

Of the form (a+bxy^-^-Aia-hbxy-^^^ 

-f- • • • + Z^y = X, where X is a function of 

X alone f (23) 321 

Linear ; of second order ; coefficients not con- 
stant. General form, — ^ + -P— + Qy =iJ ; 

rfor dx 

P, Q, and R being functions of a? ... (24) 321 

Either of the primitive variables wanting . . (25) 323 

d'^v 
Of the form — - = X, X being a function of 

(/of* 
ic alone t (26) 323 

Of the form ^ = F, Y being a function of 

y alone f (27) 324 

Of the form ^=/4^ (28)324 



d^ dx; 



Of the form ^=/|^ (29)324 

dx^ dj^ ^ ^ ■ 

Homogeneous on the supposition that re and 

* The first mcrobcr is supposed lo contain only those terms inyolrlng the depoidem 
variable or its derivatives, 
t See note, p. 310. 
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y are of the degree 1, -^ of the degree 0, 

— I of the degree —!,••• 

dxr 

Homogeneous on the supposition that x is of 

the degree 1, ^ of the degree w, — of the 

dx 

degree w — 1, — ^ of the degree 7i — 2, ••• 

d:xf 

Homogeneous relatively to y, -^, --j, ••• 

(XX CLXi 

Containing the first power only of the deriva- 
tive of the highest order 

Of the form ^ + X ^ -f y\^= 0, where 
dor dx L^^J 

X is a function of x alone and Y a func- 
tion of 7j alone * 

Singular integral will answer 

VlII. Simultaneous equations of the first order . . 
Not of the first order 



^ P««e 



(30) 325 



(31) 325 

(32) 325 

(33) 325 



IX. All the partial derivatives taken with respect 
to one of the independent variables . . . 

Of the first order and Linear 

Of the first order and not Linear . . . . 

Of the second order and containing the deriv- 
atives of the second oi'der only in the first 
degree. General form RD^z -f- SD^D^z -\- 
TD^z = F, where R, S, T, and V may be 
functions of ar, y, 2, D^z^ and D^z 



(34) 326 

(35) 326 

(38) 328 

(39) 329 

(40) 329 
X. 313 

XI. 313 



X. Containing three variables . . . 
Containing more than three variables 



XI. Containing three variables . . . 
Containing more than three variables 



(45) 331 

(41) 330 

(42) 330 

(43) 330 

(44) 331 



* See note, p. 310. 



814 INTEGRAL CALCULUS. 

(1) Of or reducible to the form Xdx -f- Ydy = 0, where X is 
a function of x alone and F is a function of y alone. 

Integrate each term separately, and write the sum of 
their integrals equal to an arbitrary constant. 

(2) M and X homogeneous functions of x and y of the 
same degree. 

Introduce in place of y the new variable v defined by 
the equation y = vx, and the equation thus obtained can 
be solved by (1). 

Or, multiply the equation through by — — , and its 

first member will become an exact differential, and the 
solution may be obtained by (6). 

(3) Of the form {ax -f by -h c) f/j? -h (a'a? + h*y + c') dy = 0. 

If ab'—a'b=^Oy the equation ma}' be thrown into the 

a' 
form (((.r -f by -f- c) dx -\ — {ax -h by -{- c) dy = 0. If now 

a 
z = ax-\' by be introiiuced in place of either x or y, the 

resulting equation can be solved by (1). 

If ab' — a'b does not equal zero, the equation can be 

made homogeneous by assuming .r = x'— a, y = y'—P, and 

dotormining a and fi so that the ci>nstant terms in the new 

values of M and JV shall disappear, and it can then be 

solved by (2). 

(4) Linear. General form *-+ XiV= Xj, where Xi and 

dx 

X; are functions of or alone. 

Solve on the supix>sition that Xj = by (1) ; and from 
this solution obtain a value for j/, involving of course an 
arbitrarv c-onstant C Sul>stitute tliis valae of y in the 
given equation, regaixUng C as a variable, and there will 
result a differential equation « involving C and ac, whose 
solution by (1"^ will express C as a Amotion of ac Sub- 
stitute this value for C in the expression already obtained 
for t/. and the result will be the required solution. 
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(5) Of the form ^ + Xi2/ = X22/", where Xi and X2 are 

dx 

functions of x alone. 

Divide through by 2/**, and then introduce z = y^~'^ in 
place of y, and the equation will become linear and may 
be solved by (4). 

(6) Mdx-\-Ndy an exact differential. Test D^M= D^N. 

Find I Mdx, regarding y as constant, and add an arbi- 
trary function of y. Determine this function of y by the 
fact that the differential of the result just mentioned, taken 
on the supposition that x is constant, must equal Ndy. 

Write equal to an arbitraiy constant the | Mdx above 
mentioned plus the function of y just determined. 

(7) Mx-^Ny = 0, 

Divide the first term of Mdx 4- Ndy = by Mx, and 
the second by its equal —^^y^ and integrate by (1). 

(8) Mx-Ny = 0. 

Divide the first term of Mdx -h Ndy = by Mx^ and 
the second by its equal Ny^ and integrate by (1). 

(9) Of the form /j {xy) ydx -f/g (xy) xdy = 0. 

Multiply through bv — — -, and the first member 

" Mx — Ny 

will become an exact differential. The solution may then 
be found by (6). 

(10) -^ — '^ — - — , a function of x alone. 

Multiply the equation through by e*^ ^ ' , and 
the first member will become an exact differential. The 
solution may then be found by (6) . 
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(11) '~^r ''^ ^ * function of y alone. 

Multiply the equation through by e^ m ^, and 
the first member will become an exact differential. The 
solution may then be found by (6) . 

(12) ^'j^^"^:^^ a function of (xy). 

NiJ — MX rPyM-DzN ^ 

Multiply the equation through by e*^ Ny-Mx ' where 
V = xij, and the first member will become an exact differ- 
ential. The solution may thus be found by (6). 

(13) A solution of Mdx -f Ndy = in the form of a series 
can always be obtained. 

Throw the given equation into the form -2 = , 

^ dv ^ 

then differentiate, and in the result replace -^ by 

M d^v ^ 
, thus obtaining a value of — J in terms of x 

N dar 

and y ; b}- successive differentiations and substitutions 

(^ y d^ V 
get values of — ii, — -^ etc., in terms of x and y. 

dx^ dx* 
If ^0 is the value of y corresponding to any chosen 

value Xq of a?, y can now be developed by Taylor's 

Theorem. 

We have y =/ic =/(a;o -\'X — Xq) 

=fxo + (OJ - Xo)f% + ^^^^r% + ^2^f^/'"a\, + -, 
or 

dxo 2 ! dxQ^ 3 ! dxo^ 

where ^, ^, % etc., 

CIXq CIXq (^Xq 

are obtained by replacing x and y hy Xq and yo m the 

values of 7 ^2 ^ 

dy^ ^^ (^^ ^^^^ 

dx doi^' dx^' 
described above. 
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In the general ease ^o is entirely arbitrary, and if the 
given equation is at all complicated, the solution is apt to 
be too complicated to be of much service. If, however, 
in a special problem the value of y corresponding to some 
value of X is given, and these values are taken as 2/0 ^^^ 
flJo, the solution will generally be useful. 

(14) Can be solved as an algebraic equation m p, where p 



stands for 



dy 



dx 

Solve as an algebraic equation inp, and, after trans- 
posing all the terms to the first member, express the first 
member as the product of factors of the first order and 
degree. Write each of these factors separately equal to 
zero, and find its solution in the form F— c = by (V.) . 
Write the product of the first members of these solutions 
equal to zero, using the same arbitrary constant in each. 

(15) Involves only one of the variables and ^9, where ^> stands 

for — . 
dx 

By algebraic solution express the variable as an expli- 
cit function of ^), and then differentiate through ivhitively 
to the other variable, regarding p as a new variable and 

dx 1 
remembering that — = -. There will result a differen- 

dy p 
tial equation of the first order and degree between the 

second variable and j) which can be solved b}^ (1). 

Eliminate p between this solution and the given equation, 

and the resulting equation will be the required solution. 

(16) Of the form xfip-\'yf2P=fzP, where p stands for -^. 

dx 

Differentiate the equation relatively to one of the vari- 
ables, regarding ^ as a new variable, and, with the aid of 
the given equation, eliminate the other original variable. 
There will result a linear differential equation of the first 
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order between p and the remaining variable, which may be 

simplified by striking out any factor not containing -^ or 

--2, and can be solved bv (4) . Eliminate p between this 

solution and the given equation, and the result will be the 
required solution. 

(17) Of the first degree in x or y. 

The equation can sometimes be solved by the method of 
(IG), differentiating relatively' to the variable which does 
not enter to the first degree. 

(18) Homogeneous relatively to x and y. 

Let y = vx^ and solve algebraically relatively to p or v, 

p standing for -^. The result will be of the foim p = /V, 

dx 

or v = Fp, If 

^ dy ^ d(vx) ^ dv . ^ 

dx dx dx 

an equation that can be solved by (1). If 

V — Fjyt - = Fjyj y = xFp^ 

X 

an equation that can be solved by (16). 

(19) Of the form -F(<^, \l/) = 0, where <^ and i^ are functions 

of a?, ?/, and — , such that <t^ = a and ^ = 6 will lead, on 
dx 

differentiation, to the same dififerential equations of the 
second order. 

Eliminate -^ between <t> = a and ^ = h^ where a and b 
dx 

are arbitrarj- constants subject to the relation that 
F{a^h) =0, and the result will be the required solution. 

(20) Singular solution will answer. 

Let -^=j9, and express p as an explicit function of x 
dx J 

and y. Take -^\ regarding x as constant, and see 
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whether it can be made infinite by writing equal to zero 
any expression involving y. If so, and if the equation 
thus formed will satisfy the given dififerential equation, it 
is a singular solution. 




Or take ^^ ^ , regarding y as constant, and see whether 
dx 

it can be made infinite by writing equal to zero any ex- 
pression involving x. If so, and if the equation thus 
formed is consistent with the given equation, it is a 
singular solution. 



(21) Linear, with constant coefficients. Second member 
zero. 

Assume i/ = e"" ; m being constant, substitute in the 
given equation, and then divide through by e""*. There 
will result an algebraic equation in m. Solve this equa- 
tion, and the complete value of y will consist of a series 
of terms characterized as follows : For everv distinct 
real value of m there will.be a term Ce""; for each pair 
of imaginary- values, a-h^V — 1, a — ^V— 1, a term 
Ae"' cos hx 4- Be"' sin hx ; each of the coefficients A, B^ and 
C being an arbitrai*y constant, if the root or pair of roots 
occurs but once ; and an algebraic polynomial in x of the 
(?•— l)st degree with arbitrary constant coefficients, if 
the root or pair of roots occurs r times. 

(22) Linear, with constant coefficients. Second member not 
zero. 

(a) If a particular solution of the given equation can 
be obtained by inspection, this value plus the value of y 
obtained by (21) on the hypothesis that the second mem- 
ber is zero, will be the complete value of the dependent 
variable. 
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{b) If the secH:»nd member of the given equation can 
be got rid of by differeuliation, or by differentiation and 
elimination between the given and the derived equations, 
solve the new differential equation thus obtained, by (21), 
and determine the superfluous arbitrary constants so that 
the given equation shall be satisfied. 

In determining tliese sui>erfluous constants, it will 
generally save lal>or to solve the original equation on 
the hyi>othesis that its second member is zero, and then 
to strike out from the preceding solution the terms which 
are duplicates of the ones in the second solution before 
proceeding to differentiate, as fi-om the nature of the case 
they would drop out in the course of the work. 

(f) If the given equation is of the second order, solve 
on the hypothesis tliat the second member is zero, 
by (21), obtain from this solution a simple pailicular 
solution by letting one of the arbitrary constants equal 
zero and the other equal unity, and let i/ = v be this last 
solution : then substitute I'z for !/ in the given equation ; 
tliere will result a differential equation of the second order 
between x and z in which the dejvendent vaiiable z will be 
wanting, and which can be completely solved by (25), 
Substitute the value of z thus obtained in y = vz and 
there will result the required solution of the given equa- 
tion. 

((?) Solve, on the hvix)thesis that the second member 
is zero, and obtain the complete value of y by (21). 
Denc>ting the order of the giveu equation by w, form the 

?i — 1 successive derivatives -A — J... ^. Then 

dx dx" djf-^ 

differentiate y and each of the values just obtained, re- 
garding the arbitrary constants as new variables, and 
substitute the resulting values in the given equation; and 
by its aid. and that of the n — 1 equations of condition 
formed by writing each of the derivatives of the second set, 
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except the nth, equal to the derivative of the same order in 
the first set, determine the arbitrary coefficients and sub- 
stitute their values in the original expression for y, 

(23) Of the form 

where X is a function of x alone. 

Assume a + &^ = ^S and change the independent vari- 
able in the given equation so as to introduce t in place of 
X, The solution can then be obtained by (22). 

(24) Linear ; of second order ; coefficients not constants. 
General form ^ + P ^ + Qy = i?. 

(a) If a particular solution y = v of the equation 

can be found by inspection or other means, substitute 
y = vz in the given equation, which will then reduce to 
the form 

db? \ dx J dx 

and can be solved by (25). Substitute the value of z 
thus found in y — vz^ and the result will be the general 
solution of the given equation. 

(6) The substitution of y^vz m the given equation, 
where v is giveu by the auxiliary differential equation 

dx 



822 rNTBGBAL CALCULUS. 

and can be found by (1), and should be used in the 
simplest possible form, will lead to a differential equation 
in z of the form 

which is often simpler than the original equation. 

(c) The introduction of z in place of the independent 
variable «, z being a solution of the auxiliary differential 
equation 

cZar dx 

the simpler the better, will reduce the given equation to 
the form 

which is often simpler than the original equation. 

((V) If the first member of the given equation regarded 
as an operation performed on y can be resolved into the 
product of two operations, the equation can always be 
solved. The conditions of such a resolution are the 
following : let the given equation be 

wlioro its i\ H\ and R are functions of x; this can be 
resolved into 



("£+') ('1+')'=* 



whore />, </, r, and »n* are functions of j:, if 



lirzz^u. vr-f pf-- -f ;?)= r, and qs+p^=:w; 

\(lr J dx 

valu'>s of i\ 7« i\ and ^ can usually be obtuned 
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dz 
by inspection. We have first to solve p—-\'qz = R 

■J CLX 

by (4), and then to solve /^-{-sy^z by (4). 
(e) A particular solution of the equation 

dor dx 

can often be obtained by assuming that y is of the form 
2a„ic"*, m being an integer, substituting this value for y 
in the given equation, writing the sum of the coefficients 
of af* equal to zero, since the equation must be identically 
true, and thus obtaining a relation between successive 
coefficients of the assumed series. The simplest set of 
values consistent with this relation should be substituted 
in the assumed value of y^ which will then be a particular 
solution of the equation. If this solution can be ex- 
pressed in fi^nite form, the complete solution of the given 
equation can be obtained from it by the method described 
in (24) (a). If, however, two different particular solu- 
tions can be found b}' the method just described, each 
of them should be multiplied hy an arbitrary constant, and 
the sum of these products will be the complete solution 
of the given equation. 

(25) Either of the primitive variables wanting. 

Assume 2 equal to the derivative of lowest order in the 
equation, and express the equation in terms of z and its 
derivatives with respect to the primitive variable actually 
present, and the order of the resulting equation will be 
lower than that of the given one. 

{'2^) Of the form — - = X, X being a function of x alone. 

(XX 

Solve by integrating n times successively with regard 

to X, 

Or solve by (22). 
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(27) Of the form — | = nv|' F being a function of y alone. 

Multiply by 2 -^ and integrate relatively to x. There 

will result the equation f-^) =2 1 Ydy-i-O, whence 

dv r ^ I ^^^>^ ^ 

-^=(2 1 Ydy + C) 5 ^^ equation that may be solved 

(IX c/ 

by (1). 

(28) Of the form ^^f^^. 
Assume 

d'^'^y 4.1. c?2 - , dz Cdz , n 
H- = 2, then — =fz or dx=z—.x= I {-C, 

daj"-i dx -^ fz J fz 

After effecting this integration, express z iu terms of x 
and a Then, since z = ^^, ^lIIv.^fCx, C), an 

equation that may be treated by (26). 
Or, since 

^ = 2J, ^ = I zdx -f c = I h c, since era? = — 

Continue this process until y is expressed in terms of 

z and n — 1, arbitrary constants, and then eliminate z by 

rdz 
the aid of the equation x= I f- C 



(29) Of the form ^ =/^^. 



Let ? = 2J9 and the equation becomes — i^fiy *^^ 

dx^~^ dor 

may be solvi ' ^"27). 
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(30) Homogeneous on the supposition that x and y are of the 

degree 1, -^ of the degree 0, — ^ of the degree — 1, •••. 
dx dar 

Assume x = 6^, y = e^z, and by changing the .variables 

introduce and z into the equation in the place of x and y. 

Divide through b^' e^ and there will result an equation 

dz d" z 
involving only z^ — , -— , •••, whose order may be de- 

dO dO 
pressed by (25). 



(31) Homogeneous on the supposition that x is of the degree 

1, V of the degree n, -^ of the degree n — 1, — | of the 

dx dor 

degree n — 2, •••. • 

Assume x = e^^ y = 6**^ 2, and by changing the variables 
introduce and z into the equation in the place of x and y. 
The resulting equation may be freed from by division 
and treated by (25) . 



dv d^ V 
(32) Homogeneous relatively to v, — , — ^, •••. 

dx dxr 
Assume y = e', and substitute in the given equation. 
Divide through by e* and treat by (25). 



(33) Containing the first power only of the derivative of the 

highest order. 

The equation may be eocact. 

dV 
Call its first member — . If n is the order of the equation, 

d^~^ V d*^ v dn) 

represent — ^ byp and — ^ by -^. Multiply the term 

(XX ddCi (XX 

containing -^ by dx and integrate it as if p were the only 

^^ d^'^v 

variable, calling the result Ui\ then replacing p by — -^, 
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find the complete derivative *, aud form the expression 

dx 

^, representing it bv — ^. If — ^ contains the 

dx dx . " dx dx 

first i)ower only of the highest derivative of y, it may 

itself be an exact derivative, aud is to be treated pre- 

dV 

ciselv as the first member of the given equation — has 

dx 

beeu. Continue this process uutil a remainder — ^^ of 

dx 

the first order occurs. 

Write this equal to zero, and see if the equation thus 
formed is exacts see (6). If so, solve it by (6), 
throwing its solution into the form V^^i = C. A 
complete first integral of the given equation will be 
Ui+Uo-^ \-Vn-i=C. The occurrence at any step 

dV 

of the process of a remainder — ?, containing a higher 

dx 
power than the first of its highest derivative of y, or the 
failure of the resulting equation of the first order above 
described to be exacts shows that the first member of the 
given equation was not an exact derivative, and that this 
method will not apply. 

(34) Of the form ^ + X^ + rr^1'= 0, where X is a 
^ dxr dx \j^^j 

function of x alone and Y a function of y alone. Multiply 

through by -^ and the equation will become exact, 

[dxj 

and may be solved by (33). 

(35) Singular integral will answer. 



Call ^p, and — ^ (/, and find -?, regarding p and g 

c?a;"~^ dx'' dp , 

as the only variables, and see whether — can be made 

dp 

infinite by writing equal to zero any factor containing p. 
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If so, eliminate q between this equation and the given 
equation, and if the result is a solution it will be a singular 
integral. 

(36) General form, Pclx -f- Qdy -f- Rdz = 0. 

If the equation can be reduced to the form Xdx -f- Ydy 
4- Zdz = 0, where X is a function of x alone, Y a f miction 
of y alone, and Z a function of z alone, integrate each 
term separatel}^ and write the sum of the integrals equal 
to an arbitrary constant. 

If not, integrate the equation by (V.) on the supposition 
that one of the variables is constant and its differential 
zero, writing an arbitrary function of that variable in place 
of the arbitrary' constant in the result. Transpose all the 
terms to the first member, and then take its complete 
differential, regarding all the original variables as variable, 
and write it equal to the first member of the given equa- 
tion, and from this equation of condition determine the 
arbitrary function. Substitute for the arbitrary function 
in the first integral its value thus determined, and the 
result will be the solution required. 

If the equation of condition contains any other varia- 
bles than the one involved in the arbitrary function, the}' 
must be eliminated by the aid of the primitive equation 
already obtained ; and if this elimination cannot be per- 
formed, the given equation is not derivable from a single 
primitive equation, but must have come from two simul- 
taneous primitive equations. 

In that case, assume any arbitrar}^ equation /(aj,y, 2) =0 
as one primitive, differentiate it, and eliminate between it 
its derived equation and the given equation, one variable, 
and its differential. There will result a differential equa- 
tion containing only two variables, which ma}' be solved 
by (III.), and will lead to the second primitive of the 
given equation. 



328 LNTEGKAL CALCULUS. 

(37) General form, Pdx^ -f Qdx^ + Rdx^ + = 0. 

If the equation can be reduced to the form Xidx^+X^fix. 

-f XgCfajg -f = 0, where Xi is a function of x^ alone, X2 

a function of x^ alone, Xg a function of ajg alone, etc., inte- 
grate each term separately, and write the sum of their 
integrals equal to an arbitrary constant. 

If not, integi'ate the equation by (V.), on the supposi- 
tion that all the variables but two are constant and their 
differentials zero, writing an arbitrary function of these 
variables in place of the arbitrary constant in the result. 
Transpose all the terms to the first member, and then 
take its complete differential, regarding all of the original 
variables as variable, and write it equal to the first mem- 
ber of the given equation, and from this equation of con- 
dition determine the arbitrary function. Substitute for 
the arbitrary function in the first integral its value thus 
determined, and the result will be the solution required. 

If the equation of condition cannot, even with the aid 
of the primitive equation first obtained, be thrown into a 
form where the complete diflferential of the arbitrary func- 
tion IS given equal to an exact differential, the function 
cannot be determined, and the given equation is not deriv- 
able from a single primitive equation. 

(38) S3'stem of simultaneous equations of the first order. 

If any of the equations of the set can be integrated 
separately by (II.) so as to lead to single primitives, the 
problem can be simplified ; for by the aid of these primi- 
tives a number of variables equal to the number of solved 
equations can be eliminated from the remaining equations 
of the series, and there will be formed a simpler set of 
simultaneous equations whose primitives, together with the 
primitives already found, will form the primitive system 
of the given equations. 

There nmst be n equations connecting n + \ variables, 
in order that the S3'stem may be determmate. 

Let it', Xi, X2, , x„ be the original variables. Choose 
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any two, x and Xi, as the independent and the principal de- 
pendent variable, and by successive eliminations form the 

n equations -^=/i(a;,a;i,a:2, ,x,,),-p=f^x,Xi,X2y ,ic„), 

dx dx 

, up to — -=fn{x^Xi^X2, ,Xn). Differentiate the first 

(XX 

of these with respect to ic w — 1 times, substituting for 

— ^, — ?, , — -^ after each step their values in terms of 

dx dx dx 

the original variables. There will result n equations, 
which will express each of the n successive derivatives 

ClX-t Cl Xi CI X-\ Ct Xi » J rt 

V' -7Z2' -:e:3' ' TT^' ^" ^^^^ ^^ ^' ^1' ^2, ' ^»- 

dx dxr dor dx"" 

Eliminate from these all the variables except x and iCi, 
obtaining a single equation of the wth order between x 
and Xi, Solve this b}' (VII.), and so get a value of Xi in 
terms of x and n arbitrar}' constants. Find by differen- 
tiating this result values for — ^, — -^ , -^, and write 

dx dxr daf'~^ 

them equal to the ones already obtained for them in terms 
of the original variables. The ?i — 1 equations thus formed, 
together with the equation expressing Xi in terms of x and 
arbitrary constants, are the complete primitive system 
required. 

(39) System of simultaneous equations not of the first order. 
Regard each derivative of each dependent variable, 

from the first to the next to the highest as a new variable, 
and the given equations, together with the equations de- 
fining these new variables, will form a S3'stem of simulta- 
neous equations of the first order which may be solved by 
(38). Eliminate the new variables representing the 
various derivatives from the equations of the solution, and 
the equations obtained will be the complete primitive S3^s- 
tem required. 

(40) All the partial derivatives taken with respect to one of 
the independent variables. 
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Integrate by (II. ) as if that one were the onl}' indepen- 
dent variable, replacing each arbitrary constant by an 
arbitrary function of the other independent variables. 

(41) Of the first order and linear, containing three variables. 
General form, PD^z -f QDyZ = R, 

Form the auxiliary system of ordinary differential equa- 
tions — = -2 = — , and integrate by (38) . Express their 

primitives in the form i* = a, v = 5, a and h being arbi- 
trary constiants ; and u =/v, where /is an arbitrary func- 
tion, will be the required solution. 

(42) Of the first order and linear, containing more than three 

variables. General form, PiDx^z •\' P^Dx^z -h = i?, 

where iCi, iCg, , a:„, are the independent and z the depen- 
dent variables. 

Form the auxiliary system of ordinary differential equa- 
tions ^ = ^ ^d^^dz^ ^^^ integrate them by (38) . 

' Express their primitives in the form Vi = a, Vg = 5, v^ = c, 
, and Vi =f(v2-,VQ^ ,'y„), where/ is an arbitrary func- 
tion, will be the required solution. 

(43) Of the first order and not linear, containing three varia- 
bles, F(x^y,z,p^q) = 0^ where p = D^z^ q = DyZ, 

Express g in terms of x, y, z and p from the given equa- 
tion, and substitute its value thus obtained in the auxil- 

dx __ , 

iary system of ordinary differential equations __ ^ — ^V 

dz dn ^^ 

= = ^ . Deduce by integration from 

q-pDpg D^q^pD^q 
these equations, by (36), a value of p involving an arbi- 
trary constant, and substitute it with the corresponding 
value of q in the equation dz = pdx + qdy. Integrate 
this result by (36), if possible; and if a single primitive 
equation be obtained, it will be a complete primitive of the 
given equation. 
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A singular solution may bo obtained by finding the 
partial derivatives D^z and D^z from the given equation, 
writing them separately equal to zero, and eliminating p 
and q between them and the given equation. 

(44) Of the first order and not linear, containing more than 

three variables. F{Xi^X2, , a?„, 2,^1,2)2? »Pn) = ^t where 

2yi = Da:^z, po=^Dx^z, 

Form the linear partial differential equation %i\_{DxiF 
+ PiI>zF)Dp,^ - Dp.F(D:,^^ + piDz^)^ = 0, where <^ is 

an unknown function of (a^i, , a;„,pi, 52>„), and where 

2, means the sum of all the terms of the given form that 
can be obtained by giving i successivel}' the values 1,2, 
3, , n. 

Form, by (42), its auxiliary S3'8tem of ordinary differen- 
tial equations, and from them. get, b}' (38), ?i — 1 mte- 

grals, 4>i = «i, 4>2 = ag, ,^„-i = a„-i. By these equations 

and the given equation express pi, ^2^ fPn ^^ terms of 

the original variables, and substitute their values in the 

equation dz = j)i dxi + 2)0 dx2 -|- +2^n ^^n* Integrate this 

by (37), and the result will be the required complete primi- 
tive. 

(45) Of the second order and containing the derivatives of 
tlie second order only in the first degree. General form, 
RD^'Z + SD.D^z 4- TD^^z = F, where B, S, T, and Fmay 
be functions of x, y, 2, D^^z, and Dj,z. 

Call D^z p and DyZ q, 
Fonn first the equation 

Hdy- - Sdxdy -|- Tdx^ = 0, [ 1 ] 

and resolve it, supposing the first member not a complete 
square, into two equations of the form 

dy — ??ii dx = 0, dy — m^ dx = 0, [2] 

From the first of these, and from the equation 

Rdjydy + Tdqdx - Vdxdy = 0, [3] 
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combined if needful with the equatioii 

dz = jydx -{- qdy^ 

seek to obtain two integrals u^ = a, Vi = fi. Proceed- 
ing in the same way with the second equation of [[2j, 
seek two other integrals iCf = a^ ^'2 = A ? then the first in- 
tegrals of the proposed equation will be 

where /i and ^2 denote arbitrary functions. 

To deduce the final integral, we must either int^rate 
one of these, or, determining from the two p and q in terms 
of X, 2/, and 2, substitute those values in the equation 

dz = pdx -h qdy^ 

which will then l>ecomc integrable. Its solution will give 
the final integral sought. 

If the values of m^ and m^ are equal, only one first in- 
tegral will be obtained, and the final solution must be 
sought by its integration. 

When it is not possible so to combine the auxiliary 
equations as to obtain two auxiliar}' integrals u = a, v=p^ 
no fii-st integral of the proiX)sed equation exists, and this 
method of solution fails. 



KEY. 



333 



Examples. 
(1) &mxcoBy.dx — cosxsiny,dy = 0, Ans, cosy = ccosa;. 



(2) (x + yy^ = a\ 

ax 

(3) |^ = sin(</>-^). 

(4) a;^-y + a;Va?"^ = 0. 

dx 



Ans, y — a tan~^ "^ ^ = c. 

a 

-4ns. ctn - — x_Z_ = <a -|- c. 
U 2 J ^ 



A71S. sin~^^ = c — x. 

X 



(5) (y-a:)(l+a^)ig = (1+2^)1 



-4ns. ctn - — -(tan~^y — tan~^a;) =taii~^y + c. 
-4ns. 2 a (oj^ + y^) = (oj^ + ^) i — a; cos c + y sin c. 



(7) [2V(ajy)-«]^.V + y^a; = 0. 

(8) (a;-2/2)^2ajy^ = 0. 

ax 



Ans. y = ce~Vp. 



-4ns. aje» =c. 



(9) (2x-'y'\'l)dx + (2y — x—l)dy = 0. 

Ans. x^ — xy+j^ + x — y^^c. 



(10) ^ + 2,co8a. = 5ia2£. 
^ ^ da; ^ 2 



-4ns. y = sina; — 1 + ce~'*°". 



(11) {l-a?)^'-xy = aanj'. Ans. y=[cyj{\^a?)-ay\ 

uX 



1 z?? 

^ns. -=2 — ^ + ce8. 

a; 



(12) xr,{l+xf)^=l. 

(13) y(a!« + y* + a»)|^ + a!(ie« + y»-a«)=0. 

"* ^na. (a!« + y»)*-2o'(a!»-y») = c. 
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-cl=0. 



(14) xdx + ydy + ^^j^ "" ^f ^ = 0. Ans. ^±i^ + tan"^^ = c. 

(15) /^^Y-^ = 0. ^?is. (y-aloga;-c)(2^+alogaj-c) = 0. 
\dxj or 

\dxl dx A / • 2» 

^ ^ -4718. ( .V sin*- — c 

J.71S. (22/ — oj^ — c) [log (a; +^ — 1) + aj — c] = 0. 
^ns. (2' - 3" - ^ ) ( * "• c Vlogj/ - - - c J = 0. 



(^«) (i: 



(20) y = x'^ + 'k-(<¥ 

dx dx \dx^ 
,2.) , = ,(|)'+2«|. 



^ws. y = ca; + c — c^. 
Singular solution, y = ^ ^ » 



(22) 



' - 'IT 



2A^y 



a;2/= {xr-7f-a^)^ 



a?c 



dyV 
dxj' 



(23) ^=2x^ + 2/2/^' 

dx \ 

(24) arY^-^^Y4-ic'2/-^ + a3 = 0. 

VcZa;/ dx 



Ans, y^ — ca^'] = 0. 

1 4-c 

A71S. y* = 2 ca? + c*. 



Alls. & + ca;y + a'a? = 0. 
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<»)f(l)]--|-r»- 



Ans, (6+2^)2 = 4a«,/(a) + 6 = 0. 



(26) a^-|=y|^3^-x,|]. Jns. ^ = 6, /(a) + ^ = 0. 

dx 

(27) ^_4^ + 6^-4^ + y = 0. 
dar dar dar dx 

^ns. 2/ = — h (-4 4- J5a;) cosa? + (C-^ Dx) sina;. 
4 

(30) ^-2^4-4t/ = e'co8a;. 
clct^ dx 

Ans. y = Ae-'' + e[fB--^cosx-\-fC-{-^\m^^ 

(32) ^-4^ + 42/=a^. 

"^ "* -4ns. y = (-4+ i?x)e^ + i (2 ar' + 4a; +3). 

(33) — J 4- 2/ = cosa;. Ans. y = Aco8X'^Bs'mX'^-smx. 



cly 
dx" 



(34) ^^4-4!/ = a;sin^a;. 

\^ 32y \ 16/ 8 



(35) ;x?^--x^^ + 2y^x\ogx. 
dxr dx 



Ans. y = Ax cos (log x) + Bx sin (logo?) -f a? logo?. 
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(36) x»g-a-g + 2x|-23, = «^ + 3a,. 

(37) § + 2 ^ _ n»y = 0. ^ns. j/ = ?■ (^e~ + Be""*) . 
aar a? aic x 

(38) ^-|-tanaj^ + cos2x.y = 0. 

J.715. y = ^ COS (sin x) + B sin (sin a?). 

(39) (l-ic2)2^ + 2^ = 0. 



dar^ 



^ws. 2^ = Vr^^/'^ + jBlog^-t^\ 



(40) (l+a;2)g_2a;|^ + 22^ = 0. 

^?is. y = JBa? + -4(l — a^). 

ax' x--iax x-i Ans. y=Ae' + Bx-(l +0^). 

(42) x^^^2x{l+x)^-\-2(l+x)y^ar^. 

Arts y = ^a^ 4-Bx • 

(43) sin^a;--^ — 2y=0. Ans, y =-4ctna: + JB(l — a?ctna). 

dar 

Ans. y = J.loga; + e*loga:+JB( log® ( «). 

^n.., = e«(^ + ^, + ^^^). 
^ ^ -4/15. y = x(Aoosax+Bsmax). 
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^^ ^ Arts, y^e^ {AGO^x-slh + BsXnx^lh). 

(48) ||-4aj^ + (4iB2-3)y = e'». 

^^ ^^ Arts. y^e^Ae' + Be-'-l). 

(49) [\-x')^-4.x^^-{\-\-x')y==x. 

Arts, 2/ = —{x-^AQO^x + B^\nx), 

x ""~ XT 

dar^ Vo; dx 4.7? 

(51) ^ + 27ictnna;^ + (m*-?i*)y = 0. 

Ans. y = (A cos m« 4- -S sin mx) esc na?. 

(52) (-"-l)^ + -|-c^3^ = 0. 



Ans. y = A(x + ^x^- 1)*+ 5 (« - Vo:^ - 1)*. 

(53) ^ + ? ^ 4- «^ = 0. ^ns. y = ^ sin- + B cos-. 

dv? X dx x^ ' X X 

.,. d^y 30? + ! cZy r 6(a; + l) T ^ p 
^ ^ dor^ ic2-l da; ^L(aj-l)(3a; + 5)J 

Ans. y = [^ + 2?log((a;-l)8(3a; + 5))]V(a;-l)3(3a; + 5). 

(55) (l-a;2)g-a:|-c^2^ = 0. 

(56) (l+aa:2)0 + aa;g-n22/ = O. 



n 



(57) (x-l)(aj-2)^-(2a;-3)£ + 2t/ = 0. 

^ns. y = c (« - 2)« + c' (a; - 2) [ (a; - 2) log (aj - 2) - 1] . 
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I ^1 f^/lSS 75 . 21 . 1 A 

\ 8 4 4 2 y 



(58) (3-x)^-(9-4a!)g + (6-3a!)y = 0. 



(59) (a'-ar*)— f-8a;^-123/=0. 

CLX dx 



(a — a?)' (a* — aj*)* 



^>is. y = --[^ (sin waj — jia; COS na;) + JB(coswa? + »iaJ8mna?)]. 

(61 ) ^+ 1 ^? = 0. ^na. y = c loga; + c'. 

cZar X ax 

dxydx» Vrfxy dx Find a first integral. 



Ans. '^'A'^^i^ +xy=c. 



(64) 3?^ + x^^ + (2xu-l)^+,y'=0. 

Find a first integral. 

Ans. 3*^ - x^ + xtf' = c. 
dsr dx 

(65) _^-|-J^ + -i??- = 0. ^ns. (a?-a)(y-6)(«-c)=c. 
aj — ay — 02— c 

(66) (y-^z)dx + dy'\'dz = 0, -4»w. e« (y + ») = c. 

(67) ^>4a;-f^^=0, § + 3y-a?=0. 

Ans, a; = ce 8— ^. y = (ct + Ci)6 t. 
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(68) f -f-m«a,= 0, |f-«.». = 0. 

Ans. x = Asinmt + B cosm^ x + y = Ct + D. 

(69) D^z = ^ » J.n5. e"» (a? + y + 2) = <^y, 

(70) xzD^z + yzDyZ = xy. Ans. 2^ = icy 4- </»(-). 

W 

(71) A2;.Z)„2=1. J.n5. 2=aa; + ^ + 6. 

a 

(72) x'D^^z + 2xyD,D,z-hyW^^z=:0. Ans. z = x<|>f^+^^^^\ 
(7S) (D.zyn^'z - 2D,zDyZD,D,z + {D^zYD^H = 0. 

-4ns. y =z x<l>z + if/z. 

(74) D^z.D^D^z — D^z.D^z^O. Ans. x = <t>y -\- \ffZ. 
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I. FDNDAIENTAL FORMS. 

/jTdx = , when wi is different from —1. 
m + 1 

. Cedx = ^. 

■ iaf\ogadx=a*. 

^^^^ = sec ' X. 

r dx . , 

•^ V2x-x' 
I coexdxssinx. 

. I sinai(le = — coflic. 
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8. I ctn xdx = log siu x, 
j tan a: rfjc = — lojr cos x. 



tan or sec a do* = secx. 



6 



I 8ec^a;f/a;= tana;. 



/ 



csc^ X f/x = — ctn X. 



In the following fonnulas, w, v, w?, and y represent any 
unctions of x: 

8. j (w -t- V -f ?c -f etc.) do; = j wdx -h | vdx + | tcdaj -f- etc. 

0(7. I Mrfi* = wv — I vdu. 

96. j ?/ — c?a* = «r— j i*— dar. 
•./ dx J dx 

dx 



\ 

1 



bationaij algebraic functions. 



II. MTIOML ALGEBRAIC FUNCTIONS. 



A. — Expressions Involving (a + bx). 

The substitution ot y or z for a;, where y = xz = Ci^bx^ 
gives ^^ 

21. C{a'\-bxydx=^ Cy^'dy. 

22. ix(a-\-hx)"'dx=~(y"'(y'-a)dy. 

23. Jo^{a'hbxydx = ^^Jy"'(y^aydy. 

24. f ^^dx ^ 1 fiy^ardy 
J (a-h bxY b^'-^^J y"* 

25. C ^^ = ^ r(z-b)'^-^*'-^dz 
J of {a + bx)"^ a"*+"-V z 

Whence 

26. r_^ = ilog(a + 6x). 
J a-^bx b 



m 



27. r ^ 1 

*/ (a H- 6a;)* 6 (a^^ bx) 



28. ■ ^^ 



J fa 



(a + 6a;)« 26 (a + 6a;)* 

29. Cj^dx_ ^Ija^j^x^a \og(a + 6a;)]. 
J a4-bx br 



80. r_^^ = ifiog (« + &^) + -Vl 



6 RATIONAL ALGEBRAIC FUNCTIONS. 

r xdx ' ^ir 1 ■ g "I 

J (a-hbxy b\ a-\-bx 2{a'\-bxyj 

82. f-^^ = A [*(« + ^a;)' - 2a(a + bx) + a^ log(a + bx)^ 

83. f ^'^^^ = Ifa -hbx- 2a\og(a + bx) —\ 

J {a + bxy b\ B\ T J a + bx] 

C dx 1, a-\-bx 

84. I — ^- = — - log-—!- 

J x^a-^-bx) a x 

r ^?a; ^ 1 \.a + bx 

J xiaA-bxY a(a4-bx) o? 
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86. 



'\a-{-bxy a^a-^-bx) a^ x 

J ar^(a + 6a:) ax a? ^ x 



B. — Expressions Involving (a + 6af*). 
ft7 C ^ — ^ t -^-. 

88. r-% = J-logt±^. 
*/ r — ar 2c c — a? 

89. r_^2_ = _i-tan-^aj\|^, if a>0, 6>0. 
J a-^baf -sjab ^^ 

JaH-6a:2 2V-a6 sJa — x^—b 

41 /^ <^?a? __ a? , Jl_ r_ da? 

* J (a-h6ar^)2-2a(a4-6a^) 2aJa 



(a-|-6ar^)2 2a(a + 6a^) 2aJ a + b^ 

42 r ^a? _ 1 a; 2m — 1 ^ dfx 

' J (aH-6ar^)"»+^ 2ma (a + fta^^^"* 2ma J (a + 6aj*)' 

48. r_^ = J-log(^a^ + 5^\ 
Ja + 6ar^ 26 ^V V 
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44, I , „, ^. = 7: I T ;t— r,> where z = ixr. 



45 



c?a; 1 , a^ 






-f6ar^) 2a "'a + ftic^ 



r a^dx _ 5 __ « /• d: 

* J a-j-bx^ b bJa-^- 



dx 
b^' 



47, ■ - - — ^^ 



, r dx ^ I b r 

J Qc^iaA-bxF) ax aJ a 



x^{a + b7?) ax aJ a + bx^ 



48 C ^^^ = —a; ^ 1_ r dx 

* J (a + 6a^)™+^ 2m6(a4-&ar^)"* 2m6J (a + 6a.^) 

c?aj 1 /^ c?aj b r dx 



m 



-f ^a;'^)"^^ 



49 C ^ ^^ r dx b r 

' J ar^(a -f 6»')'"+' a J a:2(a 4- da:^)™ a J {a 



where 6A:^ = a. 



»• /^-3-|j[*'°^(ll^^^'"^'7f } 



52. 



where bJ(^ = a. 



•/ a;(a4-oa^) an < 



+ &»") «n a + 6af* 

dx 



r dx _ 1 r dx _ 6 r ^ 

' J (a + 6aj")"+^ a J (a + ftaf)"* a J (a + 2 



r ardx 1 r a; "*"** a T 

J (a-f ^^aJT"^^'"^*^ (a + da;")" 6 J (a 



af*""da? 
+ 6af) 



p+i 



J ar(a + 6af')'^^ a J a*(a + bar)" aJ ar-''(a 



dx 
ixr{a + baf)'^^ a J af (a + bafy aJ ixr-''{a + bx^y-^^' 
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RATIONAL ALGEBRAIC FUNCTIONS. 

5a; -f- 2 a b rdx 



^o Cxdx 5a; 4- 2a 5 r 

^- J x^= — ^x — qJ 



qX qJ X 



rxdx _ 2a4- 5a; 5(2n — 1) Cdx 



JX c 2c2 ^ 2c2 J X 

J X2 caX qJ X 



67 



cgX 

^-1 /». _ /w, _L 1 ;» ^af-^dx 



/ otfdx a/**""^ ?i — m + 1 5 Ti 
X"^^'" (2n-m4-l)cX" 2?i-m + l"cJ' 



(2n-m4-l)cX" 2?i-m + l cJ X-+^ 



2n — m+1 cJ X"" 



68. r^=Aiog^_A r^. 

Ja;X 2a ^X 2aJ X 

*/ arX 2a^ ar aa; \2a'* ay J X 

* J af»X"+^ (m — Daar-^X" ?7i - 1 * a J af»-^X 



(m — l)aaf*-^X" ?7i — 1 a J af*-^X'*+* 
2n + m — 1 c/' da; 



aJ a 



m — 1 a J af*-2X'»+^ 



D. — Rational Fractions. 

Every proper fraction can be represented by the geQeral 

form : 

f{x) ^ g^x^-^' + g^af^-^ + g^x-^-^-^^.+g, 

F{x) af» + A'ia;»-i + A:2af»-^H \-K 

a, 5, c, etc., are the roots of the equation ii''(a;)=0, so 

that 

Fix) = (a? - ay (a? - 5>(a? - c)" ..., 



10 RATIONAL ALGEBRAIC FUNCTIONS. 

then /(^=_^L_4- ^^— + ^^— + ...+,^ 

F{x) {x-ay {x-ay-^ (x-ay-^ x — a 



+ (aj _ 5)? "•" (a; - 6)»-i "•" (a; - 6)«-2 ■*"" "^ a? - 6 

i_ ^1 J [^ I ^^8 I _l_ ^r 



(a; — c)*" {x — cy~^ {x — cy-^ x — c 

^^ ••• •■• ••• ••• ••• ••• 

Where the numerators of the separate fractions may be 
determined by the equations 

(?/i— 1) ! (m — 1) ! 

"^^ ^""^ = F{x) ' *' ^^ = ^ y^^) ■ ^ > ^^-^ etc. 
If a, 6, c, etc., are single roots, thenp = g = r= ••• = 1, 

^^^ /(aj) ^ ^ i? ^ C 

F (ic) a; — a x — h x — c 

where ^=4t^. ^ = ^;^»etc. 

F'(a) J^ W 

The simpler fractions, into which the original fraction is 
thus divided, may be integrated by means of the following 
formulas : 



r hdx _ rhcl(mx + n) h ^ 

J (mx-^ny J m{mx-^ny m{\ —l){mx + n)^^ 

r hdx /i 1 , .X 

72. I = — log hnx + n) . 

J 7nx + 7i m 

If any of the roots of the equation f(x) =0 are imaginary, 
the ))arts of the integral which arise from conjugate roots 
can be combined together and the integral brought into a 
real form. The following formula, in which i= V— 1, is 
often useful in combining logarithms of conjugate complex 
quantities : 

73. log (x ± yi) = i log {ii? + f)± i tan"^^. 

X 
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III. IRRATIONAL ALGEBRAIC FDNCTIONS. 



A. — Expressions Involving Va + 6a;. 

The substitution of a new variable of integration, 
y = Va -f b^t gives 

4. I Va '\-bxdx = w~i V(a~HhU«p. 

J 156" 

J 1056» 

»/ a; J x^a4- 



'■St- 

^ Va 



4-6aj 



+ 2^.^ 



-^ Va + bx 362 

^^ f a^^da; 2 (8 a^ - 4 a6a; + 3 6V) /— 7^-- 

80. I , =-^ TTTT^ ^Va + 6a;. 

c,^ r d^ 1 1 / Va H- 6a; — Va\ - ^ ^ 

81. I — , =--^log( ^ z , fora>0. 

^ ^va + bx Va \ya'\-bx+ va/ 

82. r_^^^= 2 ^^^_, J^TE,fora<0. 
•^^Va + 6a; V — a ^ — « 

QQ r c?a; _ ^/a4-bx 6_ T da? 

J ^-sJa-^-bx <^ 2aJ i 



+bx «a; 2aJx^a + bx 



12 IRRATIONAL ALGEBRAIC FUNCTIONS. 



2±n 



84. J(a + 6x)-^cto = |j2,^-dy = 2(a±MJL. 



6(2±n) 

4±n 2±« 



J ^ ^ d^l^ 4±ri 2 ±71 J 

fift r ^"^ __ 2af*Va + 6a; 2ma r af-^dx 

^ y/a-^bx" (2m + l)6 (2m + l)6J Va + &» 

87 r cla; __ _ Va + 6a? _ (2n — 3)& r da; 



bx 



Qo r dx _ 1 r <^ 2> r do? 

•^ a; (a + 6a:) 2 ^*^ a; (a + 6a:)-2- ^^ (a + 6a?)2 

B. — Expressions* Involving Va*±a* and Va* — a^. 

90. Cyl¥±cC'dx = i [a? V^±^ ± a* log (a; + VaJ»± a>)]. 

91. rVa^^^cZa; = i/'a;Vc?^=^ + a«sin-^-Y 

92. f— ^^=log(a; + V?±^). 

93. I =sm ^— 



/dx 1 _ia 

— = - cos ^-. 

X'.h^^n? a X 



94c . , 



*^«^Va2T«2 a V a; / 

96. r:^^«!iZda:=V^±^-alog5L±:^iZ. 

J X X 

* These equations are all special cases of more general equations given in the next 
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97 



J X X 



xdx 



98. f-^^=: = ± V^^±^. 



[00 



LOl 



. faj V a' - a^ da; = - i V ( a2 - aj») «. 

==ira;V(^T^±^V?±^ + ?|^log(aj+V?±a?) I 
[08. rV(a'-ar')«daj 



104 ■ ^"^ ^^ 



'•/ 



[06. r-7= 

•/ V(a 



dx X 



m.f- 



xdx __ — 1 



[07. t = , ' 

08. fa? VCa;" ± a2)«da; = | V(a^ ± a»)' 
[09. fa V^o^^^ (to =s - 1 VToT" a?^»' 
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110. Cx-^j^'±~i?dx 

4 o 

111. Cx''\/7i^'^'^clx 

4 8 \ a J 

112. f--!^, = I V?±¥» T |log (ST + V?±^). 

113. r a^tto ^_gv^z^^a%ip-ig. 
lU. f__^^ = ±V?ia^ 

115. r <^» ^_ v«'-a^ . 

lie. r ^^''^ =-2^gig+iogx + ^^±P). 

J or X 

• I 5 — ax = sm -• 

J XT X a 

118. f ^''^^' = -^ -Hog(a;4-V?^?). 

115J. I = —SID -' 

C. — Expressions Involving Va + 6aj + caj*. 

Let X=a + 6a; + cit'^, g = 4ac — 6% and A; = — • In order 

to rationalize the function /(«, ^/a+hx + ca?) we may put 
Va + 6a; + car^ = V±c^/A -{-Bx±a?^ according as c is positiye 
or negative, and then substitute for x a new variable », such 
that 
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z = sIA -^Bx H- ar* — «, if c > 0. 
^^VZT^HZz:^, ifc<Oand-^>0. 



, •> 



= xl 'i where a and ^ are the r^ 

Xa — a? 

^H-i?a;-aj2^0, if c<0 and - ' 



B}'^ rationalization, or by the aid of reduction formulas, may 
be obtained the values of the following integrals : 

20. r-^ = 4:log(^VX-hxVc4--^\ifc>0. 

at r dx 1 . _i/— 2ca; — 6\ .- ^^ 

21. I = sin M — ), if c<0. 

22. f ^^ _ 2(2ca; + 6) 
'->' Xs/X" qsIX 

23. f.Jj^^2(2ca: + 6)/l^^A 
-^ X^^/X Sq-s/X \^ J 

24. f ^^ _. 2(2ca; + 5VX 2fe(n — 1) r cto 

25. rVXdx = i^^i±^)VI^A f^. 
J 4c 2kJ ^x 

J 8c V 2^y ^^•'-'vx 

27. rx^VXda: = (^^+^)^rX'+^+^U^- f-^ 
J 12c V ^4A;^8Ar^>'^16Af^J VX 

28. rX"-/Xdr- ^^^^ + ^)^'*^ I ^^+^ C^:i^. 
J 4(n + l)c 2(n + l)kJ VX 

29 f^dx__yfX b C dx 
J ^/l^ c 2cJ -Jlr 
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„^ r xdx 2(bx-{-2a) 

^ r xdx Vx 



J xdx VX b_ r dx 
X-VX" (2n-l)cX« 2Jx«Vx' 

/ x^dx ^/x ^^\./x . ^^^ — ^^g rd^ 
VX V2c 4c2J "^ 8c2 J Vx' 

p g^da; _ (26^-4ac)a; + 2a6 1 r dx 
'•^XVX cgVX c^^'VX 

'-^ X^VX (2w-l)cgX'»-WX (2n - 1) eg J X^-^Vx' 
Co^dx^fa? 6bx W 2a\r^ fSab 6b^\ f dx 

36. ra;VXda: = ^^-A fVXda;. 

37. fa; X VXda; = ^[^^ - 1- fxVXdaj. 
J be 2cJ 

gg r a;X^da; ^ X"VX b rX^'dx 
^^ VX (2n + l)c 2cJ VX ' 

r a?X''dx _ a;X"\/X (2yi + 3)6 CxX^ 
^^ VX 2(n + l)c 4(n + l)cJ VX 

g r X^'dx 

2(n + l)cJ Vx' 

41. fa;3Vxda;=fa;^-Z^ + ^'~?^')^^ 
J V 8c 48c2 3cy oc 

VSc^ 32c3yJ 
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42. r^=_ 1 log(Vl±VH+ 6 \ if „>o. 

•^«VX Va ^ a' 2Va/ 

43. I — p^= sm M — ^ U if a<0. 

^ xyX V — a \a;V6^ — 4ac/ 

44. r-^ = -2Vl, ifa=o. 

p c?a; ^ VX 1 r da; b r dx 

46 r <^a; ^ VX 6^ f do; 



Vx 

*^/Xdx ^/-^ ,'b Cdx , r dx 



47. r:^^^=vx+ir-^+ar. 

J X 2J Jv J ' 



VX *^a;VX 



'J x%/X (2n-l)VX -^ ojVX 2J VX 

49. r:^l^=-:^+^ f.^4.cr^^ 



50 



a;VX *>^ VX 



xWx cJx»-iVx ^-'x-Vx c J X"VX 

r af*X"da; ^ a?"'-^X" VX ( 2n + 2m - 1) 6 T a^^-^ X^da? 
*J ^/Y' (2n + m)c 20(271 + 7/1) J ^y 



52. f 



VX (271+7W.)C 2c(27l + 7/l) •/ -y/X 

(7/1 — l)a r af* ^X^da? 
(27i + 7^)cJ VX 

da? VX 



-1 Vn 



af'X^VX (7?i — l) aaf-^X 



(27i+27n— 3)& r da; (27i+7n—2)c / * da? 

2a(7n— 1) •/ af»-'X"VX (wi— l)a •/ af»"'X*VX 
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'^arVX (m-l)ar-^ 2 (m — 1) J aT-^VX 

(2n-l)c rX*-^dx 
m — 1 J ar-^yfX 



54 



D. — Miscellaneous Expressions. 
J 2 2 a 



55. r 



= versin"^— 



yl'ldx — o^ « 



56. r — ^?_^=+ j^ni. 

•^ (ic + l) Va:"-! >a; + l 

57. f ^£_=^ = -J^±i. 



+ (a — 6) log ( V»Ta+ Va; + &)• 



M. 



60. f^ ^ = 2 sin- J|^. 

61. f • ^ =^.in-^JgE±g 

62. I ^v^a + 6xda; = — - \^(a4-6a;)*. 
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164. r_£^ = -3(3£ri2M^(^T&^. 

n 

165. I — = — sec ^^ 



^Jx^' — a^ «^ \^ 



i/i/i i ^^ — 1 i^^Va^ + a;" — a 
loo< 



.r--^==-^iog 



Vaj^ + a' «^ Va^ + a^ + a 
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IV. TRAKSCENDEKTAL FUKCTIONS. 



67. j Binarda: = — cosx. 

6>!>. j Bm^ar(ir= — ^cosx Binx-f ia5. 
69. j siu"a:dx = — ^cosx(sm*a;-f 2). 

-rfk r • « ^ sin" ^ajcosa; , ?i — 1 r„. »-s^j«. 

•,' ?i n •/ 

71. I cosxdx=s\nx. 

72. j cos-iccZx = ^sina:cosa5 + ^a:. 

73. I cos'^a;cLc = ^sina'(cos-a: + 2). 

74. j cos" .r da; = - cos" ^ a; sin x H — ^^— I cos*"*a;(to. 

75. j sin a; COB a; do; = ^ sin* a;. 

76. j 6in^a:cos-jr(7x = — ^(jBin4x — a;). 

<<• I sm a: cos"* xaa; = — 



^QgW+ljJ 



Jsi 



78. i sin" X cos a; c?ar = 



/ 



79. i cos" a; sin"a;cLc = 



siu'"+^a; 
m-f 1 " 

cos^'^x sin*+^« 



m— 1 



4- ''^a^ I cos"~*a; Bvo^xdx, 

m 4- ?i*/ 



180. j cos" a; sin*a;cLc = 



sin"~^a;cos"^^a; 



m + »i 



+ 



n-\ 



wi + 



/cos*a; si 



sm*"*«da 
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joj r cos'^xdx co8"*'^^a; m — n + 2 r cos"* a; da? 

J sin^a; (n — l)sin**~^a; n — 1 J sin"~^a? ' 

,m-i^. m — 1 /^ cos"*" ^ a; da; 



182 r cos*"a;da; _ cos"*"* a; , m — 1 /^( 

•/ sin" a? (?n, — n) sin**"^a; m — nJ 

183. pm^a^cZa; ^ f \^ J V J 
J cos'^a. J ^in-fl^x] 

•/ Sll 



sin** a; 



SUV 

da? 



184. 

•/ sin"*a?cos"a; 

da; 



. m + n-2 r 

i**~^x n — 1 »/ si] 



'x 



n—1 sin"* ^a;.cos'*~^aj n — 1 »/ sin"* a;. cos*"* a? 

^ 1_ 1 m+'^i — 2 r da? 

m — 1 sin"*"* a? . cos""* a? m — 1 •/ sin"*"* a? . cos** 05 

'*/ sin"*a? m — 1 sin'^'^a? m— 1»/ sin"*~*a? 

86. C^-^==.J— ._sin^^n-2 r_d£ 
•/ cos" a? n — 1 cos"'*a? n — !•/ cos**"' 

87. I tan a? da? = — log cos a?. 

88. I tan* a? da? = tana? — a?. 

89. rtan**a?da? = ^^5:5!l^- rtan"-*a?da?. 
J n-1 J 

90. I ctn a? da? = log sin a?. 

91. I ctn*a?da? = — etna? — a?. 

92. fctn" a?da? = _ ^tn" a? _ r^tn^-^ajda?. 

98. I sec a? da? = log tan [-4-- »• 
94. I sec* a? da? = tana;. 
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95. \8eo''xdx= ( -^. 
J J cos" a? 



96 



. I CSC a; da; = log tan^cc. 

97. j csc^^da? = — etna?. 

98. ( csc'*a;rfaj= ( -^^• 

J J SI] 



sm^aj 



99. f f = _^^ . 8ip-l p + «C08xl 

•/ a + 1^ coscc Va^ — 6^ |_a + 6 cosaj 

1 I r 6 + g cosa? + V6^' — a^ . sina; "] 
Vft^ — a^ L a + ftcosa? J 

200. f- 

»/ a 






H-& cosaj-hc sina; 



_ — 1 ,. -if y + c^ + g(&cosa; + csina?) n 

Va^ — h^ — G^ LV6^+ c^ (a -h 6 cosa; + c sina?) J 



•log 



V62 4- c2 - a^ 

ry H- c^ + ci (6 cos a; H- c sina?) + sjh^ -^(^ — a^jh sina? — c cosag) "! 
L V6^ + c^ (a 4- 6 cosa? + c sina?) J 

201. I a? sina; da; = sin a; — a? cos x. 

202. j a;^ sin a; da; = 2 a; sina? — (a;^ — 2) cosa?. 

203. j a^ sin a; da; = (3 a;^ — 6) sin a; — (a?^ — 6 a?) cosa?. 

204. j af* sin a? da; = — a;"» cos a; + m j af*~^ cosa?da?. 
206. j a; cos a; da; = cos a; 4- a; sin aj. 

206. I ix? cosxdx = 2x cosa; + (a;^ — 2) sina?. 

207. j a;^cosa;da; = (3a;^— 6) cosa;-f (ar^ — 6a;) sina?. 
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208. I x"* cosxdx = Of ain X — m i x^~^ sinxdx. 

209. C^-B^dx ^.?iM+_l_ CSS^dx. 

J of m^l af-^ m—\J af-' 

210. CS^dx= ^— . £^ L_ Cm^dx. 

J of" m— 1 af-' m — lJ af"' 

211. C^JR^dx = x--^ + -^ ^+ ^ 

J a; 3.3! 5.5! 7.7! 



212 



3.3! 5.5! 7.7! 9.9! 
cosaj , , ■ a^ , x* x^ , oc^ 



Jcosaj , 1 • or , X* ar , 
dx = logo; h 
» ^ 2.2! 4.4! 6.6! 



216 



2.2! 4.4! 6.6! 8-8! 

oio /^ . . ^ sin(m — n)a; sin(m4-^)aJ 

213. I ainmx8m7ixdx=^ — ^^ ^ ^ ■ — ^— 

J 2(m — n) 2(m-f'i) 

214. Ccosmxeosnxdx = "'"("^ " ^^'^ + "'°<"^ + ")^ . 
•/ 2(m — w) 2(m + ^) 

215. I 8in~^ajda; = x sin" ^ic -f- V 1 —xi^, 
, lcos~^xdx = xcos~^x — ^l—a^, 

217. j tan~*ajda; = a; tair^aj — ^log(l H-a^). 

218. t ctn~^xdx = xctn~^x-\'i\og(l -^x^)' 

219. ) versin"^ iccfa; = (a; — 1) versin'^a; + V2a; — a^. 

220. r(8m-*a;)2dar = a; (sin-^a;)^ — 2 a; + 2 Vl — ar^ sin-^aj. 

221. fa?. sin-^ajda; = i [(2ar^— 1) sin-^a; + ajVl — aj']. 

222. faf-sin-^a^dx^^^"^^^""^ 1_ f^^^^. 

*/ n + 1 »t + 1*^ Vl — ar* 

a»t> r^»«^o-i^^^ af»+^cos-^aj , 1 rx'^-^^dx 
228. I a;" cos ^xax = 1 I — « 

J n + l n + lJ^l— ar* 



224. I a:" tan ^a;aa; = I 

J n + 1 n + l»/l + 



a*' 
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225. I log X dx = X log x — x. 

226. fl!?&^dx' = -i-.(loga;)»+i. 

J' r/u; 
— ; = log . logic. 
x logaj 

/' (It 

228 ' ^' 



128. (- 



6 

e*" cZaj = — • 



X (logo;)'* (?i — 1) (loga?)**-^ 

229. (x- log X dx = af»+^ [.]2^ - ~^-— "l 
*/ L.m + 1 (7w -f- 1)*J 

230. r 

aje'"cZic = ^(aa;- 1). 

/» ^m pax n^^ /» 

232. I x^ e"'dx = '=^-^ — -- I x"^'^ e^'dx. 
J a a J 

233. C^^dx = ?__f!l+_^ f-^cZaj. av\ 4 J 

234. re-'loga-dc = ^"'^^g^ -~l f^cZa;. 
•,/ a aJ X 

235. (>8ina;d.r = ^!K^L2iMrLS2S£l. 
J a^ 4- 1 

286. re«cosa;d* = £l(^i£?lf +-?^. 
J a^ + 1 




J, ^£- 



/ 
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DEFINITE INTEGRALS. 



287- r -F^ = K' i^ «>^' 0' ^^ « = 05 -^, if a<0. 

Jo a^ + ar 2 2 

238. r* x'^-^e-'dx = jfTlog- T ^^» = T (n) . 

r(n + i) = n.r(n). r(2) = r(i)=i. 

r (n + 1) = n !, if ?i is an integer T (i) = Vtt. 

289. fV-Ml-a^r'da.^ f .'^'t = ^y ^<"? - 
Jo "^ ^ Jo (l-faj)^+« r(m4-n) 



IT IT 

•2 M 



240. I sin**ajda:= I cosl^xdx 
Jo Jo 

s= V L . - if n IB an even integer. 

2.4. 6. ..(?i) 2 ^ 

« 

es ^ — "~ \ if w is an odd integer. 

1.3.5.7...n 

= ^ >yr— ^^ i. , for any value of n. 

241. f'sinwta"^^;, if ^>0; 0, if m = 0; -^, if m<0. 
./o a; 2 2 

242^ r sin a?. cos ma?da?^Q^ .^ m<-l or m>l; 
•/o a; 

-, if m = -l or m=l; ^, if -l<m<l. 
4 2 



x" 2 



f 

•/o 



244. r cos (aj*) da? = f* sin {x") dx = ^ J|. 
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•* CO S mxdx _ TT 
-hx" ""2 



245. f cosm^ox^TT^^.^ 
•/o 1 



ojg r cosxdx _^ r sinxdx _ 1^ 

Jo Vi •^^ Vi ^2 



n 



247. f ^^ 



a; 



= i[l + (i)'^ + (|5)V + (|f|)V + ...]ifA?<l. 






249. r*e--'^da? = — V^. = J-ra). 
Jo 2a^ 2a '^^ 

Jo a'^^^ a"+^ 

Jo 2"+^ a" \a 

252. J e "-i^c^a.^ 



2 



268. f e''' cos mxdx=z—^ — - if a>0. 
Jo or 4- mr 



e~'^sinmxdx= -, if a>0. 

a- -f 7?i^ 

f* e-'*' cos 6ajda; = ^^^^^l-i^-^. 
Jo 2 a 



264. 

J»ao 
2a 

256. ri2S^da, = -< 
Jo I — a; 6 

267. C^^^dx ^• 

Jo l+a; 12 
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268. r^dx i 

Jo l-x' 8 

269. riog('l±^V^ = 2!f. 
Jo \^1 —xjx 4 

261. f ^'^ = yjF. 



262. fVlogflYda.= r(n+l) 
Jo °\xj (m+l)"+' 

IT IT 

263, I logsinaJc?a= I logcosajdaj = — ^ • log2. 

a? . log sin a? da; = log2. 



28 ACXIIJABY FOBMXTLASw 



AUXTUARY FOBiriAS. 



The following formnlod are sometimes asefnl in the rednctioii 

of integraU : 

2<^S. lf>g M = log cu + a constant. 

2W. Iog( — m) = log >i -f a constant. 

' — sin ' Vl — u* -f a constant. 
267, sin"*tt = -I — ^sin ^ (2tt*— 1) -f a constant- 

[ ^8in~*2MVl — M* 4- a constant. 

{— tan~^ - -fa constant, 
tan"' — — h a constant. 
l-CM 

269. log(a; ± yO = iIog(^ + !r) ± »tan-'2. 

270. sin'^M = cos'Wl — M'' = tan~' = csc~*— 

Vl - li' w 

271. cos"'w = sin"Vl — m* = tan"*x'^— 1 = 8ec~*— 

272. tan-'a:± tan-'v = tan'V ^^^^ V 

278. sin"*x± sin"*^ = sin"' (a; Vl — ^ ±y Vl — Jc*). 
274. cos'^x ± cos~'y = cos"* (a:y :f V(l— a5*)(l — ^)« 



275. smaj = 



2i 



276. cosaj = — ^ 

2 

277. smxi =^1 (e* — e~') = i slnha;. 

278. cosaji = i(e'-\- e'') = cosh a;. 

279. log.a; = (2.3025851 ) log,oa:. 



TABLES. 
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The Natural Logarithms of Numbers between 1.0 and 9.9. 



N. 



1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 



O 



0.000 
0.693 
1.099 
1.386 
1.609 
1.792 
1.946 
2.079 
2.197 



0.095 

0.742 

1.131 

1.411 

1.629 

1.808^ 

1.960 

2.092 

2.208 



0.182 
0.788 
1.163 
1.435 
1.649 
1.825 
1.974 
2.104 
2.219 



3 



0.262 
0.833 
1.194 
1.459 
1.668 
1.841 
1.988 
2.116 
2.230 



0.336 
0.875 
1.224 
1.482 
1.686 
1.856 
2.001 
2.128 
2.241 



0.405 
0.916 
1.253 
1.504 
1.705 
1.872 
2.015 
2.140 
2.251 



6 



0.470 
0.956 
1.281 
1.526 
1.723 
1.887 
2.028 
2.152 
2.262 



0.531 
0.993 
1.308 
1.548 
1.740 
1.902 
2.041 
2.163 
2.272 



8 



0.588 
1.030 
1.335 
1.569 
1.758 
1.917 
2.054 
2.175 
2.282 



9 



0.642 
1.065 
1.361 
1.589 
1.775 
1.932 
2.067 
2.186 
2.293 



The Natural Logarithms of Whole Numbers from 10 to 109. 



N. 


O 


1 


2 


3 


4 


5 


6 


7 


8 


9 


1 


2.303 


2.398 


2.485 


2.565 


2.639 


2.708 


2.773 


2.833 


2.890 


2.944 


2 


2.996 


3.045 


3.091 


3.135 


3.178 


3.219 


3.258 


3.296 


3.332 


3.367 


3 


3.401 


3.434 


3.466 


3.497 


3.526 


3.555 


3.584 


3.611 


3.638 


3.664 


4 


3.689 


3.714 


3.738 


3.761 


3.784 


3.807 


3.829 


3.850 


3.871 


3.892 


5 


3.912 


3.932 


3.951 


3.970 


3.989 


4.007 


4.025 


4.043 


4.060 


4.078 


6 


4.094 


4.111 


4.127 


4.143 


4.159 


4.174 


4.190 


4.205 


4.220 


4.234 


7 


4.248 


4.263 


4.277 


4.290 


4.304 


4.317 


4.331 


4.344 


4.357 


4.369 


8 


4.382 


4.394 


4.407 


4.419 


4.431 


4.443 


4.454 


4.466 


4.477 


4.489 


9 


4.500 


4.511 


4.522 


4.533 


4.543 


4.554 


4.564 


4.575 


4.585 


4.595 


10 


4.605 


4.615 


4.625 


4.635 


4.644 


4.654 


4.663 


4.673 


4.682 


4.691 



The Values in Circular Measure of Angles which are given In 

Degrees and Minutes. 



1' 


0.0003 


9' 


0.0026 


2P 


0.0524 


20^ 


0.3491 


100° 


1.7453 


V 


0.0006 


10' 


0.0029 


40 


0.0698 


30^ 


0.5236 


110° 


1.9199 


V 


0.0009 


20' 


0.0058 


50 


0.0873 


40° 


0.6981 


120° 


2.0944 


4' 


0.0012 


30' 


0.0087 


6° 


0.1047 


50° 


0.8727 


130° 


2.2689 


5' 


0.0015 


40' 


0.0116 


70 


0.1222 


60° 


1.0472 


140° 


2.4435 


6' 


0.0017 


50' 


0.0145 


8° 


0.1396 


70° 


1.2217 


150° 


2.6180 


• V 


0.0020 


P 


0.0175 


90 


0.1571 


80° 


1.3963 


160° 


2.7925 


8' 


0.0023 


2° 


0.0349 


10° 


0.1745 


90° 

1 


1.5708 


170° 


2.%71 
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NATURAL TRIGONOMETRIC FUNCTIONS. 



Angle. 


ain. 


Csc. 


Tan. 


Ctn. 


Sec. 


Cos. 




0° 1 


' 0.000 


00 


0.000 


00 


1.000 


1.000 


90^ 


1 


0.017 


57.30 


0.017 


57.29 


1.000 


1.000 


89 


2 


0.035 


28.65 


0.035 


28.64 


1.001 


0.999 


88 


3 


0.052 


19.11 


0.052 


19.08 


1.001 


0.999 


87 


4 


0.070 


14.34 


0.070 


14.30 


1.002 


0.998 


86 


5° 


0.087 


11.47 


0.087 


11.43 


1.004 


0.996 


85^ 


6 


0.105 


9.567 


0.105 


9.514 


1.006 


0.995 


84 


7 


0.122 


8.206 


0.123 


8.144 


1.008 


0.993 


83 


8 


0.139 


7.185 


0.141 


7.115 


1.010 


0.990 


82 


9 


0.156 


6.392 


0.158 


6.314 


1.012 


0.988 


81 


10° 


0.174 


5.759 


0.176 


5.671 


1.015 


0.985 


80° 


11 


0.191 


5.241 


0.194 


5.145 


1.019 


0.982 


79 


12 


0.208 


4.810 


0.213 


4.705 


1.022 


0.978 


78 


13 


0.225 


4.445 


0.231 


4.331 


1.026 


0.974 


77 


14 


0.242 


4.134 


0.249 


4.011 


1.031 


0.970 


76 


15° 


0.259 


3.864 


0.268 


5.732 


1.035 


0.966 


75« 


16 


0.276 


3.628 


0.287 


3.487 


1.040 


0.%1 


74 


17 


0.292 


3.420 


0.306 


3.271 


1.046 


0.956 


73 


18 


0.309 


3.236 


0.325 


3.078 


1.051 


0.951 


72 


19 


0.326 


3.072 


0.344 


2.904 


1.058 


0.946 


71 


20° 


0.342 


2.924 


0.364 


2.747 


1.064 


0.940 


70*» 


21 


0.358 


2.790 


0.384 


2.605 


1.071 


0.934 


69 


22 


0.375 


2.669 


0.404 


2.475 


1.079 


0.927 


68 


23 


0.391 


2.559 


0.424 


2.356 


1.086 


0.92X 


67 


24 


0.407 


2.459 


0.445 


2.246 


1.095 


0.914 


66 


25° 


0.423 


2.366 


0.466 


2.145 


1.103 


0.906 


66« 


26 


0.438 


2.281 


0.488 


2.050 


1.113 


0.899 


64 


27 


0.454 


2.203 


0.510 


1.963 


1.122 


0.891 


63 


28 


0.469 


2.130 


0.532 


1.881 


1.133 


0.883 


62 


29 


0.485 


2.063 


0.554 


1.804 


1.143 


0.875 


61 


30° 


0.500 


2.000 


0.577 


1.732 


1.155 


0.866 


60° 


31 


0.515 


1.942 


0.601 


1.664 


1.167 


0.857 


59 


32 


0..S30 


1.887 


0.625 


1.600 


1.179 


0.848 


68 


33 


0.545 


1.836 


0.649 


1.540 


1.192 


0.839 


67 


34 


0.559 


1.788 


0.675 


1.483 


1.206 


0.829 


66 


35° 


0.574 


1.743 


0.700 


1.428 


1.221 


0.819 


66° 


36 


0.588 


1.701 


0.727 


1.376 


1.236 


0.809 


64 


37 


0.602 


1.662 


0.754 


1.327 


1.252 


0.799 


63 


38 


0.616 


1.624 


0.781 


1.280 


1.269 


0.788 


62 


39 


0.629 


1.589 


0.810 


1.235 


1.287 


0.777 


61 


40° 


0.643 


1.556 


0.839 


1.192 


1.305 


0.766 


60° 


41 


0.656 


1.524 


0.869 


1.150 


1.325 


0.755 


49 


42 


0.669 


1.494 


0.900 


1.111 


1.346 


0.743 


48 


43 


0.682 


1.466 


0.933 


1.072 


1.367 


0.731 


47 


44 


0.695 


1.440 


0.966 


1.036 


1.390 


0.719 


46 


45° 


0.707 


1.414 


1.000 


1.000 


1.414 


0.707 


46° 




Cos. 


See. 


Ctn. 


Tan. 


C8C. 


Sin. 


Angle. 



4 

1 
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Values of the Complete Elliptic Integrals, K and E, for Different 

Values of the Modulus, k. 



sin'^k 


K 

1 


E 


8in~^ k 


K 


E 


sin ^k 


K 


E 


0° 


1.5708 


1.5708 


30° 


1.6858 


1.4675 


60° 


2.1565 


1.2111 


1° 


1.5709 


1.5707 


.31° 


1.6941 


1.4608 


61° 


2.1842 


1.2015 


2° 


1.5713 


1.5703 


32° 


1.7028 


1.4539 


62° 


2.2132 


1.1920 


3° 


1.5719 


1.5697 


zy^ 


1.7119 


1.4469 


63° 


2.2435 


1.1826 


4° 


1.5727 


1.5689 


34° 


1.7214 


1.4397 


64° 


2.2754 


1.1732 


5° 


1.5738 


1..S678 


35° 


1.7312 


1.4223 


65° 


2.3088 


1.1638 


6° 


1.5711 


1.5665 


36° 


1.7415 


1.4248 


66° 


2.3439 


1.1545 


7° 


1.5767 


1.5649 


37° 


1.7522 


1.4171 


67° 


2.3809 


1.1453 


8° 


1.5785 


1.5632 


38° 


1.7633 


1.4092 


68° 


2.4198 


1.1362 


9° 


1.5805 


1.5611 


39° 


1.7748 


1.4013 


69° 


2.4610 


1.1272 


10° 


1.5828 


1.5589 


40° 


1.7868 


1.3931 


70° 


2.5046 


1.1184 


11° 


1.5854 


1.5564 


41° 


1.7992 


1.3849 


71° 


2.5507 


1.1096 


12° 


1.5882 


1.5537 


42° 


1.8122 


1.3765 


72° 


2.5998 


1.1011 


13° 


1.5913 


1.5507 


43° 


1.8256 


1.3680 


73° 


2.6521 


1.0927 


14° 


1.5946 


1.5476 


44° 


1.8396 


1.3594 


74° 


2.7081 


1.0844 


15° 


1.5981 


1.5442 


45° 


1.8541 


1.3506 


75° 


2.7681 


1.0764 


16° 


1.6020 


1.5405 


46° 


1.8691 


1.3418 


76° 


2.8327 


1.0686 


17° 


1.6061 


1.5367 


47° 


1.8848 


1.3329 


77° 


2,9026 


1.0611 


18° 


1.6105 


1.5326 


48° 


1.9011 


1.3238 


78° 


2.9786 


1.0538 


19° 


1.6151 


1.5283 


49° 


1.9180 


1.3147 


79° 


3.0617 


1.0468 


20° 


1.6200 


1.5238 


50° 


1.9356 


1.3055 


80° 


3.1534 


1.0401 


21° 


1.6252 


1.5191 


51° 


1.9539 


1.2963 


81° 


3.2553 


1.0338 


22° 


1.6307 


1.5141 


52° 


1.9729 


1.2870 


82° 


3.3699 


1.0278 


23° 


1.6365 


1.5090 


53° 


1.9927 


1.2776 


83° 


3.5004 


1.0223 


24° 


1.6426 


1.5037 


54° 


2.0133 


1.2681 


84° 


3.6519 


1.0172 


25° 


1.6490 


1.4981 


55° 


2.0347 


1.2587 


85° 


3.8317 


1.0127 


26° 


1.6557 


1.4924 


56° 


2.0571 


1.2492 


86° 


4.0528 


1.0086 


27° 


1.6627 


1.4864 


57° 


2.0804 


1.2397 


87° 


4.3387 


1.0053 


28° 


1.6701 


1.4803 


58° 


2.1047 


1.2301 


88° 


4.7427 


1.0026 


29° 


1.6777 


1.4740 


59° 


2.1300 


1.2206 


89° 


5.4349 


1.0008 

1 »^^ » -*« «^^ 
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The Common Logarithms of r(n) for Values of n between 1 and 2. 



n 


r 

2 
U 

o 


n 


e 

o 


n 


ss 

e 

o 


fi 


i 


fi 


i 




















1 


1.01 


1.9975 


1.21 


1.9617 


1.41 


1.9478 


1.61 


1.9517 


1.81 


1.9704 


1.02 


1.9951 


1.22 


1.9605 


1.42 


1.9476 


1.62 


1.9523 


1.82 


1.9717 


1.03 


1.9928 


1.23 


1.9594 


1.43 


1.9475 


1.63 


1.9529 


1.83 


1.9730 


1.04 


1.9905 


1.24 


1.9583 


1.44 


1.9473 


1.64 


1.9536 


1.84 


1.9743 


1.05 


l.>883 


1.25 


1.9573 


1.45 


1.9473 


1.65 


1.9543 


1.85 


1.9757 


1.06 


1.9862 


1.26 


1.9564 


1.46 


L9472 


1.66 


1.9550 


1.86 


1.9771 


1.07 


1.9841 


1.27 


1.9554 


1.47 


1.9473 


1.67 


1.9558 


1.87 


1.9786 


1.08 


1.9821 


1.28 


1.9546 


1.48 


1.9473 


1.68 


1.9566 


1.88 


1.9800 


1.09 


1.9802 


1.29 


r.9538 


1.49 


1.9474 


1.69 


1.9575 


1.89 


1.9815 


1.10 


1.9783 


1.30 


1.9530 


1.50 


1.9475 


1.70 


1.9584 


1.90 


1.9831 


1.11 


1.9765 


1.31 


1.9523 


1.51 


1.9477 


1.71 


1.9593 


1.91 


1.9846 


1.12 


1.9748 


1.32 


1.9516 


1.52 


1.9479 


1.72 


1.9603 


1.92 


1.9862 


1.13 


1.9731 


1.33 


1.9510 


1.53 


1.9482 


1.73 


1.9613 


1.93 


1.9878 


1.14 


1.9715 


1.34 


1.9505 


1.54 


1.9485 


1.74 


1.9623 


1.94 


1.9895 


1.15 


1.9699 


1.35 


1.9500 


1.55 


1.9488 


1.75 


1.9633 


1.95 


19912 


1.16 


1.9684 


1.36 


1.9495 


1.56 


1.9492 


1.76 


1.9644 


1.96 


1.9929 


1.17 


1.9669 


1.37 


1.9491 


1.57 


1.94% 


1.77 


1.9656 


1.97 


1.9946 


1.18 


1.9655 


1.38 


1.9487 


1.58 


1.9501 


1.78 


1.9667 


1.98 


1.9964 


1.19 


1.9642 


1.39 


1.9483 


1.59 


1.9506 


1.79 


1.9679 


1.99 


1.9982 


1.20 


1=9629 


1.40 

r 


1.9481 


1.60 


1.9511 


1.80 


1.9691 


2.00 


0.0000 
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Wentworth : Primary Arithmetic 30 
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PI. and Sph. Trig., Surv., and Navigation 1.12 
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Introduction to Physical Science 1.00 
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